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Preface

Mathematics is playing an increasingly important role in the physical, biological and
engineering sciences, provoking a blurring of boundaries between scientific disciplines
and a resurgence of interest in the modern as well as the classical techniques of applied
mathematics. Remarkable progress has been made recently in both theory and applications
of all important areas of control theory.

Modern automatic control theory covers such topics as the algebraic theory of linear
systems (including controllability, observability, feedback equivalence, minimality of real-
ization, frequency domain analysis and synthesis etc.), Lyapunov stability theory, input—
output method, optimal control (maximum principle and dynamic programing), observers
and dynamic feedback, robust control (in Hardy and Lebesgue spaces), delay-systems con-
trol, the control of infinite-dimensional systems (governed by models in partial differential
equations), conflict and game situations, stochastic processes and effects, and many others.
Some elegant applications of control theory are presently being implemented in aerospace,
biomedical and industrial engineering, robotics, economics, power systems etc.

The efficient implementation of the basic principles of control theory to different
applications of special interest requires an interdisciplinary knowledge of advanced math-
ematical tools and such a combined expertise is hard to find. What is needed, therefore,
is a textbook making these tools accessible to a wide variety of engineers, researchers
and students.

Many suitable texts exist (practically there are no textbooks) that tackle some of the
areas of investigation mentioned above. Each of these books includes one or several
appendices containing the minimal mathematical background that is required of a reader
to actively work with this material. Usually it is a working knowledge of some mathe-
matical tools such as the elements of linear algebra, linear differential equations, fourier
analysis and, perhaps, some results from optimization theory, as well. In fact, there are no
textbooks containing all (or almost all) of the mathematical knowledge required for suc-
cessful studying and research within the control engineering community. It is important
to emphasize that the mathematical tools for automatic control engineers are specific and
significantly differ from those needed by people involved in fluid mechanics, electrical
engineering etc. To our knowledge, no similar books or publications exist. The material
in these books partially overlaps with several other books. However, the material covered
in each book cannot be found in a single book (dealing with deterministic or stochas-
tic systems). Nevertheless, some books may be considered as partially competitive. For
example:

¢ Guillemin (1949) The Mathematics of Circuit Analysis: Extensions to the Mathematical
Training of Electrical Engineers, John Wiley and Sons, Inc., New York. In fact this

XVii



Xviii Preface

book is nicely written, but it is old, does not have anything on stochastic and is oriented
only to electrical engineers.

® Modern Mathematics for the Engineer (1956), edited by E.F. Beckenbah, McGraw-Hill,
New York. This is, in fact, a multi-author book containing chapters written by the best
mathematicians of the second half of the last century such as N. Wiener, R. Bellman
and others. There is no specific orientation to the automatic control community.

o Systemes Automatisés (in French) (2001), Hermes-Science, Paris, five volumes. These
are multi-authored books where each chapter is written by a specific author or authors.

e Hinrichsen & Pritchard (2005) Mathematical Systems Theory I: Modelling, State Space
Analysis, Stability and Robustness, Texts in Applied Mathematics, Springer. This excel-
lent book is written by mathematicians for mathematicians working with mathematical
aspects of control theory.

The wide community of automatic control engineers requires a book like this. The primary
reason is that there exist no similar books, and, secondly, the mathematical tools are
spread over many mathematical books written by mathematicians and the majority of
them are unsuitable for the automatic control engineering community.

This book was conceived as a hybrid monograph/textbook. I have attempted to make
the development didactic. Most of the material comes from reasonably current periodic
literature and a fair amount of the material (especially in Volume 2) is my own work.

This book is practically self-contained since almost all lemmas and theorems within
contain their detailed proofs. Here, it makes sense to remember the phrase of David
Hilbert: “It is an error to believe that rigor in the proof is the enemy of simplicity. The
very effort for rigor forces us to discover simpler methods of proof....”

Intended audience

My teaching experience and developing research activities convinced me of the need
for this sort of textbook. It should be useful for the average student yet also provide a
depth and rigor challenging to the exceptional student and acceptable to the advanced
scholar. It should comprise a basic course that is adequate for all students of automatic
control engineering regardless of their ultimate speciality or research area. It is hoped that
this book will provide enough incentive and motivation to new researchers, both from
the “control community” and applied and computational mathematics, to work in the
area. Generally speaking, this book is intended for students (undergraduate, postdoctoral,
research) and practicing engineers as well as designers in different industries. It was
written with two primary objectives in mind:

e to provide a list of references for researchers and engineers, helping them to find
information required for their current scientific work, and

® to serve as a text in an advanced undergraduate or graduate level course in mathematics
for automatic control engineering and related areas.

The particular courses for which this book might be used as a text, supplementary text
or reference book are as follows:
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Volume 1

e Introduction to automatic control theory,
® Linear and nonlinear control systems,

e Optimization,

e Control of robotic systems,

e Robust and adaptive control,

e Optimal control,

® Discrete-time and impulse systems,

e Sliding mode control,

e Theory of stability.

Volume 2

Probability and stochastic processes in control theory,
Signal and systems,

Identification and parameters estimation,

Adaptive stochastic control,

Markov processes,

Game theory,

Machine learning,

Intelligent systems,

Design of manufacturing systems and operational research,
Reliability,

Signal processing (diagnosis, pattern recognition etc.).

This book can also be used in several departments: electrical engineering and electronics,
systems engineering, electrical and computer engineering, computer science, information
science and intelligent systems, electronics and communications engineering, control engi-
neering, systems science and industrial engineering, cybernetics, aerospace engineering,
econometrics, mathematical economics, finance, quality control, applied and computa-
tional mathematics, and applied statistics and operational research, quality management,
chemical engineering, mechanical engineering etc.

The book is also ideal for self-study.

It seems to be more or less evident that any book on advanced mathematical methods is
predetermined to be incomplete. It will also be evident that I have selected for inclusion
in the book a set of methods based on my own preferences, reflected by my own expe-
rience, from among a wide spectrum of modern mathematical approaches. Nevertheless,
my intention is to provide a solid package of materials, making the book valuable for
postgraduate students in automatic control, mechanical and electrical engineering, as well
as for all engineers dealing with advance mathematical tools in their daily practice. As
I intended to write a textbook and not a handbook, the bibliography is by no means
complete. It comprises only those publications which I actually used.
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Notations and Symbols

R — the set of real numbers.

C — the set of complex numbers.

C~ :={z € C | Rez < 0} — the left open complex semi-plane.

§ — an arbitrary field (a set) of all real or all complex numbers, i.e.,

5= R in the case of real numbers
| C in the case of complex numbers

A=a j]l'.'f}”:l — rectangular m X n matrix where a;; denotes the elements of this table
lying on the intersection of the ith row and jth column.
R™" — the set of all m x n matrices with real elements from R.

Cm*" — the set of all m x n matrices with complex elements from C.

(J1» j2s - - - » Ju) — permutation of the numbers 1,2, ..., n.
t (ji, j2» - ., jn) — a certain number of inversions associated with a given permutation
(jh j27 e .]n)

det A — the determinant of a square matrix A € R"*".

AT — the transpose of the matrix A obtained by interchanging the rows and columns of A.
A — the conjugate of A, i.e. A := ||c'z,»j||:"j’,":1.

A* = (Z) T — the conjugate transpose of A.

M;; — the minor of a matrix A € R"*" equal to the determinant of a submatrix of A
obtained by striking out the ith row and jth column.

A;j == (—=1)'" M;; — the cofactor (or ij-algebraic complement) of the element a;; of
the matrix A € R"™*".

Vi, — the Vandermonde determinant.

A (ll o l.”) := det [a;,;,]7_, — the minor of order p of A.

Jvj2-p
A (;l ;.2 - .;.p ) — the complementary minor equal to the determinant of a square
L gy

matrix A resulting from the deletion of the listed rows and columns.

A (l.l 2t ) =(=1D"A (l.l 2rrrlp ) — the complementary cofactor where
JIJZ"'J[] JIJZ"'J[]
s=(ir+ir+-+ip) + (i + i+ )

XXi



XXii Notations and symbols

rank A — the minimal number of linearly independent rows or columns of A € R"*".

ap 0-0
. 0 ajy - 0 . . . .
diag [a11, axn, ..., au] = ST — the diagonal matrix with the mentioned
0 0 -au
elements.
L, :=diag[1, 1, ..., 1] — the unit (or identity) matrix of the corresponding size.
T
adjA := <[Aji]’;,i:1) — the adjoint (or adjugate) of a square matrix A € R™".
A~! — inverse to A.
: m!
= T the number of combinations containing i different numbers from
il(m —1)!

the collection (1, 2, ..., m). Here accepted that 0! = 1.
j — the imaginary unite, jZ = —1.
A ® B = [a,jB]l"f]":l

may be of different sizes, i.e. A € R™*", B € R*9,

€ R"P>"4 — the direct (tensor) Kronecker product of two matrices,

O, Oy — zero matrices (sometimes with the indication of the size / x k) containing the
elements equal to zero.

n
trA = Za” — the trace of a quadratic matrix A € C™" (may be with complex
i=1

elements).

(a,b) :=a"b = Z a;b; — a scalar (inner) product of two vectors a € C"*! and b € C*"
i=1 n
which for real vectors a, b € R" becomes (a, b) :=aTh = Zaibi.

i=1

span {x;, Xz, ..., %} = {x =ax;tox+...tox o €Ci=1,...,k} — the set
(a subspace) of all linear combinations of xp, x,, ..., x; over C.
1 if i=j .
8 = { 0 if i£j the Kronecker (delta-function) symbol.
S+ = span {x411, Xg42, - . . » X, } — the orthogonal completion of a subspace S C C" where
the vectors xi; (j =1, ..., n — k) are orthonormal.

KerA = N(A) := {x € C" : Ax = 0} — the kernel (or null space) of the linear transfor-
mation A : C" — C".

ImA = R(A) := {yeC":y=Ax, x € C"} — the image (or range) of the linear
transformation A : C" — C".

def A := dim KerA — the dimension of the subspace KerA = A/ (A).

A" e C — a right eigenvalue corresponding to a right eigenvector x of a matrix A,
ie., Ax = A"x.

AD e C — a left eigenvalue corresponding to a left eigenvector x of a matrix A,
ie., x*A = ADx*,



Notations and symbols

o (A) :={A, Ay, ..., A} — the spectrum (the set of all eigenvalues) of A.

p (A) := max |A;| — the spectral radius of A.

1<i

0; (A) := VA; (A*A) = /A; (AA*) — ith singular value of A € C*™*",

XXiii

In A := {7 (A), v(A), § (A)} — the inertia of a square matrix A € R"*", where 7 (A)
denotes the number of eigenvalues of A, counted with their algebraic multiplicities,
lying in the open right half-plane of C; v (A) denotes the number of eigenvalues of
A, counted with their algebraic multiplicities, lying in the open left half-plane of C;
8 (A) is the number of eigenvalues of A, counted with their algebraic multiplicities,

lying on the imaginary axis.

sig H :=n (H) — v (H) — referred to as the signature of H.

R; (A) := (AL,x, — A)~' — the resolvent of A € C"*" defined for all A € C which do

not belong to the spectrum of A.

H* = %mé (HTH —{—821,1“)71 HT = %inéHT (HHT + 621”,,)7l — the pseudoinverse

(the generalized inverse) of H in the Moore—Penrose sense.

x|, := 1max |x;| — the modul-sum vector norm.
<i<n

" 1/2
llxll, :== <Z xf) — the Euclidean vector norm.
i=1

n 1/p
lxll, := (Z |in"> , p > 1 — the Holder vector norm.
i=1

x|l := max |x;| — the Chebyshev vector norm.

1<i<n

x|l := ~/(Hx, x) = ~/x*Hx — the weighted vector norm.

0 n 1/2
lAllF == (Z Z |a,- ; |2> — the Frobenius (Euclidean) matrix norm.

i=1 j=I

1/p
a;j P) , 1 < p <2 — the Holder matrix norm.

LAl = (ZZ

i=1 j=1
IAll, = n max |a,» j| — the weighted Chebyshev matrix norm.
<i,j=n

A, := +/tr (A*A) = /tr (AA*) — the trace matrix norm.
|A]l, :== /maxo; (A) — the maximal singular-value matrix norm.
1<i<n

[Alls := ||SAS~!|| — the S-matrix norm where S is any nonsingular matrix and |-|| is

any matrix norm.

co{Ar1, A2, ..., A,} — the convex hull of the values Ay, As, ..., A,.

T .
colA := (al,l, s ALy Aol e ey Aoy e ee s Qi Ly o e s a,n,,l) — the spreading operator for

some matrix A € C"*",
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pa (W) =AM +a A" '+ .. 4+a,_;A+a, — the monic (ay = 1) characteristic polynomial
associated with a matrix A.

[a) az as - - 0

1 ay dy

0 ap as

1 ay -

-0 a)

1 - a,

. a,_1 0
_0 00-- An—2 Ay |
U (w) :== Repa (jw) — the real part and V (w) := Imp, (jw) — the imaginary part.
C:=[BABA’B---A""'B] — the controllability matrix.

H* = — the Hurwitz matrix associated with p, (1).

C
CA
0= CA* | _ the observability matrix.
CA"!
[a,b) :={x:a <x < D}.
lez{ X ?f sz.
—x if x<0O
i — the imaginary unit such that i = —1.
z:=a—ibforz=a+1ib.
Tte e’ —e™?
coshy := — sinhy := —

A ~ B — means A is equivalent to 5.
\J & — the union of sets &,.

acA

() &, — the intersection of sets &,.
acA

B—A:={x:xeB, butx ¢ A}

A¢ — the complement of A.

cl £ := EUE — the closure of & where &’ is the set of all limit points of .
9 = cl EN cl(X — &) — the boundary of the set £ C X.

int £ := & — € — the set of all internal points of the set £.

diam & := supd (x, y) — the diameter of the set £.

x,ye€
f € Rjap) () — means that f is integrable in the Riemann sense with respect to o on
[a, b].
u (A) — the Lebesgue measure of the set A.
f € L () — means that f is integrable (or summable) on £ in the Lebesgue sense with
respect to the measure p on &.

f~gon& —meansthat u ({x | f(x) Zgx)}INE) =0.
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esssup [ = 1nf ¢ such that u ({x | f (x) > ¢}) = 0 — the essential supremum of f
(sometlmes denoted also by “vrai max ).

ess inf f := sup ¢ such that u ({x | f (x) < c}) = 0 — the essential infimum of f
(sometimées]Rdenoted also by “vrai min f”).

8 (x — x¢) — the Dirac delta-function acting as f f(x)8(x —x¢)dx = f (xp) for any
continuous function f : R — R. T

f1(c) and f’ (c) — the right- and left-hand side derivatives of f (x) in the point c.

gu R — R — a convex downward (or simply convex) function.

n: R — R — a convex upward (or simply concave) function.

Ac (a, b) — the arc length of a path C on [a, b].

| f(z)dz — the contour integral of the function f along C.

c

§ f (z) dz = 0 — the contour integral of the function f(z) around a closed path C.
c

1
resf (a) ;= — f f (z) dz — the residue of the function f (z) at the singular point a
within a contour C.

F (p):= f f () K (¢, p) dt — the integral transformation of f (¢) via the kernel K (z, p).
t=0
t

(f xg) = f f (r) g (t — ) dt — the convolution of two functions.
=0
L{f} — the Laplace transformation of f.

L~'{F} — the inverse Laplace transformation of F.

1 o0 .
F(w) = — f f (t) e7'"*'dt — the Fourier transformation of f.

2V, 27 =2 oo

C [a, b] — the space of continuous functions.
C*[a, b] — the space of k-times continuously differentiable functions.
L,[a,b] (1 < p < oo) — the Lebesgue space.
S, (G) — the Sobolev spaces.
mxk mxk mxk mxk
Hp s R]HIP , HZo* and RHZ,™ — the Hardy spaces.
lAxlly

xeDA). x20 Xl x  xeD@), =1
L (X, F) — the space of all linear bounded functional (operators) acting from X" to F.

Al =

| Ax ||y, — the induced norm of the operator A.

f (x) or (x, f) — the value of the linear functional f € X* on the element x € X.

d® (xo | h) := (h, ®"(xy)) — the Fréchet derivative of the functional ® in a point
Xxo € D (®) in the direction A.

8P (xo | h) = Ay, (h) = <h AXO> — the Gateaux derivative of ® in the point x, (inde-
pendently on h).



XXVi Notations and symbols

N N
Sy (X0, ..., xy) 1= {x eX|x= Zkix,-, A >0, Z)‘i = 1} — an N-simplex.
i=0 i=0
1
o]ihmoﬁ [|x (t + h)| — |x ()|] — the right-derivative for x € C! [a, b].
Con?/ ,_«;]U X (t) — a convex closed set containing U x (¢) for almost all ¢ € [«, B].
a.a. refa,

SIGN (S (x)) := (sign (S (x)), ..., sign (S, (X))T.

df (x) — a subgradient of the function f at the point x.
n+1 n+1

conv Q = ¢ x = Z)Lixi | x; € O, 1 > O,Zki = 1} — the convex hull of a set
i=1 i=1

Dg|x ()] :=

Q0 CR".
o {x} = argmin [|x — y|| — a projectional operator.
yeQ

CcD
F (s):=FT(—s).
Ag : L5 — L — the Laurent (or multiplication) operator.
Ig: (H’;)l — H' — the Hankel operator.
O : Hf — Hjy — the Toeplitz operator.

AB o
— referred to as a state space realization.

[, : L4[0, 00) — L4 [0, 00) — the time-domain Hankel operator.



1.1

9.1

9.2

9.3

9.4

9.5

9.6

10.1
13.1
13.2
14.1
15.1
15.2
15.3
15.4
15.5
16.1
16.2
16.3
17.1
17.2
17.3
17.4
17.5
17.6
18.1
18.2
19.1
19.2
19.3
19.4
19.5
19.6
19.7
19.8
19.9

List of Figures

Illustration of Sarrius’s rule

The godograph of p,(iw)

The zoom-form of the godograph of p,(iw)
The godograph of p,(iw)

The godograph of p,(iw)

Ilustration of Kharitonov’s criterion
Mlustration of Polyak—Tsypkin criterion
Hamiltonian eigenvalues

The complex number z in the polar coordinates
The roots of &/—1

Two sets relations

Riemann’s type of integration

Lebesgue’s type of integration

The function of bounded variation

The first nondecreasing function

The second nondecreasing function

The convex g, (x) and concave gn(x) functions
The function R,(S)

Ilustration of the inequality (16.247)

Types of curves in the complex plane

The closed contour C = C; + C, within the region D
Multiply-connected domains (n = 3)

The contour C;, with cuts AB and CD

The annular domains

The contour C

N-simplex and its triangulation

The Sperner simplex

The signum function

The “chattering effect”

The right-hand side of the differential inclusion x, =
Multivalued functions

The sliding surface and the rate vector field at the point x =0

The velocity of the motion

A tracking system

The finite time error cancellation
The finite time tracking

—sign(x;)

157
157
158
158
161
163
176
244
247
254
275
276
292
293
294
360
386
393
401
404
408
418
424
427
493
494
538
539
541
542
545
545
547
547
548

XXVii



XXViii

19.10
19.11
20.1
20.2
20.3
20.4
20.5
20.6
20.7
21.1
21.2
21.3
22.1
222
23.1
232
233
234
23.5

23.6

List of figures

The sliding motion on the sliding surface s(x) = x, + cx;
The amplitude-phase characteristic of the low-pass filter
Lyapunov’s stability illustration

Asymptotic local stability illustration

Potential surfaces

A linear system with a nonlinear feedback

A function u = ¢(y) from the class F

The geometric interpretation of the Popov’s “criterion”
Analysis of the admissible zone for the nonlinear feedback
A convex function

[lustration of the separation theorem

Subgradients

Ilustration of the Brachistochrone problem

Mlustration of Bellman’s principle of optimality

The Nyquist plot of F(iw)

The Bode magnitude plot |F (iw)|

Time domain interpretation of the Hankel operator

The block scheme for the MMP problem

The block scheme of a linear system with an external
input perturbation and an internal feedback

Filtering problem illustration

548
556
564
565
572
588
588
595
596
605
623
626
659
689
729
730
737
748

757
761



PART |

Matrices and Related
Topics



This page intentionally left blank



I Determinants
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1.3 Linear algebraic equations and the existence of solutions . . . . ... . .. 16

The material presented in this chapter as well as in the next chapters is based on
the following classical books dealing with matrix theory and linear algebra: Lancaster
(1969), Lankaster & Tismenetsky (1985), Marcus & Minc (1992), Bellman (1960)
and Gantmacher (1990). The numerical methods of linear algebra can be found in
Datta (2004).

1.1 Basic definitions
1.1.1 Rectangular matrix

Definition 1.1. An ordered array of elements a;; (i = 1,...,m; j =1,...,n) taken
from arbitrary field § (here § will always be the set of all real or all complex numbers,
denoted by R and C, respectively) written in the form of the table

app A - v dip
ay dxp - - Ay
. . . mon
A= . . . = [aij]i,jzl (1.1)
Am1 Am2 * * * Qpp

is said to be a rectangular m x n matrix where a;; denotes the elements of this table
lying on the intersection of the ith row and jth column.

The set of all m x n matrices with real elements will be denoted by R"*" and with
complex elements by C"*".

1.1.2 Permutations, number of inversions and diagonals

Definition 1.2. If ji, j», ..., j. are the numbers 1,2,...,n written in any order
then (ji, ja, .-, Ju) is said to be a permutation of 1,2,...,n. A certain number
of inversions associated with a given permutation (ji, ja, ..., j.) denoted briefly by
t(jl5j2"-"jn)'
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Clearly, there exists exactly n! = 1-2 .- - n permutations.

Example 1.1. (1,3,2), (3,1,2), (3,2,1), (1,2,3), (2,1,3), (2,3,1) are the permu-
tations of 1, 2, 3.

Example 1.2. 1 (2,4,3,1,5) =4
Definition 1.3. A diagonal of an arbitrary square matrix A € R"*" is a sequence of
elements of this matrix containing one and only one element from each row and one and

only one element from each column. Any diagonal of A is always assumed to be ordered
according to the row indices; therefore it can be written in the form

A1ji, Qajys -+ o -5 Onj,

Any matrix A € R"™" has n! different diagonals.

Example 1.3. If (ji, j2,---, ju) = (1,2, ..., n) we obtain the main diagonal

ayl, a, ..., py

If i, Jas ooy o) = m,n—1,...,1) we obtain the secondary diagonal

Alps A2(n—1)5 - - - » Al

1.1.3 Determinants

Definition 1.4. The determinant det A of a square matrix A € R"*" is defined by

J1sJ2seesdn
e n (].2)

Z (— 1)Ut J2eein) H Ay,

J1sJ2seesdn k=1

In other words, det A is a sum of n! products involving n elements of A belonging to
the same diagonal. This product is multiplied by (+1) or (—1) according to whether
t (ji, j2, .- -, ju) is even or odd, respectively.

Example 1.4. If A € R>? then

apn ap
det = apdx — apdy
ar ax
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Example 1.5. (Sarrius’s rule) If A € R*3 (see Fig. 1.1) then

ap ap aps
det a1 dy drs
azy dszp dss

= a11ana3; + a12a3a31 + a21413A3;

— d31dxd)z — dzpdgdzz — dz1d)2dsz;3

Example 1.6.

0 [51) 0 0 0
0 0 0 Aoy 0
det 0 0 asz dszg 0
dgr Ay 0 0 0
0 0 0 dsy dss

_ 1(2,4,3,1,5)
(=D 120240433041 d55

4
(=1)" anarassasass = a204a3304ass

Example 1.7. The determinant of a low triangular matrix is equal to the product of its
diagonal elements, that is,

apg 0 0
az; dx 0 . . 0
n
.0 - .
det| 0 . =a11a22"'ann=Haii
i=1
0 0
O ° : O an,n—l App
ay a ais ayy a aig
ao1 Ao CPE] az4 Az apg
agy Az azz ag1 Az azz

Fig. 1.1. Illustration of the Sarrius’s rule.
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Example 1.8. The determinant of an upper triangular matrix is equal to the product of
its diagonal elements, that is,

ap din - o A

0 ay as - - ayn

0 0 aszz dszg - . .
det | 0o . . . =andy -y = Hdii

0 . . 0 © Qu—1n =

o - - 0 0 a,

Example 1.9. For the square matrix A € R"™" having only zero elements above
(or below) the secondary diagonal

detA = (_1)”(’1_1)/2 ajpQz p—1 -+ * Apl
Example 1.10. The determinant of any matrix A € R"™" containing a zero row
(or column) is equal to zero.
1.2 Properties of numerical determinants, minors and cofactors
1.2.1 Basic properties of determinants

Proposition 1.1. If A denotes a matrix obtained from a square matrix A by multiplying
one of its rows (or columns) by a scalar k, then

det A = kdet A (1.3)

Corollary 1.1. The determinant of a square matrix is a homogeneous over field 3§,
that is,

det (kA) = det [ka;;]""_, = k" det A

ij=1

Proposition 1.2.

det A =det AT

where AT is the transpose of the matrix A obtained by interchanging the rows and
columns of A, that is,

ap dy - - - Ay
djpp dxp - -+ App

AT = — [aji]n,n

i,j=1

iy Ay - ¢ Qpp
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Proof. It is not difficult to see that a diagonal ay;,, asj,, ..., a,j,, ordered according to
the row indices and corresponding to the permutation (ji, ja, ..., j.), iS also a diag-
onal of AT since the elements of A and AT are the same. Consider now pairs of
indices

(1 J0, 2, ), oy (1 i) (1.4)
corresponding to a term of det A and pairs

(ki, 1), (k2,2), ..., (Ju, 1) (1.5)
obtained from the previous pairs collection by a reordering according to the second
term and corresponding to the term of det AT with the same elements. Observe that

each interchange of pairs in (1.4) yields a simultaneous interchange of numbers in the
permutations (1, 2, ...,n), (ji, j2, ..., ju) and (ky, ko, ..., k,). Hence,

t(j]5j27'"5jn)=t(klak27'-'5kn)

This completes the proof. (]

Proposition 1.3. If the matrix B € R"™" is obtained by interchanging two rows (or
columns) of A € R"*" then

det A = —det B (1.6)

Proof. Observe that the terms of det A and det B consist of the same factors taking
one and only one from each row and each column. It is sufficient to show that the
signs of each elements are changed. Indeed, let the rows be in general position with
rows r and s (for example, r < s). Then with (s — r)-interchanges of neighboring rows,
the rows
rnr+1,...,5s —1,s
are brought into positions
r+1,r+2,...,s,r
A further (s — r — 1)-interchanges of neighboring rows produces the required order
s,r+1,r+2,....,s—1,r

Thus, a total 2 (s — r) — 1 interchanges is always odd that completes the proof. O

Corollary 1.2. If the matrix A € R"™*" has two rows (or columns) alike, then

detA =0
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Proof. Tt follows directly from the previous proposition that since making the interchang-
ing of these two rows (or columns) we have

det A = —detA
which implies the result. O

Corollary 1.3. If a row (or column) is a multiple of another row (or column) of the same
matrix A then

detA =0

Proof. It follows from the previous propositions that

ay a4z (2}
a ay; a
det J J nj
ka,; ka; ka,;
Aaip (250 Ann
dap dpzp - - - Ay
al a2 . . . a .
= k det J 4 "l =0
Qij Gaj - - Ay
ay, Ay Ann
The result is proven. |

Proposition 1.4. Let B be the matrix obtained from A by adding the elements of the
ith row (or column) to the corresponding elements of its kth (k # i) row (or column)
multiplied by a scalar «. Then

det B =det A (1.7)

Proof. Taking into account that in the determinant representation (1.2) each term contains
only one element from each row and only one from each column of the given matrix, we
have

det A= Z (= D)/ by by, - by - by,

iz
= Z (=D qy oy, - (ag, + aag,) - i, - ang,
iz
= Z (= l)t(h o al/lazjz Qij; * Agji * Anj,
J1sJ2seeesdn

1t jases i)
+a E (=D an), - ag, - ag, - Ay,

J1sJ2seesdn
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The second determinant is equal to zero since it has two rows alike. This proves
the result. (]

Corollary 1.4. (Gauss’s method of determinants evaluation) When the operation

described above is applied several times, the evaluation of a determinant can be
reduced to that of a triangular matrix.

Example 1.11.

12 1 -1 12 1 -1
1 =21 0 0-40 1
det| | o | =ty 5
0-11 2 0-11 2
12 1 —1] 13 1 —1]
0—40 1 0—40 1
=det g3 _p o | =% g2 10
0-11 2 00 1 2
13 1 —1] 13 1 —1]
0-40 1 0—40 2

=det 1y o _105| =990 —105]| =10
00 1 2 00 025]

Corollary 1.5. If A denotes the complex conjugate of A € C"™", then

det A =det A

Proof. Transforming det A to the determinant of a triangular matrix [triang fﬂ and
applying the rule

ab =ab

valid within the field C of complex values, we get

det A =det (triang 4 ) = [ ] (triang A)

i=1

ii

=[] dtriang A),; = det (triang A) = det A

i=1

The result is proven. d
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Corollary 1.6.

det (A*) = det A (1.8)

Proposition 1.5. Let us consider the, so-called, n x n companion matrix

0 1 0 0
0 O 1 0
Cai= . 0 -0
0 0 0 1
—ay —a; . . =y
associated with the vector a = (ay, ..., a,_1)T. Then

’detCa = (=1)"aqp

Proof. Multiplying the ith row (i =1,...,n — 1) by a;, adding it to the last one and
moving the first column to the last right-hand side position, we obtain

0 1 O . -0 0 1 O : . 0
o 0 1 O - o o0 1 0
. . 0 . . . . 0
det | o . o |=det| 0o - 0
0 0 : . 0 1 0 o0 . : 0 1
—ay —a; - . C —dy —ay O . . . 0
I 0 O 0
o 1 0 O
= (—1)""" det ! 0 = (—=D"ao
. . . . 1 0
0 0 : . - —ap
The proposition is proven. |

1.2.2 Minors and cofactors

Definition 1.5. A minor M;; of a matrix A € R"™" is the determinant of a submatrix of
A obtained by striking out the ith row and jth column.

Example 1.12.

A=

RGN Q.
oo W b
© o w

12
, M23:det{7 8:|:—6
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Definition 1.6. The cofactor A;; (or ij-algebraic complement) of the element a;; of the
matrix A € R"™" is defined as

A= (=D My (1.9)

Example 1.13.

3
6|, A23:(—1)2+3det{1 2] =6

1
A= |4
; 738

[c IV, I V)
O

Lemma 1.1. (Cofactor expansion) For any matrix A € R"™" and any indices i, j =
1,...,n

detAZZa,‘inj :Za,‘inj (110)
j=1 i=I

Proof. Observing that each term in (1.2) contains an element of the ith row (or, analo-
gously, of the jth column) and collecting together all terms containing a;; we obtain

det A :— Z (_1)1(]11]%-“»]71) ayj,azj, +  * Anj,

JUsj2seen
n
11, J2swees i
— Zaiji [ Z (= 1)1 J2eedn) Hakjk
Jji=1 JiokFEi k£

To fulfill the proof it is sufficient to show that

Ay = Z (= 1) U2 ’”)Hakjk = Ay

Jisk#i k#i
In view of the relation

(_1)1(1'1,1'2,---,],,) — (_1)i+ji (_l)t(j]-ij-l-vji—]ij»lf--- Jn)

it follows that

A~ifi — (_1)i+jf Z (_l)t(jl,jzw-ji—l~j/+1w«./'n) Hakfk
L Lk i
= (=D M;;, = Ajj,

which completes the proof. g
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Example 1.14.

123 56
det | 4 56 =1(—1)‘+'det[8 9}
789
23 23
132+l _1y3+1
+4(-1) det{8 9}4-7( 1) {5 6}
=-3-4(-6)+7(-3)=0
Lemma 1.2. For any matrix A € R*™" and any indicesi #r, j s (i,j=1,...,n) it

follows that

n n
E aijAy; = E a;jAi; =0
j=1 i=1

Proof. The result follows directly if we consider the matrix obtained from A by replacing
the row i (column j) by the row r (column s) and then use the property of a determinant
with two rows (or columns) alike that says that it is equal to zero. ]

Lemma 1.3. Vandermonde determinant

1 1 1
X1 X2 - Xy n o n
Vipi=det | x? x3 x2 | = H H (xi — xj)
. j=1i>j
xffl xﬁ’fl Xt

Proof. Adding the ith row multiplied by (—x;) to the (i+1) row ( = n — 1,

n—2,...,1) and applying the iteration implies
[1 1 1
0 Xy — X1 - X, — X1
Vo=det |0 x3—xixa - -  XZ—xix,
n—1 n—2 -1 -2
0 x7 —xix5° - - - x0T —Xxix)
I Xy — X1 o Xp — X1
X2 —Xx1)x2 - - (Xxg—Xx1)X
—det | 2T XOX (0 — x1) X
| (o —x) x5 - e (x, —xp) X
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| T |
== x) G —x)det | 2T
B
=& —x) Vo= =111 =xpVe = [T T =%
i=2 j=li>j j=li>j
since V,, = L. g

1.2.3 Laplace’s theorem

Definition 1.7.

(a) If A is an m x n matrix, then the determinant of a p X p (1 < p < min (m,n))
submatrix of A, obtained by striking out (m — p) rows and (n — p) columns, is called

a minor of order p of A. If rows and columns retained are given by subscripts
l<ii<ib<---<i,<m, 1<ji<p<---<j,<n (1.11)

respectively, then the corresponding minor is denoted by

i iy
Al P) i=det[a; ;17 1.12
(]l ]2 P .]p) [akjk]kzl ( )

(b) The minors for which
ik:jk (k:l,2,,p)
are called the principal minors.

(c) The minors for which
h=jp=k (k=12,...,p)

are called the leading principal minors.

Definition 1.8. The determinant of a square matrix A resulting from the deletion of the
rows and columns listed in (1.11) is called the complementary minor and is denoted by

A(ll 1211, )C
Ju J2 " Jp

The complementary cofactor to (1.12) is defined by

Jv 2 p JuJate e

s=(+i+-+ip) + (i + i+ +Jp)



14 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1
Example 1.15. For A = [ai/]i_/=1 we have
a a a
A 2 3 5 B a21 a22 a24
1 2 4 - 31 32 34
as) dsy ds4
235\ 14 a3 a
A —A — 13 15
124 35 dyz Ays

(235
A ( 12 4) =(=D" {013 6115} = — (ai3aus — a15043)

a3 Ays

Theorem 1.1. (Laplace’s theorem) Let A be an arbitrary n X n matrix and let any p
rows (or columns) of A be chosen. Then

iy iy iy iy
det A = A L P A€ o 4 1.13
S oa(f B a(h e (113)

Jusd2sedp

n!
where the summation extends over all C} = ﬁ distinct sets of column indices
p!(n— p)!

jlst»"'sjp (15]1<J2<<]p§n)
Or, equivalently,
P A i iy,
det A = Al PYAC ) ! 1.14
i,;i <]1 .]2"'.]p> <]1 .]2"'.]17) (1.14)
sJ2:slp

where

I<ii<ip<---<i,<n

Proof. It can be arranged similarly to that of the cofactor expansion formula (1.10). O

1.2.4 Binet—Cauchy formula

Theorem 1.2. (Binet—-Cauchy formula) Two matrices A € RP*" and B € R"™? are
given, that is,

ay dpp - any by by - blp

dap dy - a4y by by - by
A= ", B = P

apl apZ : apn bnl an : bnp
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Multiplying the rows of A by the columns of B let us construct p* numbers

Cij = Zaikbkj G.j=1,....p)
k=1

and consider the determinant D := fci_,« ’f}.zl. Then

1. if p < n we have

12---p i
D= Al .7 7B " 1.15
2 (JlJZ"'Jp) (12~~-p (1.15)

I<ji<ja<<jp=n

2. if p > n we have

D=0

Proof. Tt follows directly from Laplace’s theorem. U

Example 1.16. Let us prove that

n

n
E akaE ardy
k=1

k=1 o a; dg Cj Ck
=2 L’ij {djd,j (110)

n n
E bka E bkdk I<j<k=n
k=1 k=1

Indeed, considering two matrices

¢ di
ap dp - ay Co1 dy
A = n , B =
ap) Ay - Aoy o
Cnl an

and applying (1.15) we have (1.16).

Example 1.17. (Cauchy identity) The following identity holds

(3] (350) - (e () -

Z ((ljbk — akbj) (dek — dej)

1<j<k=n

It is the direct result of (1.16).
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1.3 Linear algebraic equations and the existence of solutions
1.3.1 Gauss’s method

Let us consider the set of m linear equations (a system of linear equations)

anxy +apxy+ - +ax, =b

ax X1 + anx, + - -+ +axyx, = b, (1.17)
Am1X1 + apaX2 + - +amn-xn = bm
in n unknowns Xx;,x,,...,x, € R and m x n coefficients a;; € R. An n-tuple

n) is said to be a solution of (1.17) if, upon substituting x instead of
x; (i =1,...n) in (1.17), equalities are obtained. A system of linear equations (1.17)
may have

* * *
(xl,xz,...,x

® a unique solution;
¢ infinitely many solutions;
® no solutions (to be inconsistent).

Definition 1.9. A system of linear equations

anxi +apxs + -+ anx, = b
anxy + anx, + - + doXxy = by (1.18)
aml-xl + ElmZ-xZ +---+ dmn-xn = Em

is said to be equivalent to a system (1.17) if their sets of solutions coincide or they do
not exist simultaneously.

It is easy to see that the following elementary operations transform the given system
of linear equations to an equivalent one:

e interchanging equations in the system;
e multiplying an equation in the given system by a nonzero constant;
e adding one equation, multiplied by a number, to another.

Proposition 1.6. (Gauss’s rule) Any system of m linear equations in n unknowns has an
equivalent system in which the augmented matrix has a reduced row-echelon form, for
example, form < n

anxi +apx; + -+ apx, = by

Gy Xy + ApXy + - + dyXy = by
0- X1 +--+ 0- Xn—m—1 + AmnXn—m +---+ Amp Xy = bm

0-x;,+0-x,+---4+0-x,=0
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Example 1.18.

2X|—X2—X3+3X4=1 2X]—X2—.X'3+3X4=1
4X1—22—X3+X4=5 - 0'X1+0'X2+X3—5)C4=3
6X1—32—X3—X4:9 0'X1+0'X2+2X3—10X4:6
2x; — Xo + 2x3 — 12x4, =10 0-x14+0-x4+3x3—15x4=9

2x1 —x —x3+3x =1

~ O'.X1+O'.X2+)C3—5X4=3
0'X|+0'X2+0'X3+0‘X4=0
0'X1+0-x2+0')€3+0')€4=0

Here the first elementary transform consists in multiplying the first row by 2,3, 1 and
adding (with minus) to the following rows, correspondingly. The second elementary
transform consists in multiplying the second row by 2,3 and adding (with minus) to the
following rows, correspondingly. Finally, one gets

2x1—x2—x3+3x4=1
X3—5)C4=3

Taking x, and x, as free variables it follows that

1
x1=§x2+x4+2
.X3=5.X4+3

1.3.2 Kronecker—Capelli criterion

Lemma 1.4. (Kronecker—Capelli) A system of linear equations given in the form
(1.17) has

® g unique solution if m = n and

apy dip - Ay
ay dxp - A
det A = "1 #£0

apy dp2 - Ay

® infinitely many solutions if the minimal number of linearly independent rows of
A (denoted by rank A) is equal to one of the extended matrices (denoted by rank [A | b]),
that is,

ap ap - dny ay ap - ay, b

=rank [A | b] = rank

az) Ay - Ay,

Q| dx -+ Ay, b
rank A = rank 21 A2 m D2

Ayl dp2 - Apy Apl Ap2 - Ay bn
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® no solutions (to be inconsistent) if
rank A # rank [A | D]
The proof of this fact will be clarified in the next chapter where the inverse matrix will
be introduced.
1.3.3 Cramer’s rule

Proposition 1.7. (Cramer) If m = n and det A # 0 the unique solution of (1.17) is
given by

ap - api- by aiiy1 - an
_ 1 ay - Gy by arip - ag, .
X, = (i=1,...,n)
det A
ap - an,ifl bn an$i+l © App

The proof of this fact will be also done in the next chapter.

Example 1.19.

X1 —2x, =1 =2

3x1—4x2=7}’ detA_‘3—4‘—27é0
C1|1-2| 10 _ L4,
NE1 4| T2 T 2371727
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2.1 Basic definitions
2.1.1 Basic operations over matrices

The definition of a matrix has been done in (1.1). Here the basic properties of matrices
and the operations with them will be considered.

Three basic operations over matrices are defined: summation, multiplication and
multiplication of a matrix by a scalar.

Definition 2.1.

1. The sum A + B of two matrices A = [a;;]]'_, and B = [b;]]"}_, of the same size is
defined as ‘

A+ B = a; + byl

i,j=1

2. The product C of two matrices A = [a;]!"", and B = [b;;]]"_, may be of different

i,] i,j=1
sizes (but, as required, the number of columns of the first matrix coincides with the

number of rows of the second one) and is defined as

@2.1)

m,p
i

C = [C,j]’”,l/[;l = AB = [Zaikbkj]
k=1

=1

(If m = p =1 this is the definition of the scalar product of two vectors). In general,

AB # BA

19
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3. The operation of multiplication of a matrix A € R™*" by a scalar « € R is defined
as follows

m,n

aA = Aa = [aa;]] ),

4. The difference A — B of two matrices A = [a;;]/"_, and B = [b;]]"[_, of the same
size is called a matrix X satisfying

X+B=A

Obviously,

2.1.2 Special forms of square matrices

Definition 2.2.

1. A diagonal matrix is a particular case of a squared matrix (m = n) for which all
elements lying outside the main diagonal are equal to zero:

ap 0 . 0
A= 0 a.22 0 = dlag [6111,6122, ...,a,m]
0o 0 - a,
Ifaj, = ap = ...=a,, =1 the matrix A becomes the unit (or identity) matrix
1 0 -0
L
00 -1
(usually, the subindex in the unit matrix definition is omitted). If a;, = a» = ... =

an, = 0 the matrix A becomes a zero-square matrix:

00 -0
Opi= |7 7 7
00 -0

2. The matrix AT € R"™™ is said to be transposed to a matrix A € R™*" if

AT =[a;]%)

ji=1
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. The adjoint (or adjudged) of a square matrix A € R"", written adj A, is defined to
be the transposed matrix of cofactors Aj; (1.9) of A, that is,
. . n T
ad_] A — ([Aji]j,i:])
. A square matrix A € R"™" is said to be singular or nonsingular according to whether
det A is zero or nonzero.
. A square matrix B € R"™" s referred to as an inverse of the square matrix

A E Rnxn U(‘
AB = BA =1I,,, (2.2)

and when this is the case, we write B = A~
6. A matrix A € C""

e js normal if AA* = A*A and real normal if A € R"" and AAT = ATA;
® js Hermitian if A = A* and symmetric if A € R"™" and A = AT;
® is skew-Hermitian if A* = — A and skew-symmetric if A € R"" and AT = —A.

7. A matrix A € R™" is said to be orthogonal if ATA = AAT = I,,, or, equivalently,
if AT = A7 and unitary if A € C™" and A*A = AA* = I,,,, or, equivalently, if
A= AL

2.2 Some matrix properties

The following matrix properties hold:

1. Commutativity of the summing operation, that is,
A+B=B+A

2. Associativity of the summing operation, that is,
(A+B)+C=A+(B+C)

3. Associativity of the multiplication operation, that is,
(AB)C = A(BC)

4. Distributivity of the multiplication operation with respect to the summation operation,
that is,

(A+B)C=AC+BC,C(A+B)=CA+CB
Al =TA=A
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5. For A = [a;]_, and B = [b;]'[_ it follows that

AB =Y a®p®T (2.3)
k=1
where
aig b
a® = : b® =
Ak bkp

6. For the power matrix A? (p is a nonnegative integer number) defined as

AP =AA--- A A" =1
—_——
14

the following exponent laws hold

AP A1 = APt
(AP)T = AP4

where p and ¢ are any nonnegative integers.
7. If two matrices commute, that is,

AB = BA
then
(AB)? = APB?
and the formula of Newton’s binom holds:

(A + B)m — Z C’inAmfiBi
i =0

m!
il(m —i)!

8. A matrix U € C"*" is unitary if and only if for any x, y € C"

where C! =

(Ux,Uy) == Ux)"Uy = (x, )

Indeed, if U*U = I,,, then (Ux,Uy) = (x,U*Uy) = (x,y). Conversely, if
(Ux,Uy) = (x,y), then ([U*U = Ix,]x, y) = 0 for any x, y € C" that proves the
result.

9. If A and B are unitary, then AB is unitary too.
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If A and B are normal and AB = BA (they commute), then AB is normal too.
If A; are Hermitian (skew-Hermitian) and «; are any real numbers, then the matrix
m
Z a;A; is Hermitian (skew-Hermitian) too.

i=1

ny matrix A € C"" can be represented as

A=H+iK

where

A+ A A— A
n=""% :
2 2i

are both Hermitian. If A € R"*", then

where

A4+ AT A—AT
At T =

S

2 2

and S is symmetric and T is skew-symmetric.
For any two square matrices A and B the following determinant rule holds:

det (AB) = det (A) det (B)

This fact directly follows from Binet-Cauchy formula (1.15).
For any A € R"*" and B € R"*”?

(AB)T = BTAT
Indeed,
n m,p n mp
(AB)T = [Z ajkbki] = [Z bk,»ajk] — BTAT
k=1 ij=1 k=1 ij=1

For any A € R™"

adj AT = (adj A)T
adjlnxn = In><n
adj (@A) =a"'adj A for any o € §

For any A € C"™"

adj A* = (adj A)*
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For any A € R""

A(adj A) = (adj A) A = (det A) I,

(2.4)

This may be directly proven if we calculate the matrix product in the left-hand side
using the row expansion formula (1.10) that leads to a matrix with the number det A
in each position on its main diagonal and zeros elsewhere.

If det A # 0, then

1
Al = & A 25
detA Y (2:3)

This may be easily checked if we substitute (2.5) into (2.2) and verify its validity,
using (2.4). As a consequence of (2.5) we get

| det (adj A) = (det A)""!

As a consequence, we have

1
T detA

(2.6)

det (A7)

This follows from (2.5) and (2.4).
If det A # 0, then

(AT =@n™!

Indeed,
Lixy=AA" = (AAT")T = (AT AT

So, by definitions, (A™")" = (AT)™".
If A and B are invertible matrices of the same size, then

(AB) = B~'A~]

As the result, the following fact holds: if det A = det B, then there exists a matrix C
such that

A=BC
detC=1

Indeed, C = B~'A and

_ . _ . _ det A .
det C =det (B~'A) = det (B )detA_det(B)_l
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21. It is easy to see that for any unitary matrix A € C"*” is always invertible and the

following properties hold:

A = A
detA = +1

Indeed, since A*A = AA* = I, it follows that A~! = A*. Also in view of (1.8)

we have

det A*A =detl,,, =1
det A*A = (det A*) (det A) = (det A) (det A) = |detA| =1

22. Let Ae R, Be R"™,C e R and D € R™"
(2) If A= and (I,., + DA"'BC) ™" exist, then

(A+ BCD)™!
— A" —A'BC(C+CDA'BC)” cDA™!
— A= A'BC (I, + DA"'BC) "' DA™

Indeed, the simple matrix multiplication implies

[A—l —~A"'BC(C+cDA'BC) CDA—I} (A+ BCD)
= Ixy —A"'BC (C+CDA™'BC) ' CD+ A"'BCD
—A7'BC (C+CDA'BC)™' [-C+C+CDA'BC] D
= L., — A"'BC (C+ CDA'BC)"' CD + A"'BCD
—A"'BC (C+CDA™'BC)”' CD — A"'BCD = I,

Analogously,

[A*l — A'BC (I, + DA'BC) " DA*I} (A+ BCD)
= lyxy — A”'BC (I, + DA"'BC) "' D+ A"'BCD

—A7'BC (Lxy + DA"'BC) ™' [=Ly + I, + DA™'BC] D

= Iyxn — A"'BC (I,., + DA"'BC) ™' D+ A"'BCD
+A7'BC (I, + DA"'BC)"' D — A"'BCD = I,.,

2.7)

(b) In the partial case whenr =1, C =1, B=u, D =vT and vTA 'u # —1, we

obtain the Sherman—Morrison formula:

Ayt A

A L T e R
(A+uv?) 1+vTA 1y

(2.8)
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The next statement seems to be important for understanding the internal relationship
within different classes of matrices.

Claim 2.1.

1. Any complex unitary, Hermitian, skew-Hermitian and real orthogonal, symmetric
and skew-symmetric matrix is normal, that is, it satisfies the condition

AA* = A* A for complex matrices
and
AAT = AT A for real matrices

2. A matrix A is normal if and only if the matrices A and A* have the same eigenvectors.

Both of these properties can be easily checked directly.

2.3 Kronecker product

Definition 2.3. For two matrices A € R"*", B € RP*? the direct (tensor) Kronecker
product, written A ® B, is defined to be the partitioned matrix

Cl“B CllzB . Cll,,B

A ® B = amB Clng . Clzy,B
amlB am2B : amnB (29)
— [auB]:n],rt:l c Rmpan
Example 2.1. If
ap app apgs
A= , B=|b b
lel a 6123} [ ! 12]
then
A®B = anby anbi, anby apbn aizby apsbi
anby  axbi, apby anb;, axpby axnb
The following properties for the Kronecker product are fulfilled:
(a)
A O (0]
O A - . .
L, QA=]- . . . - | =diag[A, A, ..., A] (2.10)

o
o »
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(®) Lusn ® Ipxg = Lupxng
(c) for any « € § it follows that
(@A)®B=A® (@aB) =« (A® B)
(d (A+C)®B=AQ®B+C®B
) AR(B+C)=AQ®B+A®C
) A®RB)®RC=AQ(B®C)

() (A®B)T =AT®BT

and for complex matrices

(A®B) =A®B
(A® B) = A* ® B*

Next, very useful properties are less obvious.

Proposition 2.1. If A € R™" B € R"*9, C € R"* and D € R?*" then

[(A® B) (C® D) = (AC) ® (BD)

Proof. It follows from the identity that

z (aijB) (CJ-SD) = (iauch> BD

j=1

Corollary 2.1. If A € R*™", B € R"*" then
1.

’ AQ B = (A® Lixn) Unxm ® B) = (Lxm ® B) (A ® Ixy)

(to prove this it is sufficient to take C = I, and D = I,,,,).
2.

(Ai® B))(A2® By) - - (Ap ® Bp)
)@ (BB B

for all matrices A; € R"™" and B; e R"™" (i =1,..., p).

27
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’(A@B)*' =A"! ®B"‘

provided that both A~" and B™" exist. Indeed,

(A®B)(A®B)' =(A®B) (A ®B™)
= (AA_I) ® (BB—1> =1 ® Imxm = Inmxnm

Proposition 2.2. If A € RV, B € R"™™ then there exists a permutation P € R"™""
such that

]PT(A@B)P:B@A

Proof. 1t is easy to check that there exists a permutation matrix such that

PT(A®In><n)P= n><n®A

PT (Un @ B) P = B ® I 2.12)
Then, since for any permutation matrix PPT = I,,.um, by (2.1) it follows that
PT(A® B) P =PT (AQ® Lixn) (lyxm @ B) P
= PT(AQ® Lxn) PPT (Lixm ® B) P
= Lyxn ® A) (B® Lyxw) =B A
O
Corollary 2.2.
det (A ® B) = (det A)" (det B)" (2.13)

Indeed, by (2.1)
det (A ® B) = [det (A ® Luxn)] [det (T ® B)]
In view of (2.12) and (2.10) one has

det (A ® I,,,) = det [PT (I, @ A) P]
=det[PPT (Ixn ® A)] = det (1,1, @ A)
= det (diag (A, A, ..., A)) = (det A)"

Analogously,
det (1., ® B) = (det B)"

which completes the proof.
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2.4 Submatrices, partitioning of matrices and Schur’s formulas
Given matrix A = [a;;];"}_,, if a number of complete rows or columns of A are deleted,
or if some complete rows or complete columns are deleted, the new matrix that is obtained
is called a submatrix of A. A division of matrices into submatrices is referred to as a
partition of the matrix.

Proposition 2.3. If the matrices A and B are partitioned as follows

An An By B
A= . B:
|:A21 Azz} {le Bzz}

where the corresponding submatrices A;; and B;; have the same size, then by direct
computation we get

AnxBn AnxBn
A+ B = 2.14
{Azl + By Ap+ 322] 214
and
AnBi+ApBy AnBi+ ApBx
AB = 2.15
[Alell + AnBy AnBin+ Azszz} @.15)

Proposition 2.4. If Ay, and Ay are square matrices then

1. for

A=
|:A21 Azz}

it follows that

det A = (det Ay;) (det Ay)

2. for

A]z S RFXP, A|2 € R(nfp)x(n—p)
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it follows that

det A = (—1)""V7 (det A},) (det Ay)

Proposition 2.5. If A is block-diagonal, that is,

A= dlag [All A22 v Ann]

then
1.

i=1

det A = ﬁ det A;;

rank diag [Aj Ay -+ Ay | = Z (rank A;;)

n

i=1

Lemma 2.1. (Schur’s formulas) For block-matrix

- [A
Az[c

where A and D may be of different sizes, the following properties hold:

d

det A =

det Adet (D —CA™'B) if detA #0
det (A— BD™'C)detD if detD #0

det (AD — CB)
det (AD — BC)

if AC =CA
if CD=DC

Proof. Notice that for the case when det A # 0, we have

A B
C D

|-

1
CA™!

o
1

I

OD—-CA'B||O

A o) Hl A"'B

1

|

(2.16)

which leads directly to the first formula. The second formula, when det D # 0, may be

proven by the analogous way taking into account the decomposition
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& ol=lo "7 B)lbhe 7]

For proofs of formulas three and four see Gantmacher (1990). O

Lemma 2.2. (on the inversion of a block-matrix) If

NTEENT) Ixi kxk
S = , SueR™ S»elR
|:S21 522:| 11 22

then

A B
“1._
57 = [C D:|

A = (S =S85 Su) " e R
B =—-S,'SuD

C =—5,'5,A
D

_ —1
= (S22 — S21S]11S12) S Rka

provided by the condition that all inverse matrices exist.

Proof. In view of the identity

S5 — SuA+S8pC SuB+SpD| _ I
SHA+85,C  S$yB+ S»D (XD

it is sufficient to check the equalities

SHA+ 81C =1y

SiuB + 812D = Oy
$231A + 53C = Oy
S$21B + 50D = Iiy

The second and third ones hold automatically. Then we have:

SiA+ SC =S1A — 51252_2152114
= (511 - S125{21521) A=A"T"A=1y

and

Sy B+ SpD = —85,8;,'S12D + Sy D
= (82 — $215,'S12) D =D7'D = I
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2.5 Elementary transformations on matrices

The determinants’ properties, mentioned above, indicate a very close relationship
between the determinants of square matrix A and matrices obtained from A by the
following elementary operations:

e Operation 1: interchanging two rows (or columns) in A;

e Operation 2: multiplying all elements of a row (or column) of A by a nonzero constant;

e Operation 3: adding to any row (or column) of A any other row (or column), multiplied
by a nonzero number.

Proposition 2.6. Each of the elementary operations described above can be achieved by
pre- and post-multiplications (respectively) of A by appropriate matrices containing only
0, 1 elements and, for the 3rd operation, also one element equal to k, that is,

e Matrix form of operation 1: the elementary operation of i, and i, rows interchanging
is equal to the following left-hand side multiplication EV A where

1 0 0
0 .
o 1 -
(i) 0 !
Ei(]l‘)iz . .
0o - 0 1
. 10 0 0 -
(i2) .0 1 .
o - 0
0 0 1 |

e Matrix form of operation 2: the elementary operation of multiplication of all elements
of a row i of A by a nonzero constant o is equal to the following left-hand side
multiplication E i(z) (@) A where

—
(=)
(=)

Ei(z)(a) = . 0 a O
(@) 0 1

e Matrix form of operation 3: the elementary operation of adding to a row iy of A any
other row i,, multiplied by a nonzero number «, is equal to the following left-hand
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side multiplication E,(f),z (o) A where

—
(e}
=)

@

EP (o) =

(i2)

Similarly, the multiplication of A on the right-hand side by the appropriate matrices

E;ll ) Y E;D (@) or E;?) j» (@) leads to analogous changes in columns.
Example 2.2.
(a)
[ay ai ars 001
A= dy1 dy drs |, E;lg = 010
| 431 a3 as33 100
. [001 ap ap as asy dsp Ass
E:;A = 1010 ar) Ay Azz | = | dz) A2 A3
_100 as) dsz Aasz a;zdp a3
(b)
-(1|1a|2013 100
A= dyy dx drs |, E§2> = [0a0
_6131 asp dsz 001

-1 00 ajap dags
E;Z)A = (00 aj Ay drs
_00 1 as) dsp dsz

ap dap dap
= ady) ddyy 0drs

| 431 a3 d33
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(c)
ay; ap  aps 1 0 «
A = asy a ajs . Ep; (O[) = O 1 O
az dax 4 0 0 1
[ 1 0 o ai ajp as
E % (@) A = 0 1 0 dzy dxp a4
0 0 1 az;  az; Az

an t+aas  ap+oap  a;z+ods
= as ann a

asy asp ass

Proposition 2.7. For any subindices
det E\) = —1, detE? (@) =«, detEY, () =1 (2.17)

i1,i2

and

det EV. A = det AEY, = det A

i,i2 Ji1.J2
det E” () A = det AEY (@) = rdet A
det E) (@) A =det AEY, (a) = det A

i1,i2 JisJ2

Proof. The formulas above are the simple mathematical expressions of the determinants,
properties (1.6), (1.3) and (1.7). O

Proposition 2.8. For any m x n matrix A there exists a finite sequence of elementary
matrices E|, E,, ..., Es such that

Ep- - EyE1AEry - - - Exy
is one of the following matrices
1. Ly, for m=n

2.[ Luxm  Omxm—m) ] for m<n

3[ Lin } for men (2.18)
O(mfn)xn

4. |: Ir><r Orx(n—r)

(r < min (m, n))
O(n—r)xr O(n—r)x(n—r) :|

known as canonical ones.

Proof. Tt follows directly from the elementary operations definition and its relation to the
canonical matrix forms. |
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Example 2.3. For

we get

o 1 2 -1
A =EP(—1/2A=|1 0 0 =3
4 -2 —4 -10

0o 1 2 -1
Ay=EJ(-HA=|1 0 0 -3
0 -2 -4 2

1 0 0 -3
Ayi=ENA,=|0 1 2 ~I
0 —2 -4 2

1 0 -3
Ay=EQ QA= 0 1 2 -1
0 0 0 |
1 0 0 0
As:=AE)I3) =10 1 2 -1
L0 0 0 0
1 0 0 0
As = ASED) (1) = 1 2 0
|0 0 0 0
1 0 0 0
A= AE(-2)=|0 1 0 0
0 0 0 0

that is,

ES) (2 ENES (—4) E (—1/2) AEY) (3) EY) (1) ES) (=2)
_ I2><2 O
- (@) (@)

Corollary 2.3. For any m x n matrix A there exist matrices P (det P # 0) and Q
(det Q # 0) such that PAQ is equal to one of the canonical matrices (2.18).
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Proof. Tt follows from (2.7) and the fact that

k k
det <H E,«> = [ det (£ #0
i=1

i=1

O

Definition 2.4. Two matrices A and B are said to be equivalent (or belonging to the same
equivalent class) if they may be transformed by the elementary operations application to
the same canonical matrix form. This is written as A ~ B.

Proposition 2.9. An n x n matrix A is nonsingular if and only if A ~ I,,.

Proof. Since

det (PAQ) = (det A) (det P) (det Q) = det S

where S is one of the canonical matrices (2.18), we have

det S
detA=————#0
(det P) (det Q)
if and only if § = I,,,,. O

Definition 2.5. A square n x n matrix A is said to be simple if it is equivalent to a
diagonal matrix D.

These definitions will be used frequently below.

2.6 Rank of a matrix
Definition 2.6. For a matrix A € R™*" the size
r (1 <r <min(m,n))

of the identity matrix in the canonical form for A is referred to as the rank of A, written
r =rank A. If A = O,,x, then rank A = 0, otherwise rank A > 1.

For each four canonical forms in (2.18) we have

rank I, = n form =n

rank [I,nxm Omx(,,_m)] =mform <n

1
rank o =nform>n
O(mfn)xn
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Ir><r Orx(nfr)

=r for » < min (m, n)
O(nfr)xr O(nfr)x(nfr)

Proposition 2.10. For a square matrix A € R"" rankA = n if and only if it is nonsin-
gular.

Proof. 1t follows straightforwardly from proposition (2.9). O

Corollary 2.4. The rank of a matrix A € R™*" is equal to the order of its largest nonzero
minor.

Several important properties of rank are listed below.

1. (Frobenius inequality) If A, B and C are rectangular matrices and the product ABC
is well defined, then

’rank(AB) + rank(BC) < rank(A) 4 rank(ABC) (2.19)

’rank(AB) < min {rank(A), rank(B)} ‘ (2.20)

Indeed, taking in (2.19) first A and C to be appropriate size we obtain (2.20).
2. For any complex matrix A

’rank(A) = rank(AA*) = rank(A*A)

3. If P and Q are nonsingular and A is square, then

’rank(PA 0) = rank(A) \ (2.21)

Indeed, by (2.20) it follows

rank(P A Q) < min {rank(P), rank (A Q)}
= min {n, rank(AQ)} = rank(A Q)

< min {rank(A), rank(Q)} = rank(A)
=rank(P~'[PAQ] Q")

< min {rank (P~"), rank ([PAQ] 07")}
=rank([PAQ] Q")

< min {rank(PAQ), rank(Q~")} = rank(PAQ)

’rank(A) = rank(AT) = rank(A")

(2.22)

5. For any A, B € R™"

]rank(A + B) < rank(A) + rank(B) \ (2.23)
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6. (Sylvester’s rule) For any A € R™*" and B € R"*”?

rank(A) + rank(B) — n < rank(AB) (2.24)
< min {rank(A), rank(B)} ’
7. For any A € R™*™ and B € R"™"
rank(A ® B) = (rankA) (rank B) ‘ (2.25)

This follows from (2.11).

2.7 Trace of a quadratic matrix

Definition 2.7. The trace of a matrix A € CV" (may be with complex elements), written
trA, is defined as the sum of all elements lying on the main diagonal of A, that is,

trA:=> a; (2.26)
i=l

Some evident properties of trace follow.

1. Forany A, B € C"" and any «, B € C

]tr(aA +BB) =atrA + BB \ (2.27)

2. For any A € C"*" and any B € C""

[tr(AB) = tr(BA)] (2.28)
Indeed,
tr(AB) := Z Zaikbki = Zzbkiaik
i=1 k=1 i=1 k=1

= En:zm:bkiaik =tr(BA)

k=1 i=1

3. For any A € C""

tr(AA*) = tr(A*A) = Z Z g

i=1 j=I

(2.29)

aij

(this follows directly from property 2).
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4. If 7' (S € C™") exists then for any A € C™"

tr(S7'AS) = r(SST'A) = tr(A) (2.30)

5. For any A € C"*" and any B € CP*?

]tr(A ® B) = tr(A) tr(B) \ (2.31)

Indeed,

p

tr(A ® B) :=Xn: (a,-,— Z bii)

i=1 j=1

n 14
= (Zai,) ( b,-,) = tr(A) tr(B)
i=l j=1
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3.1 Vectors and linear subspaces

Definition 3.1. The matrix A € C*' := C", written as

is called a vector a € C'*!,

Definition 3.2. The matrix product (2.1), written for a € C*™! and b € C'*", is called a
scalar (inner) product of two vectors a and b and denoted by

(a,b) :=a‘b =Y apb, (3.1)
i=1

which for real vectors a, b € R" becomes

(a,b) :==a™b = Za,»b,- (3.2)

i=1

Definition 3.3. For the set of vectors xi, xa, ..., x; € C" and elements a1, as, ..., 0 €
C the following notions may be introduced:

1. Linear combinations of x,, x,, . .., Xy<, over C are an element of the form

a1 xy +axxy + ..+ oxg

2. The set of all linear combinations of x1, xa, . .., x; over C is called a subspace or the
span of x1, X3, ..., Xi, denoted by
span {x, xp, ..., X} 1=

(3.3)

x=axi+ax+...+ox 0, €Ci=1,...,k}

41
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3. Some vectors x1, xa, ..., x, € C" are said to be linearly dependent over C if there

n
exist ay, ay, ..., 0 € Cnorall zero | > lo;|* > 0| such that
i=1

o x) +aaxo+ ...+ ox, =0

Otherwise, they are said to be linearly independent.
4. If S is a subspace of C", then a set of vectors xy, x5, ..., x, € C" is called a basis for

S if
® X, X2, ..., X are linearly independent;
e S =span{x, x, ..., X}

Such basis for a subspace S is not unique: all bases for S have the same number of
elements which is called the dimension of S, denoted by dim S.
5. Vectors xi, x,, ..., xy € C" are mutually orthogonal if

(x[.*,xj) =0 forall i#]j
and are orthonormal if for all i, j =1,...,n
(x,x;) =8

where x* = (x;)7 and §;; = {(1) ijj i ; j is the Kronecker (delta-function) symbol.

6. The orthogonal completion S+ of a subspace S C C" is defined by

St = span {Xq1, Xes2s - - s Xn) (3.4)

where the vectors xi4; (j =1,...,n — k) are orthonormal.

Any matrix A € C™" may be considered as a linear transformation from C”
to C", i.e.,

A:C'"— C"

Definition 3.4.

(a) The kernel (or null space) of the linear transformation A : C" — C™ is defined by

]KerAzN(A) ::{xeCﬂ:Ax:O}\ (3.5)

(b) The image (or range) of the linear transformation A : C" — C™ is

’ImA:R(A) ={yeC":y=Ax, x € C"}

(3.6)

(c) The dimension of the subspace Ker A = N (A) is referred to as the defect of the
transformation A and is denoted by def A, that is,

|def A := dim KerA | (3.7)
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By the definitions above, it is clear that both Ker A and ImA are subspaces in C" and

R(A), respectively. Moreover, it can be easily seen that

dimKer A +dimImA =n

dimIm A = dim(Ker A)*
rank A < dimImA
rank A = rank A*

Proposition 3.1. If A, A, : S CC"+— S, C C” then

Im(A; + A,) C Im(A)) + Im(A,)
rank A; —rank A, <rank(A; + A,) <rank A; + rank A,

It follows directly from the definitions above.

(3.8)

Proposition 3.2. I[f A: S, CC'+—— S, CC"and B: S; C C"C" +— Sy C C? then

Im(BA) = BIm(A)
rank(BA) < min{rank A, rank B}

This is the consequence of (3.8).

It is not difficult to verify that forany A : S; CC"+—— S, C C" and B: S; € C”

+—— S4 C C? one has

1.

[rank A + def A = dim(S))]

\®]

. forany § C S

| dim A(S) = dim S — dim(S NKer 4) |

3. forany A,B: S, CC'+— S, CC"

’KerAﬂKerB C Ker(A—I—B)‘

4. If § = S, then

’dimA(S) > dim S — def T > def AB \

| def AB < def A + def B

6. If A is left invertible (S C S)) if and only if

] dim A(S) = dim S \

(3.9)
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3.2 Eigenvalues and eigenvectors

Definition 3.5. Let A € C"" be a squared n x n matrix (may be with complex elements).
Then

(a) any nonzero vector x € C" is referred to as a right eigenvector of the matrix A if it
satisfies the equation

(3.10)

for some (may be zero) complex value M. € C called the eigenvalue of the matrix A
which corresponds to this right eigenvector x;

(b) any nonzero vector x € C" is referred to as a left eigenvector of the matrix A if it
satisfies the equation

(3.11)

for some (may be zero) complex value AV € C called the eigenvalue of the matrix A
which corresponds to this left eigenvector x.

Remark 3.1. If x is an eigenvalue, then for any nonzero o € C the vector ax is also
the eigenvector. This means that for each M7 (the same for AP) there exists a single
dimensional subspace

S, ={ax : Ax = Aix, a € C}

of the corresponding eigenvectors ox.

Proposition 3.3. For any matrix A € C™" any eigenvalue M (as well as A") satisfies
the, so-called, characteristic equation

Pa ()‘-) = det()‘-lnxn - A) =0 (312)

Proof. By (3.10) (or (3.11)) it follows that
(AL — A)x =0, x* (AL, —A) =0

Hence these equations have nonzero solutions if and only if (see Proposition 1.7) (3.12)
holds. H

Evidently, the characteristic polynomial
P =1 4+aX "'+ +a,A+a, (3.13)

has exactly n roots A;(i = 1, ..., n). Some of these roots may coincide.



Eigenvalues and eigenvectors 45
Definition 3.6. The set of all roots of p, (L) is called the spectrum of A and is denoted by
o(A) :={A, Ay ooy A)
where X; satisfies
pa(x;) =0
The maximum modulus of the eigenvalues is called the spectral radius of A, denoted by

p(A) = 1[£1/21<xn |)\j} (3.14)

The following remark seems to be evident.
Remark 3.2. The spectrum of A contains all right eigenvalues as well as all left eigen-

values which implies that any )»_(f") has an equal )»_(,»l), that is, there exist two indices i and
j such that

)»Er) — )\;1)

Proposition 3.4. If x is a right (left) eigenvector of a real matrix A € R with the
corresponding eigenvalue 1, that is, Ax = Ax, then the complex conjugated vector X is
also an eigenvector of A with the corresponding eigenvalue A.

Proof. Let x =u +iv and A = « + i. Then we have

Ax = A +iv) = Au +i(Av)
=Ax =(a+if)u+iv) = (cu — pv) +i(Bu + av)

This implies

Au = au — Bv
Av = Bu + av

or, equivalently,

Au = au — (=p)(-v)
A(=v) = (=Pu + a(-v)

which, after multiplication of the second equality by the complex unite i and summation
of both equalities, leads to the following identity

Al —iv) = AxX = (0 — if)(u — iv) = Ax

For the left eigenvalues the proof is similar. (I
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Corollary 3.1. The following presentation of the characteristic polynomial p(A) (3.13)
takes place

p) = H()» —Ai) = (H [Ai — Mz]) (1:[ [(hi —u)? + U?]) (3.15)

i=1 i=1

where s is the number of pure real eigenvalues and

u; = Re)\.,', v; = Im)»,

Example 3.1. For

1
A=

—_ N =

-10
32
12

by Sarrius’s rule we have

A—1 1 0
pa(h) =det(hlss — A) =det | —2 A—3 -2
1 -1 A=2

—A=DA=3)A=2)+2-20.— 1) +2(1 —2)
=A=DA=2)(A—3)

which implies
M=11=2,A3=3
One of the solutions of the equation Ax” = \;x© (i =1,2,3) is
1 ) 1

¥ = 0 |, @ = 2, ¥® = 2
1 1 1

In this example a nonsymmetric matrix has real eigenvalues and the corresponding
eigenvectors. The next proposition shows when this occurs.

Proposition 3.5. If a square n x n matrix A is Hermitian or real symmetric, that is, if
A*=A or A=AT

then obligatory all eigenvalues A ; are real. If A is real symmetric, then the corresponding
eigenvectors x) (j =1, ..., n) are real too.
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Proof. Suppose that A; and x) are complex, i.e.,
Aj=o;+ip;
X0 = ) g )
Then
KA = D (3,29) = 2, [x O

and calculating the complex conjugation plus transposition from both sides by symmetric-
ity we get

(x(J)*Ax(J))* = xW*FA* (D) — (D 5 D D* — )Lj |x(J)’
which leads to the following relation

This means that A; is real. Finally, by the Proposition 3.4 in the case of a real matrix we
obtain that the solution of the linear uniform system Ax‘) = A;x", containing only real
elements, with respect to x> may give only a real solution. O

Proposition 3.6. Eigenvectors corresponding to distinct eigenvalues are linearly inde-
pendent.

Proof. Let Ay, As, ..., Ay (s < n) be the distinct eigenvalues of a matrix A and xi,
X2, ...,x; denote corresponding eigenvectors. Suppose that there exist numbers
oy, 0o, ..., o such that

5

ia,-xi =0, > le*>0 (3.16)
i=1

i=1
Show that this is impossible. To prove that ; =0 (i = 1, ..., s) we first multiply both
sides of (3.16) on the left by

(A - )"sfllnxn)(A - )\"972In><n) e (A - )\'llnxn)

and noting that (A — AxL,»,,)x; = 0, we get

(A = Aot L) (A = hecaln) -+ (A = ML) > i;

i=1

= (A = dci D) (A = Ao luen) -+ (A = haln) D (A = A)eix;
i=2
= (A - )\sfllnxn)(A - )‘-s721n><n) o (A - )‘-31n><n)

XY i = Ak — Adayx; = - -
i=3
= ()\'v - )"l)()\'c - )"2) e ()"v - )\'xfl)axxx =0
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which implies that oy = 0. Analogously, we may prove that
===, =0
So, all &; = 0 which contradicts (3.16). |

Proposition 3.7. Eigenvectors of an Hermitian matrix (A = A*), corresponding to
distinct eigenvalues, are orthogonal, that is,

x@*xU) =0 (3.17)
for any indices i and j such that A; # A;.
Proof. Pre-multiplying both equations below
X Ax® = p,x®
x0%: Ax) = 3 ;xD)
by x* and x, we derive
XD Ax®D = (AxD)" x® = pxDrx®
(xD*AxD)* = (AxD)* xD = &; (x@x D))" = p;xDx D
Multiplying the second equation by (—1) and summing both equalities we obtain
0= (A — Apx*x®
Since A; # A; the result follows. g

Example 3.2. The matrix A = uv™ (u,v € R"™') has one eigenvalue X\, equal to vTu
(with the corresponding eigenvector xV = u) and all other eigenvalues ;4 equal to 0
(with the corresponding eigenvectors x 7V = w#V | v). Indeed,

Au=u(Tu) = (vVTu)u
Av#D = y(Tw D) =0, =0 w'*D (1 =2,...,n)

Proposition 3.8. If B = T~'AT and p,(\) is the characteristic polynomial of A, then
that is, equivalent matrices have the same characteristic polynomials.
Proof. Indeed,

pa(A) =det(M,y, —A) =det T - det(Al,y, — A) - det T~
=det(A\T 1, ™' — TAT™Y) = det(Al,xn — B) = ps())
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Corollary 3.2. The eigenvector x)(B) of the matrix B = T~'AT, corresponding to the
eigenvalue A;, is as follows

x(j)(B) — T—lx(j)(A)
where xY)(A) is the eigenvector of the matrix A.

Proof. We have

AxD(A) = 1 ;xD(A)
(T'AT)T~'xV(A) = BxV(B) = A,T~'xV(A) = i,x"(B)
[

Proposition 3.9. For any A, B € C"*", the matrices AB and BA have the same char-
acteristic polynomial and hence the same eigenvalues, that is,

Pag(A) = ppa(A)

(3.18)
0(AB) = o(BA)

Proof. Let us select u € C such that A — ul,,, is nonsingular ([A — ,ulnx,l]f1 exists).
Then we have

det (Ayun — [A — tdyxn] B)
— det ([A — pl,,]) det (x [A = pthyn] ™ — B)

— det (A [A—pl] " - B) det ([A — 1t1,,])
= det (ALyxn — B[A — plyxn])

which for A := A + u implies

Pas (/\) = det (le _ AB) = det (le - BA) = psa (x)

Proposition 3.10. Let us show that the n X n companion matrix

o 1 0 0
0o 0 10
0 .
Cai= : 0 - 0
0 0 0 1
—a, —ay_> . . . —da

has the characteristic polynomial pc,(1) equal to

pe, ) =A"+a A+ 4 a, A+ a,
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Proof. Indeed,

Pc, (}\.) O =det

0 0 —1
a, a,_ A+ a
A -1 0
0O A2 -1 0
:(k+a|)det .
. —1
0 O A
A -1 0 0
0O » -1 0
—azdet .
. A0
0 0 —1
A0 0
0 -1 0
+ ... —a,_;det .
. 0
0 —1
-1 0 0
A -1 0
+ a, det .
. . .0
0 . - A —1

=G +a)A" '+ @A 4+t a,h +a,

Proposition 3.11. For any square n x n matrix A

a, =detA = ﬁki
i=1

a,_.1 =trA= z”:)w
i=1

(3.19)

Proof. The first formula follows directly from (3.15) if . = 0. To prove thata,_; = > _ A,

it is sufficient to open parentheses in

Pa@) =[] =2 =27+ an
=1 i=1

i=1

(3.20)
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and to calculate the coefficient corresponding A in the right-hand side. The second identity
trA =3, A may be easily proven using the so-called diagonal form transformation
which can be done below. (]

Corollary 3.3.

d
trA= ﬁ det()\'lnxn - A) |)\=O (321)

Proof. 1t follows directly from (3.20). O

Proposition 3.12. The spectrum of a unitary matrix U lies on the unit circle.
Proof. If Ux = Ax and x*x = 1, then

Ux)'Ux =x*U'Ux =x*x =1
On the other hand

(Ux)*Ux = (x)*(Ax) = x*A*Ax = [A[* x"x = [A]?

The comparison yields |A|* = 1. O

Proposition 3.13. If x is a complex nonzero vector in C", then the Householder matrix
defined as

*

XX

H =l — (3.22)

X*x
is unitary.

Proof. We should show that

HH* = H'H = 1,,,

One has
xx* xx*
HH*=H*H = (I,lxn—Z ) (Inxn_z )
X*x xX*x
= Lyxn — 4xx* xg(x*X)x* = Inxn
X*x (x*x)?
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Proposition 3.14. For any square n x n matrix A with the eigenvectors x(A) corres-
ponding to the eigenvalue A;(A) (i = 1,...n) it follows

1.
x(i)(A) = x(i)(lnxn - A)
)‘i(Inxn - A) =1- )"z(A)
Indeed,
(e — A)x®(A) = 20 (4) — Ax(A)
= x(i)(A) _ )»i(A)x(i)(A)
= [1 = % (A)]xV(A)
2.
DAy = xD(A), p=2,3,...
(A7) = A7 (A)
since

Apx(i)(A) — A(p*I)Ax(i)(A) — )»,»(A)A(p*])x(")(A)
=2 (AATExO(A4) = = A (A)x D (4)

3. If. in addition, A is real orthogonal (AT = A™") and (I,«, + A) is nonsingular
(Mi(Lyxn + A) # 0 for all i = 1,...,n), then A can be represented as (Cayley
transformation)

A= (Inxn - S)(Inxn + S)71 (323)

where S is a real skew-matrix (2.6), i.e. ST = —S. This result follows directly based
on the construction of S: if (3.23) holds then

ALyn +8) = (Lyn — 5)
AS+S=1,.,— A
S = (i — A)(Lyn + A)™!
and
ST = [Unsn + D77 Uysw — AT
= (Lien + AT) " (Lyn — AT)
= (en + A Ly — A7)
= [A A+ L] [ATHA = L)
= [(A+ L) ] [AAT] (A = L) = =S

which means that S is a skew matrix.
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3.3 The Cayley—Hamilton theorem

The theorem discussed in this subsection plays a key role in matrix theory and has
important applications to Classical Control Theory.

Theorem 3.1. (Cayley—-Hamilton theorem) If

(paG) =" +a "+ +a, ik t+a, =0 (3.24)

is the characteristic polynomial of a squared matrix A, then

’pA(A) = A"+ aq A"+ ta, A+ a g, = 0‘ (3.25)

that is, the matrix A satisfies its characteristic equation.

Proof. By (2.5)

det A

we have
AadjA = (det A)I,x,
which leads to the following identity

()‘-Inxn - A)adj()‘-lnxn - A)
(3.26)
= (det()"lnxn - A))Inxn = pA(A)Inxn
It is clear that adj(Al,., — A) is matrix A"~! as the maximal order, i.e.,
adj(Ayxn — A) = B, A"+ B, oA P 4+ -+ BiA + By
Then (3.26) becomes

()"Inxn - A)(Bn—l)Vn71 + Bn—Z)‘-n72 + -+ Bl)‘ + BO)
= ()\’n + al)"n_1 +---+ an—l)" + an)Inxn
Comparing coefficients, we obtain

anl = Inxn
Bn—2 - ABn—l = allnxn

BO - ABI = an—llnxn
_ABO = anlnxn
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Multiplying the first of these equalities by A", the second one by A"~ the jth by A"~/*!
and adding them together yields

0=A"+aq, A" '+ 4+ a,1A+a,l,,
which is exactly (3.25). O

Corollary 3.4. If A=} exists (A is nonsingular), then

1
A_l = _7(An—l + alAn_2 +- 4+ an—ZA + an—llnxn)

an

Proof. Since A is nonsingular (A has no zero eigenvalues) we have that a, # 0. Then
the result follows from the identity

AilpA(A) = Ail(An + aIArH1 +-F a1 A+ayl,y,) =0

3.4 The multiplicities and generalized eigenvectors
3.4.1 Algebraic and geometric multiplicities

For any n x n matrix A it may happen that some of its eigenvalues are equal, that is,
the corresponding characteristic polynomial p, (1) may have the following structure

K K
pay =[O =r. Y wi=n (3.27)
i=1 i=1

where u; is the number of times the factor (A — A;) appears in (3.27).

Definition 3.7.

(a) the number u; is called the algebraic multiplicity of the eigenvalue )\; of the
matrix A;
(b) the number

% = dim Ker(; L, — A) | (3.28)

is called the geometric multiplicity of the eigenvalue A; of the matrix A.

Example 3.3. For

_y
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we have

— Aol — 12

which implies
=2
and
s = dimKer((A 1, — A)) = dim Ker(A) =1

Here we see that in this example ) < |y.

In general, the following property holds.

Lemma 3.1. The geometric multiplicity of an eigenvalue does not exceed its algebraic
multiplicity, that is, foranyi =1,..., K

= < (3.29)

Proof. If r is the rank of (A;1,., — A), then by (3.9) r = n — u; and all minors of
(A L,xn — A) greater than (n — p;) are equal to zero. Hence, in

pa) =] =) =2"+> a, N
i=1 i=1
for all i < u; — 1 we have a; = 0, which leads to the following

pa0) =[] =)

i=pi

This means that the last polynomial has a zero of multiplicity greater than or equal to u;
which implies the result. O

Corollary 3.5.

K K
<> mi=n (3.30)
i=1 i=1
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3.4.2 Generalized eigenvectors

Definition 3.8. Ler an eigenvalue \; of a square n x n matrix A have the algebraic
multiplicity ;. Then the vectors x P (A) satisfying the equations

] [A = AiLyn | XO0(A) = xCED(A), k=2,3,....r < (3.31)

are called the generalized eigenvectors of A. Evidently,
x“V(A) = xP(A)

is the corresponding eigenvector of A (by the definition x"%(A) = 0). The sequence of
vectors x“V(A), x"2(A), ..., x¥(A) is called a Jordan chain of length r < u,.

If the eigenvector x*V(A) = x®(A) is selected, then the next vectors x“?(A), ...,
x@"(A) are generated successively as far as the nonhomogeneous equation (3.31) has a

solution.

Proposition 3.15. x“P(A) (k > 2) is a generalized eigenvector of A if and only if the
vector [A — hilyun ] xR (A) is the eigenvector of A, or equivalently, if and only if

[A = XLl x0(A) =0

Proof.

a ecessity. Let us prove this fact induction. For kK = 2 we have
N ity. L p his fact by inducti For k=2 h:
[A = Ailyn] x2(A) = 0
and, hence, pre-multiplying by A implies
A ([A = hidyn] xE2(4)) = AxD
— )\,l‘.x(i'l) = )\'i ([A — )"ilnxn] X(i'z)(A))

This means that ([A — A;,,] x“?(A)) is the eigenvector of A. Notice that the last
identity may be rewritten as

0=A ([A - )"ilnxn]x(i'Z)(A)) - )"i ([A - )Vilnxn]-x(iYZ)(A))

= [A - )\ilnxn] ([A - )"ilnxn] x(i’Z)(A)) = [A - )"ilnxn]z x(i’Z)(A)

So, for k = 2 the proposition is true. Suppose that it is valid for some k. Show that
it will be valid for k 4 1 too. By this supposition we have

[A = XL ] xT0A) =0
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Then

[A = A Lya] x D (A) = 200
and pre-multiplying by [A — A;1,x,]" implies

[A = Ailusal" ([A = AiLusn ] x“FT0(A)) = [A = AiLpen] 7P =0
or, equivalently,

[A = ALy ] 60 (4) = 0

(b) Sufficiency. It follows directly from the definition of a generalized vector.

Proposition 3.16. Any Jordan chain consists of linearly independent elements.

Proof. Suppose that there exist os(s = 1, ..., r) such that
D ax™(A) =0
s=1
Applying the transformation [A — A;1,,,]"~" to both sides, we get
0= & [A=Milpal "7 [A = hilp] x*V(A) = @,
s=1

Then applying again the transformation [A — Ailnxn]r_z, in view of the result before, we
obtain that «,_; = 0. Repeating this procedure, we obtain the contradiction, and hence,
the result is established. t



This page intentionally left blank



4 Matrix Transformations

Contents

4.1  Spectral theorem for Hermitian matrices . . . . . . . . .. ... ... ... 59
4.2 Matrix transformation to the Jordan form . . . . ... ... ... ... .. 62
4.3  Polar and singular-value decompositions . . . . . . . ... ... ... .. 63
4.4  Congruent matrices and the inertia of amatrix . . . . . . . ... ... ... 70
4.5 Cholesky factorization . . . . . . . .. ... .o 73

4.1 Spectral theorem for Hermitian matrices

4.1.1 Eigenvectors of a multiple eigenvalue for Hermitian matrices

Proposition 4.1. Let xV, xG2 . x@r) pe the eigenvectors of an n x n Hermitian
matrix A € CV" corresponding to the eigenvalue A; (which by (3.5) is always real)
with the algebraic multiplicity ;. Then these vectors may be supposed to be linearly

independent.

Proof. Indeed, if rank(A;[l,., — A) = n — u;, then, selecting the last components

. i i : T . . .
70?2 = {xfjf) X s x,g’)] as free variables and solving the linear systems

()"ilnxn - A)x(i) =0
(@) (@)

) . T
with respect to zV 1= (xf’), Xy s ,xn,m) , we get

. Q.0 Ay A
x0 = (;(i.Z)): A= (A: AZ)’ rankA;; =n — ;

|:()‘4i1(n—,u,')><(n—u,') — A]]) —A12 :| <Z(i,|)> _0

— Az ()‘i Lyxp — Azz) 762
and, hence,
(Al — Ar) 200 = Apz®?
or, equivalently,

. 1 .
70D = |:()\-i1(n714,,')><(n7//.,-) - All) A]2:| A (41)

59
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Taking then the free components as x” = §;, (s,r = p; +1,...,n), we may define
the following linearly independent (in C"~") vectors

(@i,r)
Xpi+1
(l r)
ll—/+2

7®20 = , r=1,...,n—

(i.r)
xnl r

Evidently, in spite of the fact that z*!" are linearly dependent on z>" by (4.1), the
GQ,1,r) 4
joint vectors (z(i’z”)> = x@" remain linearly independent. O

4.1.2 Gram—Schmidt orthogonalization

Proposition 4.2. Eigenvectors of a Hermitian matrix are linearly independent; some of
them even correspond to the same eigenvalues.

Proof. This result immediately follows from the previous proposition and from (3.17).

O
Let {x®,x@, ..., x™} be the set of linearly independent eigenvectors of an n x n
Hermitian matrix A € C"*".
Lemma 4.1. (Gram—-Schmidt orthogonalization process) The set {x", %@,
XM} of vectors obtained from {xV,x@, ..., x"} by the procedure
2 — O
Il @7
xWx 4.2
O = Ly =Y | x7, (r=2,....n) #.2)
= el
is orthogonal, that is,
E.9) =0 (#£s=1....n) (4.3)

Proof. Let us do it by induction. For r = 2 we have

AOON At
~ XX X -
7@ — x® = xy®@ _ (x(l)’ x(2))

Lyn — =

=l Iz

and, as the result, it follows that
(R, §@) = (¥, x@) — (1, x®) =0
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Supposing that the vectors ¥V, @, ..., ¥~ are orthogonal, we get

=l (gD x(v))

()E(r—l)’i(r)) ( (r— 1) (r) Z

— on)

(20D, z0-D)

(9, x)

= (", x) — (", x0) =0

[l
O
7 00
Remark 4.1. The set of the vectors ! — T )” may be considered as an
X x\n
orthonormal basis in C".
4.1.3 Spectral theorem
Theorem 4.1. (Spectral theorem) If {x", x®, ... x"} is the set of linearly independ-
ent eigenvectors of an n x n Hermitian matrix A € C"" corresponding to the eigenvalues
Als ..., Ay (maybe multiple), then the following representation holds
n

A=XAX""=XAX* =) axOx® (4.4)
where A = diag{A,, ..., A} and X = [x“) x@. ~~x(”)} is unitary matrix, i.e., X* =
XN
Proof. Notice that the relations

AxD = xD, i=1,...,n
may be rewritten as

AX = XA (4.5)
Since x(V, x@, ..., x™ are linearly independent it follows that X! exists and, hence,

A =XAX"!

Ar=A=(X"") AX*
and

AX ) ' =(x")'A (4.6)

X=(x"" x=x"'
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and, hence, by (2.3) it follows that

)\.]X(l)* n
A=XAX'=XAX"=X : = inx“)x(”*
i=1

)\‘nx(n)*

4.2 Matrix transformation to the Jordan form

This subsection deals with the transformation of nonobligatory Hermitian matrices to
triplet form analogous to one given before.

4.2.1 The Jordan block

Definition 4.1. The matrix

A 10 -0
0 )\,‘ 1 .

J = 0 - -0 (4.7)
Aol
0 - - 0 A

is referred to as a Jordan block (or cell) of order y; corresponding to the eigenvalue A;.

4.2.2 The Jordan matrix form

Theorem 4.2. (The Jordan normal canonical representation) For any square com-
plex matrix A € CV" there exists a nonsingular matrix T such that

A=TJT™' (4.8)

where

J = diag(Jl, .12, PN JK)
Ji € Crixpi

with

and with A; (i =1, ..., K) as the distinct eigenvalues of A with the multiplicity ;. The
transformation T has the following form
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T=[TT- Tx]
(4.9)
T, = [x(i,l) @2 .. ,x(i«,Hi)]

where x©V are the eigenvectors of A corresponding to the eigenvalue X; and x
(s =2,..., ;) are the generalized vectors of A generated by (3.31).

Proof. Taking sufficiently large space, nevertheless it may be realized by the direct
verification of the identity AT = T J. u

Example 4.1.

6 2 2
A=|-2 2 0
0 0 2

We have

det(A — Asy3) = 2= A) (4 — 2)2
So,

M=2, =4 with U, =2

and

xW=[0 -1 1]", x®V=[2 -2 0]"
(A= Al3y3) x@P = x®D = x> =[1 0 0]"

As the result we have

200
A=T |0 4 1| T
0 0 4
0 2 1
T=[x® x®V x@2]=1-1 -2 0
1 0 O

4.3 Polar and singular-value decompositions
4.3.1 Polar decomposition
Proposition 4.3. (Polar factorization) For any square complex matrix A € C**" there

exist unique positive semidefinite (A; > 0 for alli = 1, ..., n) Hermitian matrices H, K
and unitary matrices U, V all in C*" such that

A=UH=KV| (4.10)
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Proof. First, notice the matrix A*A is Hermitian and, hence, by (3.5) it has all eigenvalues
real. Moreover, all of them are nonnegative, since by

x @ A AxD = 3 x
one has

x@*A* AxD = HAx(")H2 = Ax D x@ = ), |‘x(i)|’2

and, hence, foralli =1,...,n
[Ax]*
RS | B 4.11
ol Y
Define r? := Ay, r? := Ay, ..., r? := A, such that

rp>0fori=1,...,k
and
ri=0fori=k+1,...,n

Then, for i, j = 1,...,k and for the corresponding orthonormal eigenvectors x@, x
((x(i), x(-f)) = 6,~j), we have

Ax®  Ax() A Ax® x0) ,2
, — > =5, —
ri r; rir; l]rirj

and thus the vectors

O Ax®
0= ok (4.12)

T
are orthonormal. Define also two unitary matrices
X = [xO . x® L x™]

(4.13)
Z:=[zV...z®]
Then by (4.12) we have
Ax® = 70,

or, with R :=diag{ry, ..., r.},

AX =ZR
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which, by post-multiplying by X*, implies
AXX*=A=ZRX"

Now, let

|\U=2zX*, H=XRX'

65

(4.14)

(4.15)

Clearly, U is unitary since X and Z are unitary. H evidently is Hermitian and has
all eigenvalues nonnegative, or in other words, it is positive semidefinite. Moreover,

by (4.14)
UH=ZX"XRX*=ZRX*=A

Applying the above result to A* we obtain A = K'V.

O

Corollary 4.1. If A € C™" is nonsingular (or, equivalently all eigenvalues %; = r? of

A*A are strictly positive (k = n)), then
HT=H, KT=K, UT=U"' Vi=V"
and

ATA=H* AAT=V?
Example 4.2. For
1 0
a- 4]
it follows that

=% ]

-2 1
M (ATA) =3 -242, ¥ = {ﬁl_ 1]
A (ATA) =3 4242, ¥@ = [_‘/? - 1}
Notice that ()E(”, i(z)) = 0. The normalized eigenvectors are
0= 1 (V2 - 1} _ [0.38268}
o 1 ~ 10.92388
2 (2 - «/5) -
® 1 [—V2-1 —0.92388
X = =
1 0.38268
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According to (4.13), we construct

y _ [0:38268 —0.92388
= 10.92388 0.38268

,_ [0.92387 —0.38268
= [ -0.3827 —0.92388
o _ [041421 00
— | 00 24142

Then by (4.15) we, finally, obtain

U—7xT — {0.70710 0.7071 ]

0.7071 —0.70712

21213 —0.70710
H=XRXT = {—0.70710 0.70710 }

To check the calculation just made above, we compute

A—UH — {0.70710 0.7071 ]

0.7071 —-0.70712

2.1213 —-0.70710| |1 O
—0.70710 0.70710 | — |2 —1

4.3.2 Singular-value decomposition

Let us consider a matrix A € C"™*". Evidently, all roots of the matrices A*A € C"*" and
AA* € C™" are real and nonnegative. Indeed, if 1;(A*A), A;(AA*) are some eigenvalues
and x® (A*A) and x© (AA*) are the corresponding eigenvectors, then

xO* (A*A) : A*AxD (A*A) = X, (A*A)xD (A*A)
xO* (AA*) : AA*xD (AA*) = L, (AA")xD (AAY)

and, thus,

0% (A" A) ATAXD (A" A) = || Ax© (A" A) |

= 2 (A*A)xD* (A*A) x© (A*A) = 1;(A*A) ||x© (A*A)H2

X0 (AA") AA* XD (AA") = || A*xD (AA")||’
= 1 (AA) XD (AA7) xD (AA%) = 4, (AA%) ||xD (A4

or, equivalently,

|Ax® (A*A)|?
Li(AA) = —- >
[x@ (a*A) ||
(4.16)
ann = A0 @O
| aa)f
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It also follows (if m = n this is the result of (3.18)) that the spectrums of A*A and AA*
coincide, that is,

o (A*A) = 0 (AA®)

and eigenvalues have the same algebraic multiplicity (the geometric multiplicity may be
different because of zero eigenvalues if they exist). More exactly,

Proposition 4.4.

[0,(A"A) = 0;(AA")

Proof. Indeed, if
[A*A]xD (A*A) = 1; (A*A) xD (A*A)
then
AA* [AxD (A*A)] = 1; (A*A) [AxD (A*A)]

Thus, Ax® (A*A) is the eigenvector of AA* which corresponds to the same eigenvalue
Ai (A*A). (]

In view of this property we may introduce the following definition.

Definition 4.2. The number

0; (A) := /A; (A*A) = /A (AA¥) (4.17)

is called the ith singular value of A € C"".

Remark 4.2. If a square matrix A € C"™" is normal, that is, satisfies the relation
AA" = A*A

then

0i (A) = VA (A*A) = [4; (A)]

Proposition 4.5. The singular values of a squared matrix are invariant under unitary
transformation, that is, if U € C"" satisfies U*U = UU* = I, then for any A € C"™"
we have

0;i (UA) =0; (AU) =o; (A)‘ (4.18)

foralli =1,...,n.
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Proof. Indeed,

0; (UA) = \/A; (A*U*U A) = \/); (A*A) = 0, (A)

and

0; (AU) = \/A; (U*A*AU) = \/A; (U*A*AU)*
= /A (AUU*A*) = \/A; (AA*) = 0; (A)

]
The next theorem represents the main result of this subsection.

Theorem 4.3. (Singular-value decomposition) Let A € C"™*" and o; (A) (i =1,...,
r < min {m, n}) be the nonzero singular values of A. Then A can be represented in the
triplet form

A=UDV* (4.19)
where U € C™" and V € C"™" are unitary (i.e. satisfy U*U = UU* = I,,, and

V*V=VV*=1,,)and D € C"" has o; (A) in the (i, i)th position (i = 1,...,r) and
zero elsewhere.

Proof. Following (4.12) we have that

AxD =0; (AP, i=1,...,r

AxD =0, i=r+1,...,n (4.20)

where x@ are orthogonal eigenvectors of A*A and z¥) are orthogonal eigenvectors of
AA*. Constructing the matrices

Vo= [x®x® .. x0]

U=[z0z®...2m]

we may note that in view of (4.15) they are unitary by the construction. Then (4.20)
implies

AV = [Ul (A)zV 0y (A)2? -+ -0, (A)Z(’)O--'O} =UD
or, equivalently,
A=UDV™'=UDV*
The result is established. |

Example 4.3. For

A=

—_O =
oS - O
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we have
1 01
A*A:[g (1)] AA*=10 1 0
1 01
and
1 0
o1 (A) = V2, x(”(A*A):{O}’ 2D (AA) = |1
0
0 1|t
0 (A) =1, x@(A*A ={ } 7P (A =—| 0
2 (A) (A*A) ) ( 7 1
1 [
¥ (AA) = — |0
(AA¥) 7|
So,
V2 0 =1/V2) [V2 0] 1y
A= 0 1 0 0 1 {0 1]
1/NV2 0 1/42 0 0

Proposition 4.6. Two matrices A, B € C"*" are unitary equivalent, that is,
A=UBV* (4.21)

where U € C™" and V € C"™" are unitary, if and only if they have the same singular
values.

Proof. Necessity. Assuming A = UBV* one has

A=U\D,V;=UBV*, B=UDsV;
UaDsVi =UUpDpV;V*
D,y = (U;UUg) Dy (ViV*Va) = (UsUUR) Dy (ViVV3)"
w_/ W
U \4

DA == 0DB‘7*

Viewing the last relation as the singular-value decomposition for D, and noting that Dpg
is uniquely defined, we conclude that D, = Dyp.
Sufficiency. If D4, = Dg, then
A=U,DsV; =UxDyVi=U, (UsUpDpVyVg) Vi
= U,U}; (UgDpV;) VVi = (UsU;)B(VEV;) = UBV*
—— —\—

U V=
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4.4 Congruent matrices and the inertia of a matrix
4.4.1 Congruent matrices

Definition 4.3. Two square matrices A, B € C"" are said to be congruent if there
exists a nonsingular matrix P € C"" such that

422

It is clear that for a unitary P the matrix A is unitary equivalent to B.

Theorem 4.4. Any Hermitian matrix H € C"" is congruent to the matrix

sts 0 0
A() = 0 I(rfs)x(rflv) 0 (423)
0 0 O(nfr)x(nfr)

where r = rank H, and s is the number of positive eigenvalues of H counted according
to multiplicity.

Proof. By the spectral theorem (4.4) any H can be represented as

H=XAX" (4.24)
where A is a diagonal matrix of eigenvalues of H and X is unitary. Ordering the
eigenvalues so that the first s scalars A, ..., A, on the main diagonal of A are positive
and the next (r — s) numbers Ay, ..., A,_, are negative, one may write

where Ay is as in (4.23) and

A, = diag (\/,T N RV T \/|,\,.,X|,0,...,0)

The matrix U is a permutation (and therefore a unitary) matrix. So, substituting (4.25)
into (3.22) gives

H=XAX*= (XUA)) Ay (A U*X*) = PAyP*

with P = XU A,. Theorem is proven. ]

4.4.2 Inertia of a square matrix

Definition 4.4. The inertia of a square matrix A € R"", written as In A, is the triple
of integers

] InA:= {7 (A), v(A), §(A) \ (4.26)
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where

® 11 (A) denotes the number of eigenvalues of A, counted with their algebraic multiplic-
ities, lying in the open right half-plane of C;

® v (A) denotes the number of eigenvalues of A, counted with their algebraic multiplici-
ties, lying in the open left half-plane of C;

® 5 (A) is the number of eigenvalues of A, counted with their algebraic multiplicities,
lying on the imaginary axis.

Notice that

|7 (A) +v(A) +8(A) =n] (4.27)

Remark 4.3. In the particular case of Hermitian matrices w (H) and v (H) merely
denote the number of positive and, negative eigenvalues of H respectively. Notice that
for Hermitian matrices

w(H)+v(H)=rank H

The difference

] sig H := m (H) — v (H) \ (4.28)

is referred to as the signature of H.

Theorem 4.5. Let A, B € R"*" be Hermitian matrices of the same rank r and
A= MBM*

for some matrix M (not obligatory nonsingular). Then
InA=InB

Proof. By Theorem 4.4 there exist nonsingular matrices P and Q such that
PAP* =diag[l,, —1,_,,0] := Ao (A)
07'B(Q7")" =diag[l,, —1,—,,0] := Ay (B)
t=m(A), s=m(B)

To prove the theorem it is sufficient to show that # = s. Suppose that s < ¢ and let us
seek a contradiction. Notice that since A = M BM* we have
Ay (A) = PAP*= PMBM*P*
= (PMQ) Ay (B) (Q*M*P*) = RAo (B) R* (4.29)
R:=PMQ

Let x € C" as

x = [g] FeC, |F]>0
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Then

t
XA (A x =) |xl” = [E]* >0 (4.30)

i=1

Partitioning of R in the form

Ry R i

R := , Ry eC™
|:R21 Ry !

implies that X can be chosen such that

Rlli = O

keeping X # 0. Define now y = R, X € C"™* which leads to the following identity

-]

Then by (4.29)

r—s )
X*Ag (A)x = x"RAq(B) R'x = y"Ag (B)y =— > _|y;| =—1IylI’ <0

j=1

which contradicts (4.30). Similarly, interchanging the roles of Ay (A) and A (B), one
can find that # < s is impossible. Hence, s = ¢. Theorem is proven. ]

Corollary 4.2. (Sylvester’s law of inertia) Congruent Hermitian matrices have the
same inertia characteristics.

Proof. Since A = PBP* and P is nonsingular, then rank A = rank B and the result
follows. O

Example 4.4. Consider the quadratic form
Sa (x) = (x, Ax) = 2x1x3 + 2x2x3 +x§

which corresponds to the following matrix

A=

= ]
—_—O =
—_— O

The transformation

0 0 1
x=Tz, T=10

[u—y
[u—y
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implies

fa) = (x,Ax) = (z[, TTAT]z)

1 0 O
=|z |0 -1 0|z =22—23+7}
0 0 1

So,

r=3, w(A)=2 v(A) =1 §(A)=0

4.5 Cholesky factorization

In this subsection we follow Highan (1996).

4.5.1 Upper triangular factorization

Theorem 4.6. (Cholesky factorization) Ler A = AT € R"" be a real symmetric n X n
matrix with positive definite eigenvalues 1;(A) > 0 (i = 1, ..., n). Then there is a unique
upper triangular matrix R € R"" with positive diagonal elements such that

@3

Proof. It may be done by induction. For n = 1 the result is clear. Assume that it is true
for (n — 1). Let us consider A, = AT € R"*" which can be represented in the following
block form

A — |:AnT—l C]’ ceR¥0D 4R (4.32)
c a
where A, = AT, € R@=Dxt=D by the assumption of the induction method has a
unique Cholesky factorization A, | = R]_,R,_;. Then (4.32) may be rewritten as
o An—l c| R,JLI 0 R,,_l r{._ T

A, = { o7 a] = { rB 0o BT RTR, (4.33)
if

R r=c (4.34)

T+ = (4.35)
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T
n—1

Notice that (4.34) has a unique solution since R, _, is nonsingular. Then (4.35) gives

Br=a—rTr=a-— {(R,Ll)_l c} ! {(R,,T,I)_1 c}
—a—cT (R ) (RL) 'c=a—cT4; !¢

It remains to check that there exists a unique real positive § satisfying this equation, that
is, we need to show that

a—cTAle>0
One has
0 < detA, =det(RTR,) = det(RT) det(R,)
= [det(R])B] [det(R,_1)B] = [det(R,_ )]’ B
which implies

) det A,
= >
[det(R,_)]*

Hence there is a unique 8 > 0. So, (4.33) is valid. ]
Corollary 4.3. Given the Cholesky factorization

ATA=RTR
the system of linear equations

Ax =b
or, equivalently,

(ATA)x =ATb:=b
can be solved via the two triangular linear systems

RTy=bh

Rx=y

which can be resolved by the simple Gaussian elimination procedure (1.6).

Corollary 4.4. Let r;; be the elements of R and D := diag (rj,, ...r%) > 0. The Cholesky
factorization A = RTR (4.31) may be represented as

A=LDLT
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where

L = RT7diag (rl’]l, . r’l)

e Ty

4.5.2 Numerical realization

The following procedure is the direct algorithm for computation of matrix R:

for j=1:n
fori=1:j—1

i—1
rij = aij_g riityy | frii

k=1

end

end

Example 4.5.

311
A=|[1 20
10 1
r J3 L L
“/13 0 0 Vi V3
— =I5 0 1 1
=3 3 0 -v15 ——+/15
1 1 1 3 15
—= —V/15 V15 |
V31505 0 0 Vs
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5.1 Projectors

Definition 5.1. A Hermitian n X n matrix P is said to be a projector or an idempotent

matrix if it satisfies the condition
P*P =PP*=P* =P =P*

Proposition 5.1. If P € C"*" is a projector, then

(a) the matrix

Q:=1I,—P

is a projector too and named the complementary projector to P;

(b)
Im(/l,., — P) = Ker P
(c)

Ker(l,x, — P) =ImP

Proof.

(a) To prove that Q is a projector too, note that

(Inxn_P)2:[n><11_P_P+P2
=Ly, —P—-—P+P=1,,—P

(b) If y € Im({,x, — P), then y = ({,,x, — P) x for some x € C". Thus,
Py=P (I, — P)x=(P—-P)x=0

It means that y € Ker P.

(5.1)

(5.2)

(5.3)

(5.4)

77
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(c) By a similar argument, if y € Im P, then y = Px for some x € C" and, hence,

(Lixu — P)y = (Iyuw — P) Px = (P = P))x =0

which exactly means (5.4).

Corollary 5.1. If P € C"*" is a projector, then

KerP+ImP =C"

Proof. Evidently, any x € C" may be represented as

x =Ly —P)x+ Px=xV+x@
xW = (I,x, — P)x € Ker P
x® :=Px eKer(l,x, — P) =Im P

Corollary 5.2. Any xV' € Ker P and x® € Im P are orthogonal, that is

(x©,x?) =0

Proof. By the previous corollary, we have

x(l)*x(Z) =x* (Inxn - P)* Px

=x*(Lyxa — P)Px =x* (P — P*)x =0

The property given above in (5.2) exactly justifies the name projector for P.

Theorem 5.1. If P € C"*" is a projector, then

1.
2.

3.

its eigenvalues \; (P) are either equal to 1 or 0;

it is a simple matrix, that is, it is equivalent to a diagonal matrix with the diagonal
elements equal to 1 or 0O;

it may be represented as

P = Zx(i)x(i)* (5.5)
i=1

where r = rank P and {x(l), e x(’)} is the system of the eigenvectors of P corre-
sponding to A; (P) = 1.
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Proof.
1. If x (P) is an eigenvector of P corresponding to an eigenvalue A; (P), then
Px®(P) =1 (P)x" (P)
and pre-multiplication of this identity by (/,,, — P) implies
0= (Lixn — P) PxV (P) = 4 (P) (Iyxn — P)x (P)
=X (P) [x©(P) = PxV (P)] = X (P) [x© (P) — & (P)x" (P)]
=21 (P)[1 = A (P)]xV(P)

which proves the first assertion.
(2) and (3) result from (1) and the spectral theorem (4.4).

5.2 Functions of a matrix
5.2.1 Main definition

Definition 5.2. Let A € C"™" be any square complex matrix and T € C"™" is the
nonsingular matrix T, defined by (4.9), transforming A to the Jordan canonical form,
that is,

A=TJT"
J = diag(Jy, Ja, ..., Jx)

where J; € CFH>*Hi s the ith Jordan block defined by (4.7). Also let
fi):C—=C

be a function which is (I — 1)-times differentiable in a neighborhood of each A; € o (A)
where

l:=  max_ i, Z“l =n

(w; is the multiplicity of X;). Then

f(A) :=Tdiag(f (J1), f () ,-.os f ()T (5.6)
where
I O T T A
: (i = DY’ ‘
fUy:=1 0  fO) : (5.7)
1 R B —f” (h)
0 0 f(k)

and f® (L) is the kth derivative of f (A) in the point A.
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Example 5.1. Let

6 2 2
A=|-2 20
0 0 2

Then the eigenvalues, the corresponding eigenvectors and the generalized eigenvectors
are as follows

0
)\.1_2 .X(l): -1 . [L1=1
1
-2
)\.224, x(z’l)z 2 s /L2=2
0

From equation (3.31)

(A —4153) x@®P = x®D

we obtain
1
x®2 =10
0
and, hence
0o -2 1 0 O 1
T=|-1 2 0|, T7'=10 1/2 172
1 0 o0 1 1 1
So, for example,
(a)
In2 0 0
In(A)=T| 0 In4 1/4|T!
0 0 In4

0 -2 1 In2 0 O 0 0 1
=|-1 2 0 0 Ind4 1/4) (0 1/2 1/2
1 0 O 0 0 In4 1 1 1

[0.88629 —0.5 -0.5
= 0.5 1.8863 1.1931
0.0 0.0 0.69315
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(b)
sin (2) 0 0
sin(A)=T 0 sin@4) cos4)| T7!
0 0 sin (4)
[0 —2 1 sin (2) 0 0 0 0 1
—|-1 2 o0 0 sin) cos@| |0 1/2 12
1 0 0 0 0 sin@| |1 1 1

[0.55048 1.3073  1.3073
= [ —1.3073 —2.0641 —-2.9734
0.0 0.0 0.90930

5.2.2 Matrix exponent

There exist two definitions of the matrix exponent e? of an arbitrary square matrix
A e Cl‘l ><n-

1. The first definition may be done according to the general rule (5.6):

et = Tdiag(e", e, ..., ejK) T-!
e)Li le)ti .. ! A
1! (i — D!
FUy =0 e : (5.8)
o .
: . —eh
1!
0 - 0 o
= eMJ; (i)
where
1 1
1 = ...
1! (i — D!
(= |01 :
.o 1
1
0 0 1

2. The second definition is as follows:

ehi=>" EA" (5.9)
k=0 """

1
Notice that the series in (5.9) always converges since the series Y .-, o (Ak)[.j always

converges forany A € C"”" and any i, j = 1, ..., n.
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Lemma 5.1. Definitions (5.8) and (5.9) coincide.

Proof. For normal matrices this claim is evident since in this case the Jordan blocks
are diagonal. In general cases this result can be checked by the simple evaluation (by

induction) of A* using both definitions (5.8) and (5.9).

A rather surprising formula holds.

Lemma 5.2.

det (e*) = exp (trA)

Proof. Using (5.8) and (3.19) one has

det(e?) = det(Tdiag(e”, e, ..., %) T7")

= [det T] [detdiag(e”, e, ..., e’%)] [det T7']

K
= [detdiag(e”', "2, ..., e/v)]| = Hdete”’
i=1

K K K
= H [exp()\’i)]ui = Hexp(/l,l)\,l) = exp (Z :u’i)"i>

=l i=1 i=1
= exp (Z M) = exp(trA)

s=1

Example 5.2. For the matrix A from the previous example (5.1) we have

6 2 2
exp| [-2 2 O
0 0 2
0 -2 1][e 0 0 0 0 1
=|-1 2 0 0 e et |0 1/2 1/2
1 0 0 0 0 ¢ 1 1 1

[—54.598 —109.20 —109.20
= | 109.20 163.79 156.41
0.0 0.0 7.3891

and by (5.10)

O

(5.10)
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6 2 2
det |exp| [—2 2 O
0 0 2

= exp(trA) = exp(10)

The next result is very important in various matrix applications and especially in the
theory of ordinary differential equations.

Proposition 5.2. The identity

ABI _ LAl B

is valid for all t (including t = 1) if and only if the matrices A and B commute, that is,
when

AB = BA

Proof. This statement is sufficient for the class of normal matrices when the definition
(5.9) is applied. Since

tz
M = b + 1A+ B+ S (A+ B+

and
1? 1?
oAl Bl — ([ﬂxn +IA+2A2+"'> (Inx;z+tB+sz+"’>
l2
=l +1(A+B) + 5 (A*+ B>+ 2AB) + - -
we obtain
2
eAtBY _ A1 BT (BA—AB) — +---
2
which proves the proposition. (]

Corollary 5.3. For any s,t € C
eA(s+t) — eAseAt (51 1)

Corollary 5.4. The matrix exponent e is always nonsingular and its inverse matrix
; —At
is e .
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Proof. Indeed, taking in (5.11) s = —¢ we get

eA~0 — Inxn — e—AzeAz

which implies the result. |

5.2.3 Square root of a positive semidefinite matrix

In this subsection we will discuss the construction of the function which satisfies the
condition

A= A2AN (5.12)

The formal implementation of the definition (5.6) demands to consider only the matrices
with nonnegative spectrum of eigenvalues, that is, when A; (A) >0 foralli =1,...,n.
But to fulfill (5.12) this is not sufficient. Indeed, if there exists at least one complete
Jordan block this property never holds. Thus, we need to ask whether the Jordan block
would not be presented which is true only for Hermitian (in the case of real matrices,
symmetric) matrices. So, now we are ready to formulate the following proposition.

Proposition 5.3. The matrix A'? is well defined for a positive semidefinite Hermitian
matrix and, moreover, it is positive semidefinite Hermitian itself.

Proof. For Hermitian matrices the transforming matrix 7 is always unitary, that is,
T-!' = T* and all eigenvalues are real. Thus,

A2 — Tdiag((Jl)l/z, ()2 ..., (JK)W) T
and, hence,

(AV2)" = (T7")"diag ((JD)"% ()" ..., (J)?) T
=T diag ((J)'"% (W2 ..., (Up)'?) T~ = A2

O
Example 5.3.
3177 [V2+1 —V2+1
11 — | 1 1
V242 V2
X[ V2+2 0 ] 4214 4214
0 2-42 1 1 1
22 4=
4‘/_ 4‘/_+2

1.6892  0.38268
~10.38268 0.92388
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5.3 The resolvent for a matrix

The complex function theory provides a third approach to the definition of f (A)
applicable when f (A) is an analytical function of a complex variable A. Sure, this approach
is consistent with general definition (5.6) of f (A) valid for multiplying differentiable
functions defined on the spectrum of A.

Let us consider a matrix A (A) : C — C"*" whose elements are functions of a complex
variable A and define also

® the derivatives

r

A =AD ), =0,1,2,... 5.13
PIT ) ), r (5.13)

of the matrix A (A) to be the matrix obtained by differentiating each element of A (1);
® the integral

/ A (W) dA (5.14)

L

of the matrix A (A) to be the matrix obtained by integrating each element of A (i)
in the positive direction along a path L in a complex plane, which will be assumed
to be a finite system of simple piecewise smooth closed contours without points of
intersections.

Example 5.4. For a normal matrix A € C"" using the series representation (5.9) the
following properties may be proven:

1.
d At At At
E(e ):Ae =eA (5.15)
2.
d(At)2—<dAt)A+A<dA t)) (5.16)
dt ®) = dt @) dt ( ’

Notice that in general
Cawy£oa(Lan
dt dt

3. if all derivatives exist and p = 1,2, ... then

4 (A@)? = ZP:AH iA ) ) AP~ (5.17)
dt — dt ’
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i (A@)y P=—-A"" zp:A"“ (dA(r)> APTH AP
dt dt

i=1

This relation may be easily proven by simply differentiating the identity
ATPAY = Ly,
which implies
{d (A (l))_”] AP+ ATP [d (A (t))p} = Ouxn
dt dt
and, thus,

d _ L, d _
Lz; (A1) ] = -7 [dt (4 (r))P} AT

Definition 5.3. The matrix

[Ru(4) 1= (s — A)|

(5.18)

(5.19)

defined for all . € C which do not belong to the spectrum of A € C"" is known as the

resolvent of A.

The following properties of R; (A) seem to be important for the considerations below.

Proposition 5.4. For all . ¢ o (A)

1

R, (A)—R,(A)=(u—-2 R, (AR, (A)
2.

dR A)=—R’(A

Fh  (A) = —R; (A)
3

r

T o (A) = (=1 rIR;™ (A)

(5.20)

(5.21)

(5.22)
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Proof. Formula (5.22) may be proven by induction taking into account (5.21). But (5.21)
results from (5.20). To prove (5.20) notice that

RN (A) [R(A) = R, (D] R (A)
= RN(A) [Odysn = A = (hyn — AT RS (A)
=R, (A) = R (A) = (1t = ) Ly

which implies (5.20). (]

Theorem 5.2. The resolvent R; (A) of A € C"™" is a rational function of A with poles
at the points of the spectrum of A and R, (A) = 0. Moreover, each A, € o (A) is a pole
of R, (A) of order ju; where . is the multiplicity of the eigenvalue A, that is,

| KKl
R, (A) = —y) Z (Z Vij)‘[> A’ (5.23)

j=1

K K
where m (\) = H (A — MM, Z Us = n.

Proof. Evidently

M =Y i

K—-1K-1

i=1 j=1

~

for some numbers y;;. Using the matrix polynomial definition (as in the Cayley—Hamilton
theorem) for A; ¢ o (A) the last relation (after formal substituting A for w) implies

[m (A) L —m (A)] R, (A) = Z Z Ykl A7

Since by the Cayley—Hamilton theorem m (A) = 0, we obtain (5.23). |

Thus, using the terminology of complex analysis, the spectrum of a matrix A can be
described in terms of its resolvent. The next theorem establishes this relation exactly.

Theorem 5.3. (Cauchy integral theorem for matrices) Let f (L) be a function of the
complex variable A analytical in an open set D € C, that is, f (L) has a convergent
Taylor series expansion about each point of D. If A € C"" has distinct eigenvalues
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Als .oy As<n, the path L is a closed contour having Ay, ..., A as its interior, and f (1)
is continuous in and analytic within L, then

1

fA)y=— / F Q) [y — A d
Tl

(5.24)

L
1
= 2 ./f(k)Rx(A)dl
Tl
L

Proof. This result may be established using (5.23) and the Cauchy theorem which
asserts that

® o) = - [ S0
P00 =50 ] Gy
L

for any Ay € D. ]

Corollary 5.5. The following identities are valid for any A € C*":

1

Inxn = . /R)» (A)d)"
2mi

(5.25)

L
1
2mi
L

5.4 Matrix norms
5.4.1 Norms in linear spaces and in C"
Definition 5.4. A real-valued function ||x| : L — R defined on all elements x of a

linear space L of complex or real numbers, is called a norm (on L), if it satisfies the
following axioms:

1.
Ixll =0

forall x € L and ||x|| = 0 if and only if x = 0;
2.

lax|l = laf x|l

forall x € L and all a € C;
3. the triangle inequality holds, that is,

[l + vl < Ixll + Iy

forall x,y € L.
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A linear space L together with a norm defined on it is called a normed linear space.

Consider the following examples of norms in C".

Example 5.5. Let x = (x1,Xs,...,x,)7 be a typical vector in C" (or, in particular,
in R"). Then the following functions are norms in a finite-dimensional space
C" (or R"):

1. Modul-sum norm

Il = max [x;| (5.26)

2. Euclidean norm

n 1/2
Ixll, := <Zx?> (5.27)
i=1

3. Holder norm

n 1/p
lIxll, := (Zw) . p=1 (5.28)
i=1

4. Chebyshev norm

]l = max |, (5.29)

5. Weighted norm

lxlly == +/(Hx,x) = ~/x*Hx (5.30)

where H is a Hermitian (or symmetric) matrix with all positive definite eigenvalues.

It is not so difficult to check that functions (5.26)—(5.30) satisfy all three norm axioms.

Definition 5.5. Two norms ||x|| and ||x|| are said to be equivalent in L, if there exist
positive numbers ry, r, € (0, 00) such that for any x € L

lxll = rallxll, llxll = rollxl
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Proposition 5.5. Any two norms in a finite-dimensional linear space are equivalent.

Proof. It is clear that a norm in a finite-dimensional linear space is a continuous function
since the inequality

x4zl < llxll + izl

leads to the following relations

x4zl = llxll < izl
and

Iyl = llxll < lly — x|l

Iyl = lxlll < Iy — x|l

if z = y — x. The last inequality corresponds exactly to the continuity definition. Let us
consider two sets

Xp={reL:Ixl =1}
X, = {x el:xl = 1}
By the continuity property there exist two elements xo; € X, and xp, € X, such that
0 <y = inf x|l = [lxoll
xeX
0 <y = inf |Ix|| = [lxell
xeXy
Thus, for any nonzero element x € £ and the second norm axiom it follows that

” "
[lxl

. " X
0 <y :=inf ||x|| < ’ Al = 7
xeXy llxll llxll
. : X llx 1l
O<y:=inf x| <||—=| = —>
xeXy flx 1l flx |l
which for r; = y, and r, = y; corresponds to the desired result. O

5.4.2 Matrix norms

Here we will pay attention to norms on the linear space C"*", or in other words, to
norms in a space of squared matrices. Sure, all properties of norms discussed before
should be valid for the matrix case. However, some additional axiom (or axioms) are
required because of the possibility of multiplying any two matrices that give rise to the
question regarding the relation of | AB|| and ||A||, || B]| for any two matrices A, B € C"*".
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Definition 5.6. (Axiom 4 for matrix norms) The function || A|| defined for any A € C"*"
is said to be a matrix or submultiplicative norm (in contrast to a standard norm in C"*")
if the following axiom holds

[IABI < [[AllIBI | (5.31)

Example 5.6. It is not difficult to check that the function

max |(1,‘j|

1<i,j<n

where a;; is an element of A € C"", is a norm on C"", but it is not a matrix norm.

Proposition 5.6. The following functions are the matrix norms for the matrix
A = [a;]

1<i,j<n®

1. Frobenius (Euclidean) norm

n n 1/2
AN = (ZZ ya,-,»f) (5.32)

i=1 j=1

2. Holder norm

1/p
aij; |p> (533)

IAll, = (ZZ
i=1 j=1

is a matrix norm if and only if

3. Weighted Chebyshev norm

ai;; (534)

All, ;= n max
141, :=n max

4. Trace norm

1Al = VT (AA) = T (A4 (5.35)
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5. Maximal singular-value norm

IAll, :=, /maxo; (A)
1<i<n
- (5.36)
= /maxA; (A*A) = /maxA; (AA*)
1<i<n 1<i<n
6. S-norm
Al == ||[SAS~| (5.37)

where S is any nonsingular matrix and ||| is any matrix norm.

We leave the proof of this proposition for readers as an exercise. The next statement also
seems to be evident.

Proposition 5.7. For any matrix norm ||-||

”Inxn ” 2 1

A5 < HAIK, k=2,3,...

There exists an estimate of any matrix norm related to the spectral radius (3.14).

Lemma 5.3. For any matrix A € C"™" with the spectral radius p (A) = max |X;| and

any matrix norm ||-|| the following estimate holds

1A > p (A) (5.38)
Proof. Let A be the eigenvalue of A with the maximal module, i.e., p (A) = |A|. Then
there exists the corresponding eigenvector x 7# 0 such that Ax = Ax. Define an n x n
matrix

B = [x 0 O---O}
and observe that

AB = AB
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Then by the second and fourth norm axioms we deduce that
[AB] = [A] Bl = p (A)IBI < [All [IB]

Since B # 0 it follows that || B|| > O which proves the desired result (5.38). O

The following comments are very important for practical applications.

Remark 5.1.

1. The spectral radius p (A) itself cannot be considered as a matrix norm (and as any
norm in general) since it does not satisfy the first norm axiom, that is, if p (A) = 0,

we cannot conclude that A = O,., (one can consider the matrix A = { 0 (1)} as an
example).
2. The inequality (5.38) may be considered as an upper estimate for the spectral radius

p (A).

5.4.3 Compatible norms

Definition 5.7. The vector norm ||-||, and matrix norm ||-|| are said to be compatible if
the inequality

LIAx], < DA il (5.39)

is valid for any x € C" and any A € C"™".

It is not difficult to check that

e the Frobenius matrix (5.32) and Euclidean vector (5.27) norm are compatible;
o the weighted Chebyshev norm (5.34) is compatible with Holder norms (5.28) in C” for
p=1,200.

5.4.4 Induced matrix norm

Proposition 5.8. The quotient

lAxl,

xecrxz0 [1X|,

f(A) = (5.40)

can be considered as a matrix norm induced by the vector norm ||-|,. In particular,
the matrix norm induced by the Euclidean vector norm is known as the spectral matrix
norm. For calculus purposes it may be calculated as

f(A):= max |Ax]|, (5.41)

xeC:|xl,=1
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Proof.
(a) First, let us prove (5.41). Notice that (5.40) can be represented as

[Ax]l,

vecnx20 |1x]l,

f(A) =

= sup [lAx],
llxll,

o xeCmxl,=1

p
xeC™ x#0

Since any vector norm is a continuous function, there exists a vector xg : || xg]|, = 1

such that f (A) = ||Axoll,, which means that sup is reachable, or in other words
(5.41) holds. Now we are ready to prove that f (A) defined by (5.41) is a vector
norm.

(b) To check axiom 1 notice that f (A) > 0 and if A # 0 it follows that Ax # 0
(Ixll, = 1) and, hence, ||Ax||, > 0. So, the first axiom is established. The second
axiom follows from the identity

fOA) = max [rAx],

xeCm:|x|l,=1

= Al _max [[Ax|l, = [A] f (A)

xeC:|x|l,=1
The third one results from triangle inequality for vectors, i.e.,
I(A+ B)xl, < llAx]l, + I Bx],
which implies

[(A+B)x|l, = max [Ax[l,+ max [Bx]|,

xeCm:|x|,=1 xeCm:x|l,=1

and

max [[(A+ B)xll, = max [Ax|,+ max |Bx],

xeCm:x|,=1 xeCn:x|,=1 xeCm:|x|l,=1

So,
f(A+B) < f(A)+ f(B)
The fourth axiom follows from the next inequalities

f(AB)= max [[(AB)x|, = [[(AB)xoll, = [IA (Bxo)l,

xeCm:|x|l,=1

= f (A Bxoll, = f (A) f(B) lIxoll, = f (A) f (B)
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Several properties of the induced norm given below turn out to be important in many
practical implementations.

Proposition 5.9.

1. For any induced norm

J yx) =1 (542)
2. If A is unitary

fa)=1

3. If f (A) is the spectral norm then

1<i<n I<i=<n

f(A) = \/max A (A*A) = \/max A (AAY)

4. If U is a unitary matrix then
f(AU) = f(UA) = [ (A)

5. For the vector norm (5.26) the corresponding induced norm is

fi(A) = max
<jsn 4

i=1

ai;;

The proof of this proposition results in simple vector calculations and these therefore
are omitted here.

Example 5.7.

fi (B _;D =max{3;5} =5
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6 Moore-Penrose Pseudoinverse
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In this subsection we follow Albert (1972).

6.1 Classical least squares problem

Lemma 6.1. Let x be a vector and L is a linear manifold in R" (that is, if x, y € L, then

ax + By € L for any scalars a, 8). Then if

xX=Xx+Xx

(6.1)

where X € L and X L L, then X is “nearest” to x, or, in other words, it is the projection

of x to the manifold L.

Proof. For any y € L we have

(#-y) +’

e =3[P = Iz +5 =] = |

F=yF+2 (@ -y 8) + 7= 8-l + 57

= ] = [l 2
with strict inequality holding unless ||y — £ ||2 =0.

Theorem 6.1. Let z be an n-dimensional real vector and H € R™™,

1. There is always a vector, in fact a unique vector X of minimal (Euclidean) norm, which

minimizes

=

97
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2. The vector X is the unique vector in the range
RHY) ={x:x=H"z, zeR"}
which satisfies the equation
Hx =2
where Z is the projection of 7 on R (H).
Proof. By (6.1) we can write
2=2+7Z
where Z is the projection of z on the kernel (the null space)
NH)Y={zeR":0=H"z}
Since Hx € R (H) for any x € R™, it follows that
Z— Hx € R(H)
and, since Z € R* (H),
Z1lz—Hx
Therefore,

e = Hx| = [|(2 = Hx) + 2|

¢ Hxl + 2”2 [zl = lle - &I

This low bound is attainable since Z, being the range of H, is the afterimage of some x*,
that is, z = Hx*.
1. Let us show that x* has a minimal norm. Since x* may be decomposed into two
orthogonal vectors
XF=xF4 3
where £* € R (H*) and ¥* € N (H). Thus Hx* = H% we have
2 112
Iz = Hx||" = ||z = 2]
and

2 Ax |2 ~x%(12 Ax |2
b7 = A=+ 1% = 5]

with strict inequality unless x* = X*. So, x* may be selected equal to x*.
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2. Show now that x* = x* is unique. Suppose that Hx* = Hx** = z. Then
x*—=x") e R(H)
But H (x* — x*™) = 0, which implies,
(x* —x™) e N(H)=R"(H")

. . . 2 .
Thus (x* — x**) is orthogonal to itself, which means that Hx* — x**” = 0, or equiv-
alently, x* = x**. O

Corollary 6.1. ||z — H)CH2 is minimized by xo if and only if Hxqg = Z where Z is the
projection of z on R (H) .

Corollary 6.2. There is always an n-dimensional vector y such that
e = HHTY| = inf |lo — B
and if
e = Haxol[" = inf [lo — Hx
then
ol = ([
with strict inequality unless xo = H7y. The vector y satisfies the equation
HHTy =2

Theorem 6.2. (on the system of normal equations) Among those vectors x, which
2 4 . . . )
, X, the one having minimal norm, is the unique vector of the form

minimize Hz — Hx
X=HTy (6.2)
satisfying
63
Proof. By direct differentiation we have
il 2
P Hz— Hx|| =2HT(z— Hx) =0

which gives (6.3). The representation (6.2) follows from the previous corollary. O
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6.2 Pseudoinverse characterization

We are now in the position to exhibit an explicit representation for the minimum norm
solution to a least square problem.

Lemma 6.2. For any real symmetric matrix A € R"" the limit

Py:=lim (A + 8Li) ' A (6.4)

always exists. For any vector 7 € R"
z= Paz
is the projection of x on R (A).

Proof. By symmetricity of A for all § > 0 such that 0 < [§| < .)\II(IIiAI)l#O ’k j (A)| the matrix
JAj

(A+81,,,)"" exists. Any z € R” may be represented as
72=2+7%

where Z € R (A), 7 € N (A) and Az = AZ. There exists x, such that Z = Axy, so
(A+8L) ™ Az = (A+81,) " AZ = (A+8L,x,) ™" A (Axo)

By the spectral theorem (4.4) for symmetric matrices it follows that
A=TATT

where A = diag (A,...,A,) and TT = T~!. Thus

(A+81) " Az= (A +81,,,) " Ax
= (TATT +8TTT) ' TA*>T Tx,
= (T[A+81,.,]T7) " TA2TTx,
=T ([A+8Lxa] " A?)T Tx

It is plain to see that

lim [A + 8Ion] ' A2 = lim [A + 8 L] " [A + 81w — 8Lyin] A

= girré [1 —8[A + SIW]"} A

) )
= |limdiag [ 1 — e, 1= A=A
§—0 )‘-1+8 )‘-n+8
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This implies

lim (A + 8l,n) " Az =TAT T xg = Axg =2

Theorem 6.3. For any real (n x m)-matrix H the limit

H* := lim (HTH + 81,) " HT
—lim HT (HHT + 821,.,) "'
8—0

always exists. For any vector z € R"

X=H"z

is the vector of minimal norm among those which minimize

e = x|

Proof. 1t is clear that the right sides in (6.5) are equal, if either exists, since

HTHHT + 8*H™ = (HTH + 8 L,i5) HT
= HT (HHT + 8%1,)

101

(6.5)

and the matrices (HTH + 8?I,,x,) and (HHT + 8%1,,) are inverse for any §? > 0. By

the composition

7=2+7%

where Z € R (HT), 7 € N (HT) and HTz = H7Z, there exists x, such that Z = Hx,. So,

A

(HTH + 821/n><m)_1 HTz= (HTH + 521’"”")_1 HTZ

— (HTH + 82L,1) HTHx,

By the previous Lemma there exists the limit
lim (HTH + 8 ) HTH = Pyry
which gives

lim (HTH + 8 Lyn) HTHXo = (Prrn) xo := o
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where X is the projection on R (HTH) = R (HT). Thus we conclude that

A

Ro= lim (HTH + 8L,x,,) HTZ
§—0

—lim (HTH + 8L,x,) H'z
§—=0
always exists and is an element of R (HT) satisfying z = H X,. O

Definition 6.1. The matrix limit H* (6.5) is called the pseudoinverse (the generalized
inverse) of H in the Moore—Penrose sense.

Remark 6.1. It follows that

(HH™Z) is the projection of 7 on R (H);

(H* Hx) is the projection of x on R (HT);

(Iixn — HH ™)z is the projection of z on N (HT);

(Iixn — HY H)x is the projection of x on N (H).

The following properties can be proven by the direct application of (6.5).

Corollary 6.3. For any real n x m matrix H

1.

|H* = (HTH)* HT | (6.6)
2.

(H)" = (H*)" (6.7)
3

|H* = HT (HHT)" | (6.8)
4

(6.9)

if H is square and nonsingular.

6.3 Criterion for pseudoinverse checking

The next theorem represents the criterion for a matrix B, to be the pseudoinverse H*
of H.
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Theorem 6.4. For any real n x m matrix H the matrix B = H™ if and only if

1.

’ HB and BH are symmetric (6.10)
2.

(6.11)
3.

(6.12)
Proof.
1. Necessity. Let B = H*.

(a) Since

HH' =lim HHT (HH™ + 8 Lyn) ™

(HH*)" = (Hlim (HTH + 8 L) HT)'
= H [lim (HTH + 81,.,,) " | HY = HH'
and
HYH = |lim HT (HHT +81,.) " | H
()" = ([ (7 +9°0)" ] )"
Hlim (HTH + 8 ) " H = H*H
the symmetricity (6.10) takes place.

(b) Since by (6.1) HH™ is a projector on R (H) and the projection of any vector
from R (H) coincides with the same vector, one has for any z € R"

HH" (Hz) = Hz
which gives (6.11). By (6.6)

H™H = (HTH)* (HTH)
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which, in view of (6.11) and the symmetricity property (6.10) of H H*, implies
H*=(H"H)'H" = (H"H)" (HH*H)"
= (H"H)"' H" (HH*)" = (HTH)" HT (HH*)
=(H'H)"(HTHYH* = HtHH*

So, (6.12) is proven.
2. Sufficiency. Suppose B satisfies (6.10), (6.11) and (6.12). Since

BH =(BH)", H=HBH
then
H=HBH = H (BH)T
Using this representation and since HH"H = H, we derive
HYH=H'H(BH) = [HH'H|" B" = H"B" = BH (6.13)
Analogously, since B = BHB and H B is symmetric, we have
BT = HBBT
Pre-multiplying this identity by H H, we obtain
HH'BT"=HH"HBB" = HBB™ = BT
Taking transposes and in view of (6.13) we get
B=B(HH")" =B(HH")=BHH'=H"HH"=H"

]

The theorem above is extremely useful as a method for proving identities. If one thinks

that a certain expression coincides with the pseudoinverse of a certain matrix H, a good

way to decide is to run the expressions through conditions (6.10), (6.11), (6.12) and
observe whether or not they hold.

6.4 Some identities for pseudoinverse matrices

Lemma 6.3. b € R (A) :=Im (A) C R" if and only if

(6.14)

Proof.

(a) Necessity. If b € R (A), then there exists a vector d € R" such that b = Ad, and,
therefore,

AATh = AA* (Ad) = (AATA)d = Ad = b
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(b) Sufficiency. Suppose that (6.14) is true. Any vector b can be represented as
b = Ad + b* with b* L Ad, namely, b* = (I — AA™) v. Then

AA* (Ad +b") = Ad + b*
which implies AA*b+ = b+, and, hence,
AAT (I —AAY ) v=0= (I — AAT)v=1b"
So, b+ =0, and, hence, b = Ad, or, equivalently, b € R (A). Lemma is proven. [

The following identities can be proven more easily by simple verification of (6.10),
(6.11), (6.12).

Claim 6.1.
1.

(Omxn)™ = Opm (6.15)

2. Forany x e R" (x #0)

-
Xt = HTW (6.16)
3
(HY) =H (6.17)
4. In general,
[(AB)* # BT A" (6.18)

The identity takes place if

ATA=1 or
BBT =1 or
B=A" or
B=A% or

both A and B are of full rank, or
rank A = rank B

The identity in (6.18) holds if and only if

]R(BBTAT) C R (AT) \ (6.19)
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and
|R(ATAB) CR(B)| (6.20)
s.
] (AB)" = Bf AT \ 6.21)
where
B, = A*AB
A, = AB,B}
6.
(HTH)" = H* (H")",(HHT)" = (H")* H* (6.22)

7. If A is symmetric and o > 0, then

(Aa)+ — (A+)a
A (A9t = (A9 A" = AAT (6.23)
A+Aa — AaA+

8. If A= UAVT where U, V are orthogonal and A is a diagonal matrix, then
AT = VATUT (6.24)

9. Greville’s formula (Greville 1960): if C,,4 1 = {Cmfcmﬂ} then

Cov [1 = cusiky ]
Cnt#—l = | e (6.25)
kT

m+1

where

[I = CnCllemm
| = CuCl e[
(CH)T Crem
L+ |G

l..f [I - CanJ;] Cim+1 7& O

km+l =

otherwise

10. If H is rectangular and S is symmetric and nonsingular then

(SHY = Hrs7 [1-(057)" (057)] (6.26)
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where
OQ=1—-H'H

Example 6.1. Simple verification of (6.10), (6.11), (6.12) shows that

+
—1.333 —0.333  0.667

1
g ~ | 1.8033 0.333 —0.4167

AN B~

6.5 Solution of least squares problem using pseudoinverse

Theorem 6.5.
(a) The vector x, minimizes ||z — Hx||* if and only if it is of the form

xo=H'z+ (I—H'H)y (6.27)

for some vector y.
(b) Among all solutions xo (6.27) the vector

)

has the minimal Euclidean norm.

Proof. By theorem (6.3) we know that H*z minimizes ||z — Hx||* and by (6.1), any x,
minimizes ||z — Hx||* if and only if Hxy, = z where Z is the projection of z on R (H).
In view of that

Hxo=H (H'z)
This means that xo — H*z is a null vector of H that is true if and only if
xo—H*z=(I-H"H)y
for some y. So, (a) (6.27) is proven. To prove (b) (6.28) it is sufficient to notice that
[woll = #1724+ (1 = H ) o = || 2
+ (H2, (1= HOH) ) + (| (1= HoH) | = |12
+ (1= H)T Hozy) + [[(1 = HoH) | = [[#]
+ (1= H) iz y) + || (1 = 1)
=[lH2l [ (1 = Er ) 2 = ]
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Corollary 6.4. (LS problem with constraints) Suppose the set
J ={x:Gx =u}

. . 2 ; .
is not empty. Then the vector x, minimizes Hz - HxH over J if and only if

xo=G u+H*z+ (I —G*G) (I —H*H)y
_ (6.29)
H:=H (I - G'G)
and among all solutions
Fo=Gtu+ Az (6.30)

has the minimal Euclidean norm.

Proof. Notice that by the Lagrange multipliers method x, solves the problem if it mini-
mizes the Lagrange function

|z = Hx|] + @, Gx — )
for some A. This A and x, satisfy the equation
el 2
- [Hz — Hx| + (G Gx — u)] — —2HT (z— Hxo) + G2 =0
or, equivalently,
1 -
H"Hxy= |H"z — EGTA =7z

which in view of (6.27) implies

xo=(HTH)" Z+ [l — (HTH)" (HTH)] y

N 1 s (6.31)
= (HTH)" |H"z = G| + [ — (HTH)" (HTH)] y

But this x, should satisfy Gx, = u which leads to the following equality
1
Gxo=G {(HTHV <HTZ - ZGTA) +[I—(HTH)" (HTH)] y| =u
or, equivalently,

(G (HTH)*] (;GTA) =G(HTH)*H'z
+G[I—(HTH)" (HTH)]y —u
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or

%GTA = [GHTH)]" [GHTH)" Hz
+G [l —(HTH)" (H"H)| y — u] (6.32)
+ 1 =[G ] [6 T 5

Substitution of (6.32) into (6.31) and using the properties of the pseudoinverse implies
(6.29). The statement (6.30) is evident. O

6.6 Cline’s formulas
In fact, the direct verification leads to the following identities (see Cline (1964, 1965)).

Claim 6.2. (Pseudoinverse of a partitioned matrix)

S (6.33)
J
where
J=Ct+ (I -C*C)KVT (U*)"U* (I —VCT)
C=(I-UU")v (6.34)
K=(I+[Utv(I-c*O)]" [utV (1-c*C)])™

Claim 6.3. (Pseudoinverse of sums of matrices)

(UUT+VVT)t =(CCT) 4+ [I — (VCH)T]
x [(UUTYY —@UUT*V (I —CTC) KVT (UUT)T] (6.35)
x [1—(vC)T]

where C and K are defined in (6.34).

6.7 Pseudo-ellipsoids
6.7.1 Definition and basic properties
Definition 6.2. We say that the set ¢ (x, A) € R" is the pseudo-ellipsoid (or elliptic

cylinder) in R" with the center at the point X € R" and with the matrix 0 < A = AT €
R™" if it is defined by

e A ={xeR|lx—%i=x—-%Ax—-%) <1} (6.36)
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If A > 0 the set ¢ (x, A) is an ordinary ellipsoid with the semi-axis equal to ){1 (A)
i=1,...,n).

Remark 6.2. If

(a) A >0, then & (x, A) is a bounded set;
(b) A >0, then ¢ (x, A) is an unbounded set.

Lemma 64. f0 < A=ATe R, beR " anda <1 — ||b||i—l, then the set given by

(x,Ax) =2, x)+a <1

1
is the ellipsoid ¢ (A'b, 2A).
L—a+ bl

Proof. 1t follows from the identity

[« = A7) = 1B1P- = lIxl3 = 2B, %)
|

Lemma 6.5. f 0 < A=AT e R, beR(A CR" anda < 1— ||b||i+, then the set
given by

(x,Ax) =2(b,x)+a <1
. - 1
is the pseudo-ellipsoid & <A+b, 2A>.
I—a b

Proof. 1t follows from the identity

[ = A*B°, = 1613 = IxI% — 2 (b, x)

Lemma 6.6.

e (ATAZ, A) = ¢ (%, A) (6.37)

Proof. Indeed,

(x —ATAxX A (x — A+A)%)) = (x — ATAxX, Ax — Afé)
(x, Ax) — (ATA%, Ax) — (x, A%) + (AT A%, A%)
=x,Ax) —2(x,AX) + (X, AX) =(x — X, A(x — X))
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6.7.2 Support function

Definition 6.3. The function fs: R" — R defined by

fs (y) = max (y, x) (6.38)

is called the support (or Legendre) function (SF) of the convex closed set S C R".
Lemma 6.7. If S is the pseudo-ellipsoid ¢ (X, A) (6.36), that is,
S=e@A={xeR"||x—%,=x—-%A-—%) <1}

then

fs () =yTx +/yTAty \ (6.39)

Proof. Using the Lagrange principle (see Theorem 21.12), for any y € R” we have
argmax (y, x) = arg min maxL(x, A | y)
Lx,A]y) =0, x)+A[(x =X, A(x —x)) — 1]

and, therefore, the extremal point (x*, A*) satisfies

0

0= —L(x* A |y)=y+AAX* —%)
0x

A =%, AG*—x)—1]=0

The last identity is referred to as the complementary slackness condition. The x satisfying
the first equation can be represented as follows

arg {y + 1A (x — %) = 0} = argmin ||y + 1A (x -dI?
xeR”?

xeR”

If A =0, it follows that y = 0. But L(x, A | y) is defined for any y € R". So, A > 0,
and hence, by (6.27),

x*—)%:%A+y+(I—A+A)v, veR"

Substitution of this expression in the complementary slackness condition and taking into
account that At = (AJ’)T implies

1 1
1= (MAer + (1 —ATA) v, MAA+y>

1 1

— + + + _ At _
=G (v, ATAA*YY) + (A A(l—A*A)v, My)
1

= Gy O A)
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or, equivalently, A* = /(y, ATy), which finally gives
fs ) =max(y,x) = L™ 2" [ y) = (3, x7)
= (y, ® + %A+y + (I —A%A) v)

1
=D+ 5 (0 ATY) + (0 (1 - A%A) )

e AYY) 0 .
=(y, %) + Vet (M@ —3%), (I —ATA)v)
L ey, (2 ATY) : .
=00+ =S - (A(x—%),A(1—ATA)v)
o, (vAty)
=D VO, ATy)
Lemma is proven. |

6.7.3 Pseudo-ellipsoids containing vector sum of two pseudo-ellipsoids

The support function fs (y) (6.38) is particularly useful since the vector sum of convex
closed sets and a linear transformation A of S have their simple counterparts in the
support function description (see Appendix in Schlaepfer & Schweppe (1972)).
Lemma 6.8. (on SF for the vector sum of convex sets) Let

Sl@SQ = {XER" |X:X1+X2,X1 ESl,Xz ESZ}

where S,, S, are convex closed sets. Then

’ fsios, (V) = fs, ) + f5, () ‘ (6.40)

Proof. By (6.38), it follows

fsleaSZ(y)=r£135><(y,x)= max  ((y, x1) + (¥, x2))

X1E€81,x2€8,

= max (y, xp) + max (y, x2) = fs, () + fs, ()
which completes the proof. O
Lemma 6.9. (on SF for a linear transformation) Ler
Bs :={x eR"|x =Bz,z €S}

where B € R is an (n x n) matrix. Then

| f3: () = fs (BTY)| (6:41)
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Proof. By (6.38), we have
fs (v) = max (y, x) = max (y, Bz) = max (BTy. z) = f5 (BTY)
which proves the lemma. 0

Lemma 6.10. (on SF for closed sets) If two convex closed sets are related as S; 2 S,,
then forall y € S

(s )= fs. 0] (6:42)

Proof. Tt follows directly from the definition (6.38):
fsi (v) = max (y, x) = max (y, x) = fs, ()
X€ES) XES

O

Lemma 6.11. (on SF for the vector sum of two ellipsoids) Let S, and S, be two
pseudo-ellipsoids, that is, S; = ¢ (x;, A;) (i = 1,2). Then

Fsios, ) = fs () = yT (B + %) + VYTA]y + /yTATy (6.43)

Proof. Tt results from (6.39) and (6.40). O

To bound S; @ S, by some pseudo-ellipsoid S5, means to find (£*, A*) such that
(see Lemma 6.11) for all y € R”

YR+ %)+ VITATY +V0TATy < yT#* 4+ /)T (AT y (6.44)

Lemma 6.12. The choice

X=X +%

A= AT+ 0= ADY, ye© ) (6.45)

is sufficient to satisfy (6.44).

Proof. Taking x* = X| + X,, we should to prove that

\/yTATy + \/yTAiy < \/yT (A" y

or, equivalently,

2
(\/yTATy + \/yTA§y> <y (A
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for some A*. Applying the inequality (12.2), for any ¢ > 0 we have

2
(VyATy + VATATY) = (+e)yTATy + (1+7) yTALy
=)yT[A+e)Af + (1+e7")Af]y

Denoting ¥ ! := (1 + ¢) and taking into account the identity (6.17) we get (6.45).

6.7.4 Pseudo-ellipsoids containing intersection of two pseudo-ellipsoids

O

If S; =¢e(%,A;) (i =1,2) are two pseudo-ellipsoids, then S; N S, is not a pseudo-
ellipsoid. Sure, there exists a lot of pseudo-ellipsoids S5 ;, (in fact, a set) containing

S1 N S,. To bound S; N S, by S;nsz means to find (x*, A*) such that
SiNS, C S;msz

where

SN =xeR" | x—-%,A x—-%)) <1
and (x — Xz, Ay (x — X)) < 1}

Sins, = €R" [ (x — X%, A" (x — &%) = 1}

Lemma 6.13. Let S; NS, # @. Then (x*, A*) can be selected as follows

X* :A;rby
b, =yA X+ (1 —y) A%
A, =yA+(1—-y)A;, y (0,1

and

_ 1
By
2
By=1—a,+ ||by||A¢
a, =y (X, AiX) + (1 —y) (X2, Arxy)

Ar=—A,

Proof. Notice that S5 s, can be selected as

51052::{X€Rn|)/()C—)%1,A1(x—)%1))
+ (1 —y)(x—% A(x—%) <1}, y€ 0,1

Straightforward calculations imply

y(x =X, A x=X)+ A —p)x =%, A x—X%))
= (x,Ayx) =2 (b, x) +a, <1

Applying Lemma 6.5 we get (6.48). Lemma is proven.

(6.46)

(6.47)

(6.48)
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7.1 Definitions
Let A € C"*" be a Hermitian matrix (A = A* := (A)T) and x € C".

Definition 7.1. The function

/2 () 1= (Ax, )| (7.1)

is called

® the Hermitian form
® converting to the quadratic form if A € RV is a symmetric matrix (A = AT) and
x eR".

If &€= {xM, ..., x"} is a basic in C" such that
X = Za,—x(”
i=1
then f4 (x) may be represented as
(A Z a;x®, Z a,—ﬂ-”)
i=1 j=1
= (ZaiAx(i), Zajx(j)> (7.2)
i=1 j=1
=22 vieid

i=1 j=1

fa(x) = (Ax, x)

115
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where
Vij = (Ax(i),x(j)), i,j=1,...,n

If the basis £ is the standard basis (orthonormal in the sense of the standard inner product,
ie., (x@,x¥) =¢;), then (7.2) becomes

fa @)= (Ax,x) =Y yiiloil® (7.3)

i=1

Conjecture 7.1. (Sylvester’s law of inertia for quadratic forms) The positive 7w (A)
and negative v(A) squares in (7.3) are invariants of the Hermitian form f, (x) indepen-
dent of an orthogonal basis in C", namely,

(A) v(A) (A) v(A)
)=l =Sl = e = e
i=1 j=1 ' i=1 j=1

where

n n
X = E oelfx“)’, X = g otf/x(’)”
i—1 im1

and {x'}, {xV"} are the orthogonal bases in C".

Proof. Suppose that T is a unitary matrix (T* = T‘l) transforming an orthogonal basis
£ to another orthogonal one &', i.e.,

(x(l)/, .. ,x(”)/) =T (x“), . ,x("))
(2@, x0) = (Tx0, TxD) = (T*Tx?, x0) = (x, x)) = 5,

Then by (7.3)

712

fa @)= (Ax,x) =y |ed]

1
yiy = (AxD, x0") = (ATx®, TxD) = (T*ATx®, x)

Then by theorem on congruent Hermitian matrices there always exists a nonsingular
matrix P such that

PAP* = dlag [Ita _I)‘*I7 O] = AO (A)
and (7.3) under the transformation x = Px’ becomes
fa(x) = (Ax,x) = (P*APx?D, xV)

= Z Vii
i=1

7(A) v(A)

=l =Yl
= o;

i=1 j=1

!’ !
o; o;
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For any other basis the unitary transformation U provides
fa(x) :=(Ax,x) = (U*P*APUx",x")
which by (7.3) does not change the invariant indices In A. Theorem is proven. (]

Claim 7.1. If A = A7 is real and x = u + iv, then

/1) = (Ax,0) = fu @ + f1 )| (7.4)

Corollary 7.1. (on the extension)

® Any real quadratic fa (1) can be uniquely extended up to the corresponding Hermitian
form f, (x), using formula (7.4).

® [t is very convenient to realize this extension by changing the product u;u; with Re x;x
(and, hence, |u;|* with |x;*).

*
i

o If
| fa ) = laTul + BTw) (Tw) | (7.5)
then
[ £0(0) = laxP + Re (0"w) (c'w) | (7.6)

Corollary 7.2. Evidently, by (7.4), fa (x) > 0 (f4 (x) = 0) for any x € C" if and only if
fa @) >0 (fa () >0)forall u € R".

. x® Ay Ap
Claim 7.2. If x = <x(2>> and A = {ATZ Ay |’ then

fa(x):=(Ax,x)

= (A;x®,xD) +2Re (A1px?, x V) + (Apx@, x?) .7)

7.2 Nonnegative definite matrices

7.2.1 Nonnegative definiteness

Definition 7.2. A symmetric matrix S € R"*" is said to be nonnegative definite if
09

for all x € R".

The next simple lemma holds.
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Lemma 7.1. (Bellman 1970) The following statements are equivalent:

1. S is nonnegative definite;
2. S may be represented as

(79)

for some matrix H;
3. the eigenvalues of S are nonnegative, that is, foralli =1, ..., n

A (S) =0 (7.10)
4. there is a symmetric matrix R € R"" such that
S =R? (7.11)

R is called the square root of S, and is denoted by the symbol S'? .= R.

Definition 7.3. If S is nonnegative and nonsingular, it is said to be positive definite.

Remark 7.1. In the case when S is positive definite, S'/?

all x #0

is also positive definite and for

xTSx >0
The statement “S is nonnegative definite” is abbreviated
S>0
and, similarly,
S>0

means “S is positive definite”.

Remark 7.2. The abbreviation

AzB(orA>B)\ (7.12)

applied to two symmetric matrices of the same size, means that

A—B>0(orA—B >0)
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Remark 7.3. Evidently, if A > 0 then for any quadratic nonsingular B (det B # 0) it
follows that

BABT >0

and, inversely, if BABT > 0 for some nonsingular matrix B, then A > 0.

Remark 7.4. If A > B (or A > B), then for any quadratic nonsingular T (detT # 0)
TATT > TBTT™ (or TATT > TBTT)

and, inversely, if TATT > TBTT (or TATT > TBTT) for some nonsingular T, then
A > B (or A > B).

Proposition 7.1. If
then

Proof. Let T, be an orthogonal transformation which transforms A to a diagonal matrix
Ay = diag (A (A), ..., A, (A)) and

Aa=AVPAY AV = diag (\/AI(A), o \/)L,,(A)) >0

Then, by the previous remark,

T\AT] = A, > TABT]
Inxn > AZI/ZTABT;A;UZ

Denoting by T an orthogonal transformation which transforms the right-hand side of the
last inequality to a diagonal matrix A, we obtain

Lyw =TTT > T (A;‘/ZTABT;A;W) TT = A = diag (A1, ..., &)
Inverting this inequality by components, we have

L < A = [T (A;‘”TABT;A;‘/Z) TT]_l -7 (AL”TAB*T,IAL”) T
which implies

Liww < A°TAB'TTAY?
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and
A < TyB7'T]
Hence,
TIA'T,=A" <B!
Proposition is proven. ]
Proposition 7.2. If S > 0and T > 0, then
S+T=>0
with strict inequality holding if and only if
NEONNT) =02

The proof of these statements is evident.

7.2.2 Nonnegative (positive) definiteness of a partitioned matrix
Theorem 7.1. (Albert 1972) Let S be a square matrix partitioned as
S S
S=1| 4
St S»
where Sy is a symmetric n X n matrix and Sy, is a symmetric m x m matrix. Then

(a) S >0 ifand only if

S >0
S11871 812 = Si2 (7.13)
Szz — SszSfrlSlz >0

(b) S > 0 if and only if (Schur’s complement)

Sll >0
S22 >0
Sll - 512S272]S-1r2 >0
Sy — SL,S'S1, > 0

(7.14)

Proof.

(a) Necessity. Suppose that S > 0. Then there exists a matrix H with (n 4+ m) rows such
that S = HHT. Let us write H as a partitioned matrix
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H — [ﬁ]’ X e Rnxn’ Y e Rmxm

Then
YXT YYT

G HHT - {XXT XYT}

so that
S11=XXT20, 512=XYT

By (6.8)

121

SuSi = (XXT) (XX)" = X [XT (XX")"] = XX+

so that

SuSiiSp=XX"(XY") = (XX X)YT=XYT =S,

Finally, if we let
U:=Y-SLS X
then
0<UUT = 8% — SLS/, S
Sufficiency. Let (7.13) hold. Define
U= {Imfonxm} V= {Omwflmxm]
X :=S8°U
Y = SLSHSIPU + (S — SLSHSR) P v
Since
UVT = O,um

we can see that

)
oo 1511 _{XXT XYT}_{SH
vl 1y YXT YYT ST,

Si2
=S
522}
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(b)
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Necessity. Suppose that § > 0. Then by part (a), S;; > 0. Assuming that S;; has a
zero eigenvalue with the corresponding eigenvector x # 0, we can see that for the

x
nonzero 0 we have

- T -
<g) S <)(§> — IS E=0
which contradicts the fact that § > 0. So, §;; is nonsingular and S;; > 0. Similarly,
by (a)

Sy — ST,87 812 = Sy, — SL,S7'S1, > 0

and by the same argument (by contradiction) S, > 0.
The eigenvalues of S~! are reciprocals of $’s and so, S~! > 0 if § > 0. Therefore

_ A B
Sl=LgT C}>O,

with0 < A e R™, 0 < C € R"™" sothat A~! > 0 and C~!' > 0. The condition

SS_I = 1(n+m) X (n+m)
dictates that

(S11— $1285'Sh) A = Lixu
(Szz - STzsﬁ]Sn) C = lim

or, equivalently,
(Si1— 81285'S,) = A7 >0
(S22 - SIZS;IISQ) = C_l >0

This proves the necessity of (7.14).
Sufficiency. Suppose that (7.14) holds. By part (a), S > 0. Define

_ —1
A= (S — $1255,'STh)

_ —1
C = (Sn — SL,S1'Sin)
B = —S,'S1,C

It is easy to show that

B

—S5'8C = —A [A7'S]' $1.C]

_ _ _ —1
—A [(S11 — $12S518T) 81112 (S22 — TS S1n) }

_ _ _ _ _ -1 _
—A [(S“S“'Sn — 8155 ST S12) (s — S2' SHST'S12) 522‘}
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1

= = A |81z (s — S5 ST S12) (Tnem = S35/ ST81'512) ™ 85|
= —AS1S,)

Then routine calculations verify that

A B
S |:BT C:| == I(n+m)><(n+m)

So, S is nonsingular.
O

Corollary 7.3. Suppose that in the previous theorem m =1, that is, the following repre-
sentation holds

S, sn}

T
Sn On+1

Sn-H = |:

s, €R", 0,4, €R

(7.15)

where 0 < S, € R"™". Let
th =S80, oy i=0,4 — TS s,
Bui=1+lltll®, T — 1,17 /B,
Then
(@) Sue1 = 0 if and only if

Spt, =s, and o, > O‘ (7.16)

and

ST+ 6,17 —t,0!

e ! ) n O
—t,;"ot;l an—l ] lf o, >

TnS;—Tﬂ TnSth"an_l
{(TnS:rnﬁn‘)T (7S 0) B,

(7.17)

+ —
Sn-H -

} if o,=0

(b) S,+1 > 0 if and only if

= 0Opp1 — 8T8, s, >0 (7.18)

and

n-n 7.19
— (Sn—lsn)T an—l ol ( )

-1 _
Sn+1 -

S+ [Sn"snsTS’l] ol — (Sn"sn) an']

The proof of this corollary follows directly from the previous theorem and the appli-
cation of Cline’s formula (6.33).
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7.3 Sylvester criterion

Here we present a simple proof of the known criterion which gives a power instrument
for the numerical test of positive definiteness.

Theorem 7.2. (Sylvester criterion) A symmetric matrix S € R"™" is positive definite

if and only if all leading principal minors (1.12) are strictly positive, that is, for all
p=12,...,n

A(} ; o p>>o (7.20)

Proof. Let us prove this result by the induction method. For n = 2 the result is evident.
Indeed, for

a a
S — 11 12
djpp dxn
under the assumption that a;; # 0, we have

xTSx = anx? + 2ax,x; + anx;

a 2 Clz

12 12 2

=daj (X1+) +<l122_ >x2
an ar

from which it follows that xTSx > 0 (x # 0), or equivalently, S > O if and only if
2

a
a; > 0, azz—a—]zzdetS>O
11

Let us represent S € R"*" in the form (7.15)
_ Snfl Spn—1
S = |:SII On ]

s, €eRYL 5, eR

and suppose that S,_; > 0. This implies that det S, _; > 0. Then by (7.3) S, > 0 if and
only if the condition (7.18) holds, that is, when

_ T -l
ayo1 =0, — S, S, 1Sum1 >0

But by the Schur’s formula

A (1 S Z) =det S = det (0, — 57,5, 5,-1) (det S, 1)

1 2 n—1
= (0w — sp_1 8,1 15u-1) (det S,_1) = oty (det S,—) > 0

if and only if (7.18) holds, which proves the result. ]
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7.4 The simultaneous transformation of a pair of quadratic forms
7.4.1 The case when one quadratic form is strictly positive

Theorem 7.3. For any two quadratic forms

Ja(x) = (x, Ax),  fp (x) = (x, Bx)
A=AT >0, B=B8T

when one quadratic form is strictly positive, i.e. (x, Ax) > 0 for any x # 0, there exists
a nonsingular transformation T such that in new variables 7 is defined as

=T, x=Tz

and the given quadratic forms are

fa@) = (6, A0) = &, TTAT) = (2,2) = ) %
i=l1

f5 () = (x, Bx) = (z, TTBTz2) = z”:ﬂizf (720
i=1
TTAT = 1,+,, TT7BT =diag(Bi, B>, ..., B
Proof. Let T, transform A to the diagonal forms, namely,
TTAT, = diag (a1, oy, ..., @) := Ay
with ¢y > 0 (i =1, ..., n). Notice that this transformation exists by the spectral theorem

and is unitary, i.e. Tf = T;". Then, defining A such that
As=ANPA AN = diag (Vo Voo, ... o)
we have
[a:17) A 1AL = 1
Hence,
B = [A;'/ZTIT] B {T,A;l/z}

is a symmetric matrix, i.e. B = BT. Let T; be a unitary matrix transforming B to the
diagonal form, that is,

TIBT; = diag (B1. Bov - B) = As
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Then the transformation 7' defined by

T .= [TIA;‘/Z] T;
exactly realizes (7.21) since

—1/2 —1/2
TTAT =T} ([AA / TIT} A [T,AA / D Ty =TITs =

Corollary 7.4.

T = [TIAZI/Z} T; (1.22)

where the matrices T, Ai‘/ * and T realize the following transformations

TXATA = diag(al,(xz, e ,Oln) = AA
Al{z = diag (,/oc N 2 ,/an)

Tg ([Agl/leT} A [TlAZlﬂD T; = diag (31 B, Bn) =Aj

7.4.2 The case when both quadratic forms are nonnegative

Theorem 7.4. Let two quadratic forms

|4 @) = (& Ax), f5 () = (x, Bx) |

be nonnegative, that is,

|[A=AT>0, B=BT>0|

Then there exists a nonsingular matrix T such that

(]

TATT =

(=R e]
S O~
) (=] (=)

(7.23)

)
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with . (i = 1,2) diagonal and positive definite, that is,

Z = diag (ol(i), o, a,jf)), Ulfi) >0@G6=1,...,n)

i

Proof. Since A is positive and semidefinite, then there exists a unitary matrix 77 such

that T,AT] = [l O}. Then, let it be (7]7)"' BT, = [B” B”} Again, there exists

0 o0 By By
)
a unitary matrix U; such that U, B;;U] = [(ZE)I) 0} with >~, > 0. Define the unitary

{Ul 0

matrix 75 by (T;)fl =1y

] . Then we have

) 0 o

- o _
(TZT) 1 (TIT) BT ' (1)~ = 0 0 Om
11‘21 QTZZ Q22
1 0 0
. . . -1 0 I 0
with Q12 = 0 since B > 0. Define (75) = ) . Then

()" () () T BT (1) (1)

(=) 0

= 0 0 0

0 0 [sz -0y (Zl)z lel]

Next, define the unitary matrix U, such that

(=)

U, [sz — Ol <Zl)2 Qm] Uj =

)

with 3, > 0, and define also the unitary matrix 7, such that (77 )7] =

(Zl)fl/z 0 0

0 7 o |- Thenitis easy to check that for
0 0 U,
T =T,TTT, (7.24)

we get (7.23). O
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Corollary 7.5. The product of two nonnegative matrices is similar to a nonnegative
matrix, that is, for T defined by (7.24) it follows that

TABT '= [(Xél)z 0] (7.25)

0

Proof. Indeed,

T(AB)T~'=[TATT][(T~")" BT™']

S 000>, 0 0 0 i
|0 00| 0 0 0 o _[(X) o
= = 1
0 0 0 O 0 0 ZZ 0 0 0
0 0 0 O O 0 0 0
which completes the proof. ]

7.5 Simultaneous reduction of more than two quadratic forms
For the case of two quadratic forms define
L=T
where T is given by (7.22). Let us apply the induction method, namely, suppose that
the transformation 7;_; transforms simultaneously one strictly positive definite form with
a matrix A = AT > 0 and (k — 2) another quadratic form with the matrices B; = B/

(i=1,...,k—1) to the sum of pure positive quadratics and the rest to the sum of
quadratic elements (maybe with zero coefficients). Then the matrix

By = Ti 1 Bi Ty

is a symmetric one. Hence, by the spectral theorem, there exists a unitary transformation
Ty such that

- ) 1 -
T3 BTy, = A, = diag (,31( o ﬂ,gk))
T, _
Tgk TBk - Inxn
Then the transformation

Tk = Tk,] Ték

will keep all previous quadratic forms in the same presentation and will transform the
last one to a diagonal form.
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7.6 A related maximum—minimum problem

7.6.1 Rayleigh quotient

Definition 7.4. The function fy (x): C" — R, defined by

x#£0 (7.26)

for any Hermitian matrix H, is known as the Rayleigh quotient.

Evidently, fy (x) may be represented in the normalized form Fy (e) as

Su (x) = Fy (e) == (e, He), el =1
40 (1.27)

X
e=—-,
llx]]

Below we will present the main properties of the Rayleigh quotient in the normalized
form Fy (e).

7.6.2 Main properties of the Rayleigh quotient
Theorem 7.5. The normalized Rayleigh quotient Fy (e) (7.27) is invariant to a unitary

transformation of the argument as well as to unitary similarity transformation of the
matrix H, namely, for any unitary matrix U € C"™"

Fyny- (e) = Fy (&)
e =U"e

keeping the property
llell =1
Proof. Since U is unitary then UU* = [, and hence
Fygy- () = (e, UHU"e) = (U*e, HU"¢) = (¢, He) = Fy (e)

and

€]l = V(. ¢) = /(U*e, Ute) = \/(e, UU*e) = \/(e,e) = |le| = 1
Theorem is proven. U

Define the set Fy as

[ Fu:=(f €R| [ =(e,He), |le|l =1}] (7.28)

that is, Fpy is the set of all possible values of the normalized Rayleigh quotient
Fy (e) (7.27).
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Lemma 7.2. Fy contains the spectrum o (H) of all eigenvalues of H, i.e.,

29

Proof. If A € o (H), then there exists an eigenvector e of H which corresponds to this
A, that is,

He = Ae
and hence,

(e, He) = (e, re) = L (e,e) = X

So, A € Fy. Thus, o (H) C Fy. ]
Let now Ay, As, ..., A, be the eigenvalues of H.
Theorem 7.6. Fy coincides with the convex hull CO{A{, Ay, ..., X,} of the eigenvalues
of H, namely,
Fu =C0{A1, Aoy ooy A} (7.30)
where

@{)\-1, )\27 -'-9)"11}

. - 7.31
::{AIA:ZO@A,-, Zoz,-:l, ot,-iO(i:l,...,n)} ( )
i=1 i=1

Proof. Since H is Hermitian, there exists a unitary matrix U, such that
UHU* = A =diag{Ay, Ay, ..., Ay}

Hence by theorem (7.5), one has Fy = Fa. So, it is sufficient to show that the field
of the eigenvalues of the diagonal matrix A coincides with co {A, A5, ..., A,}. Indeed,
by (7.31)

)"j = ZO[,’)\.[ When o = Sij
i=l

Corollary 7.6.

FH E@{)\.l,)\.z, P )"n} = )\.1 = in )\,,‘, )"n = max )\,‘ (732)

i i=1
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Corollary 7.7.

. . (x, Hx)
min (e, He) = min = A= min A; = Ay, (H)
ellell=1 x#0  (x, X) i=l,...n
(7.33)
(x, Hx)
max (e, He) = max = A, 1= Max A; = Apax (H)
ellell=1 x#0  (x, X) i=l,...,n
Corollary 7.8. If H = ||h,-j||’.,j=1,n, then
)\1 =< hij = )\n
ni; <trH < na, (7.34)

Corollary 7.9. (Stationary property) If A; is an eigenvalue of a symmetric matrix A =

) ,A
AT with the corresponding eigenvector x, then for fi(x) = ()(C )g) (x # 0) it follows
X, X
that
fax®) =2 (7.35)
and the stationary property holds, that is, for any i = 1, ..., n one has
a
7fA(x) |x:x(i) =0 (736)
ox

Proof. The identity (7.35) follows directly from the simple calculation of f4(x®). As for
(7.36) it is sufficient to notice that

i(x,Ax) _ 2Ax (x,x) = 2x (x, Ax)
0x Y= ax (x,x) (x, x)*

and hence

24x0 (x®, x0) — 25D (x@, Ax®)

(x<i>,x<i))2

8f()| =
9x AX) x=x® =

Rix® (x@, x®) = x® (xO 3, x®)

(xa),x(i))z

NG NG
= 2Ai ((xo)’x(n) - (x(i)’x(i))> =0

Corollary is proven. (]
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7.7 The ratio of two quadratic forms

Consider the ratio r(x) of two quadratic forms, i.e.,

_(x,Hx)
" (x,Gx)’
H=H", G=G" >0

r(x)

(x,Gx) >0

Theorem 7.7.

: = iy (GTV2HG 2
x:(%g>0r(x) (G G )

and

max r(x) = Am (G7/2HG™'?)
x:(x,Gx)>0

Proof. Using the presentation
G=G 1/2 G 1/2

valid for any symmetric nonnegative matrix, for z = G'/2x we have

(x, Hx) (x, Hx) (x, Hx)
J— r(x) J— J—
(x,Gx) - (x, Gl/zG‘/zx) - (G‘/2x,G‘/2x)

r(x) =

(G—I/ZZ’ HG—I/ZZ) (Z, [G_I/QHG_W] Z)

(z,2) B (2, 2)

The result follows from corollary (7.7).

(7.37)

(7.38)

(1.39)
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8.1 General type of linear matrix equation
8.1.1 General linear matrix equation

Here we consider the general linear matrix equation

AXB, + A XBy+ -+ A,XB, =C (8.1)

where A; € C"™", B; € C"™" (j =1, ..., p) are the given matrices and X € C"*" is
the unknown matrix to be found.

8.1.2 Spreading operator and Kronecker product

Together with the Kronecker matrix product definition

A® B = ||a;B|| € R
(8.2)
A E CI‘!XH, B e (Cnxn

given before let us introduce the spreading operator col {-} for some matrix A € C"*" as

colA = (al,l, R RN 7 DR SN M B ,am.n)T (8.3)
that is,
A*l
A*Z
colA = . eCm™ A= [A*l Ap - A*n], A, eC”
A*n

133
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Let col ' A be the operator inverse to col A. Evidently, for any A, B € C™*" and
a,BeC

]col {@A + BB} = a col {A} + B col {B) \ (8.4)

8.1.3 Relation between the spreading operator and the Kronecker product

Lemma 8.1. For any matrices A € C"™", B € C™" and X € C"™" the following
properties hold

1.

]col {AX} = (Iixn ® A) cOlX \ (8.5)
2.

]col {XB} = (BT ® I, colX \ (8.6)
3.

]col {AX + XB} = [(Lixn ® A) + (BT ® L,x)] colX \ (8.7)
4.

]col {AXB} = (BT ® A) col {X} \ (8.8)

Proof. Properties 1-3 (8.5)—(8.7) follow directly from property 4 (8.8) and (8.4). So, let
us prove (8.8). By definition (8.3) the jth column (AX B), ; of the matrix AX B can be
expressed as

(AXB),; = AX (B),; => b,; (AX),, = (b,,A) X.;
s=1

s=1

= [bl_jA szAb A} colX

n,j

which corresponds to (8.8). O

Lemma 8.2. The eigenvalues of (A ® B) are

Aipy i=1,....m;j=1,...,n) (8.9)

where X; are the eigenvalues of A € C"*™ and v ; are the eigenvalues of B € C"*". They
correspond to the following eigenvectors

(8.10)

where Xx; and y; are the eigenvectors of A and B, that is,

Ax; = Aixi, By; =u;y;
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Proof. We have

a”B EalzB ‘e alnB xli)_)j
(A® B)e;; = :
a,,lB anzB e annB i
a“x“ij + -+ Cl]n.xm'B)_)j
anlxliB.)_)j +oe +annxniB.)_)j

apnxy; (Mj)_’j) + ot apXa (Mj)_’j)
= . = A% ® iy,
amxy (1;3;) ++ + Qi (10555)

=M% ® Yy = Mty (% ® 3;) = ki

which proves the lemma.

Corollary 8.1. The eigenvalues of the matrix (the Kronecker sum)

([Uiin ® A) + (B ® L)

are as follows

])\,—+M,- (i:l,...,m;j:l,...,n)‘

with the corresponding eigenvector

135

(8.11)

(8.12)

(8.13)

Proof. Let us check that the vector (8.13) is the eigenvector of the matrix (8.11) with the
eigenvalue ()»,- +un j). By (8.9) and taking into account that for the unitary matrix .,

any vector is an eigenvector with the eigenvalue equal to 1 and the relation

(A® B) (X; ® y;) = (Ax) ® (BY;)
we get
[(Lixn @ A) + (B ® Luxm)] €ij = (Lyxn ® A) €ij + (B & Luxm) €
=Lin ®A) (J; ® %) + (B ® Lixn) (3 ® ;)
= (Lixn;) ® (A%) + (BY;) ® (s i)

=) (E®F) + D (% ®F;) = (M +1;) &
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Corollary 8.2. Since the spectrum of eigenvalues for a transposed matrix coincides with
the spectrum of eigenvalues for the original matrix then

Aitpii=1,....m;j=1,...,n)
will be eigenvalues for the following matrices

[(Zuxn ® A) + (BT & Lxm)]

[(Lnsn ® AT) + (B ® Lsn)]

[(Lixn @ AT) + (BT & L))

8.1.4 Solution of a general linear matrix equation

Theorem 8.1. The general linear matrix equation (8.1) has the solution X € C™" if
and only if the vector x = colX is the solution of the vector equation

Gx=c (8.14)

Z (BT ® 4)) (8.15)

i=

:= colC

Proof. By the property (8.8) and since the operator col is linear, applying this operator
to both sides of (8.1), we have

p p
¢ = colC = col {Z (A,-XB,—)} = ZCOl{A,—XB,—}

i=1 i=1
P
=> (BT ® A;) colX = Gx
i=l1
O

Corollary 8.3. The general linear matrix equation (8.1) has the unique solution
X € C"™*" given by

X =col”' {G7'c} (8.16)

if and only if

-
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8.2 Sylvester matrix equation

Now we will consider an important particular case of (8.1).

Lemma 8.3. The Sylvester matrix equation

AX +XB=-Q

AeC™, BeC™ and X,CeC™

has the unique solution

X:cd*ﬁwT®AH*ww}

if and only if

)»i—i-//,j#Oforanyi,j:l,...,n‘

where X; are the eigenvalues of A and ; are the eigenvalues of B.

Proof. This follows directly from (8.16).

8.3 Lyapunov matrix equation

Lemma 8.4. Lyapunov (1892) The Lyapunov matrix equation

AP 4+ PAT = —Q

A, P, Q — QT c Rrxn

137

(8.18)

(8.19)

(8.20)

(8.21)

has the unique symmetric solution P = PT if and only if the matrix A has no neutral

eigenvalues lying at the imaginary axis, i.e.,

M%Ai#OﬁzzL””n”

(8.22)

Proof. Equation (8.21) is a particular case of the Sylvester equation (8.18) with B = AT,
which by (8.20) implies the uniqueness of the solution providing for all (i, j = 1,...,n)

Mt A #£0

This condition obviously is fulfilled if and only if (8.22) holds.
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9.1 Basic definitions

Definition 9.1. A real valued n x n matrix is said to be stable if all its eigenvalues
belong to the left open complex semi-plane

C :={zeC|Rez <0} 9.1)
that is,
Ai(A) <0 forany i=1,...,n 9.2)

Denote the characteristic polynomial of a matrix A € R"" by ps (1), i.e.,
Pa ()") = det ”A - )"Inxn” =\ + al)"n_1 +---F anfl)" +a, (93)

Notice that p4 (A) is a monic polynomial whose leading coefficient (the coefficient of the
highest power) is 1. It is clear from (9.3) that the stability property of a matrix A € R"*"
is definitely related to the values of the coefficients ¢; (i = 1, ..., n) in (9.3) since A; (A)
are the roots of the polynomial equation

n

pa) =Tl —2@]=0 (9.4)

i=1

Below we will present several results providing the verification of the matrix stability
property based only on the coefficients of the characteristic polynomial.

139



140 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

9.2 Lyapunov stability
9.2.1 Lyapunov matrix equation for stable matrices

Lemma 9.1. Lyapunov (1892)
1. If the Lyapunov’s matrix equation (8.21)

AP 4+ PAT = —Q

(9.5)
AvP»QZQT ERHXYI

holds for some positive definite
Q=07>0

and
P=PT>0

then A is stable.
2. Equation (8.21) has a positive definite solution

P=PT= [ ¢YQe"""dt >0 (9-6)

t=0

if and only if matrix A is stable (Hurwitz) and
(a) or

Q=07>0
(if 0 = QT >0, then P=PT >0),
(b) or Q has the structure as
QO =BBT

such that the pair (A, B) is controllable, that is,

rank |[B:AB:A’B: -.- : A" 'B| =n 9.7)

Proof.
1(a) Claim 1 of this lemma follows directly from the previous lemma 8.4 if let in (8.21)
B=A, X=P
taking into account that the inequality (8.20) always fulfilled for different
(nonconjugated) eigenvalues and for complex conjugated eigenvalues
M =)_\,‘ =Uu; — il)i
)"i =u; + iU,’
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The inequality (8.20) implies the existence of a solution P. The symmetry of P follows
from the following fact: applying the transposition procedure to both sides of (8.21)
we get

PTAT+APT=—-QT=-0Q

which coincides with (8.21). But this equation has a unique solution, hence P = PT.
1(b) Let A; be an eigenvalue of AT, that is,

AT)C,' :)»ix,-, Xi 750

Then we also have

xFA = )L,-x?k

1 1

(here A* := (AT), i.e., the transposition together with the complex conjugation).
Multiplying the left-hand side of (8.21) by x and the right-hand side by x;, it
follows that

X (AP + PAT)x; = Aix} Px; + xPAx;
= ()1,» + )»,-) xfPx; =—x0x; <0
and, since, by the supposition, x; Px; > 0, we obtain ()_\,» + )»,-) =2 Re A; < 0, which

means that A is stable.
2. Sufficiency. Let A be stable. Defining the matrices

H@):=eM0, U@ :=e'"

it follows that

dH (t) := Ae™ Q dt, dU (1) :=e*""ATdt

Then we have

T
/d[H(t)U(t)]=H(T)U(T)—H(O)U(O)

t=0
— eAT QeATT _ Q

T T
=/H(t)dU(t)+/dH(t)U(t)
t=0

1=0 (9.8)
T T
= /eA’QeA”AT dt+/AeA’QeAT’ dt
t=0 t=0
T T

= /eA’QeAT’dt AT+ A /eA’QeAT’ dt



142 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

The stability of A implies

.
eATRA™T — 0
Tr— o0

and, moreover, the integral

T

P := lim /eAerA” dt
T——o00
=0
exists, since
T T
/eAthATt dt < / HeAthATtHdt
t=0 t=0

T T
. ||Qll/He“"Hz di < IIQII/e“mXA’ dt
=0 =0

1

T o]
<10l /em dr < IIQII/e’Z""" dr = 31101 < 00
t=0 t=0

where
Amax (A) < —minRe |A;| ;== a < 0
So, taking T' > 00 in (9.8), we obtain (9.5), which means that (9.6) is the solution
of (9.5).
(a) If O > 0, then

o0 o0
P = /eA’ Qe dt > hyn (Q) | A4 dt > 0
t=0 t=0

(b) If Q = BBT, then for any x € R”
xTPx = /xTeA’BBTeAT[x dt = / ||BTeAT[x||2dt (9.9)
=0 =0

Suppose that there exist x 7 0 and the interval (%, #;) (fop < ;) such that
[xTeB|[* =0 forall e (f,1)(t <t)

and, hence,
xTeB =0 (9.10)

Then the sequent differentiation of (9.10) by ¢ gives
xTeAB =0, xTeYA’B=0,---, xTe*A" VB =0
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which may be rewritten in the matrix form as follows
xTe {B CAB:A’B: ... fA("')B] =0
for all ¢ € (1), t;) (to < t;). It means that
rank [B CAB:A’B: ... A"'B] <n
which is in contradiction to (9.7). So,
T At 2
Hx e BH >0

at least at one interval (¢, #;) and, hence, by (9.9)

1
HBTeAT’tzdt > / HBTeAT’xuzdt >0

=1y

xTPx =

t

T—

for all x # 0. It means that P > 0.
Necessity. Suppose that there exists a positive solution P > 0 given by (9.6). Then
this integral exists only if A is stable.

(a) But P may be positive only if Q > 0 (this is easily seen by contradiction).
(b) Let x* # 0 be an unstable mode (a left eigenvector of A corresponding to an
unstable eigenvalue A;), that is,

XA =xx", Rer; >0

By the relation

00 00 0 2
0 <x*Pxi= / |[x* e B||* dr =/ x* [Z;(A:)l] B| dt
=0 =0 1=0

o0 o0
=/||x*feMB|yzd;=/ew||x*f3||2dt
=0 t=0

it follows that it should be
xMB #£0

because if not, we get x* Px’ = (. But this means that the pair (A, B) is controllable
(see PBH-test below). Lemma is proven. O
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Remark 9.1. Notice that for Q = gl the matrix P as the solution of (9.5) can be
represented as

00
P = PT :q/eme’“’dt >0
=0

t

(o]
but never as q [ e“T"'dt, that is,
t=0

[e¢]

P #yq /e<A+AT)’dt

1=0
since

T T
eAteA t # e(A+A )1t

that may be verified by the use of the Taylor series expansion for the matrix exponent
(see Proposition 5.2).
9.3 Necessary condition of the matrix stability

Here we will present only a necessary condition of a matrix stability that gives the

simple rule how quickly can we detect if a matrix is unstable.
Let {X; (A)}/_, be the set of zeros (roots) of the characteristic polynomial (9.3)

pa) = 4ar "+t a ik +a,
or, in another representation,

PaR)=A=A) A=A (A= 4p) (9.11)
Theorem 9.1. (Stodola’s rule) If a matrix A is stable (or, equivalently, its characteristic

polynomial pa ()) (9.3) is Hurwitz) then all coefficients a; in (9.3) are strictly positive,
that is,

]a,.>0(i=1,...,n)\ (9.12)

Proof. Since the roots {A; (A)}I", of ps (X) (9.11) in general are complex values, one
can represent (9.11) as follows

ny ne/2

pa)= J[(r=x) - J] =20 (A= %) (9.13)

j=1 k=1
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where
)\.jZ—Mj, j=1,...,n,

)Lkz—uk—i-ivk, k=1,...,7’lc/2

So, the first n, roots are purely real and the rest of them are complex. By the stability

property of A all real parts are strictly positive, i.e., u; >0, j=1,...,n,, and u; > 0,
k=1,...,n./2. Hence
e ne/2
pa) = [] (v +u) [T 02+ 2uh + uf +07)
j=1 k=1

The right-hand side is a polynomial on A with only positive coefficients which proves
the theorem. (]

The next useful conclusion follows immediately.

Corollary 9.1. [f the polynomial p, ()) has coefficients of different signs (or some of
them are absent (a; = 0 for at least one i)) the corresponding matrix A is unstable.

Example 9.1. The polynomials

PaM) =2 +30 =3+ 22+ +1
PaMN)=R+3 4+ 12 +0+1
and, hence, the corresponding matrices A, are unstable. Indeed, in the first polynomial

a, = —1 < 0 and in the second one a; = 0.

9.4 The Routh-Hurwitz criterion

In this section we will present the necessary and sufficient conditions (or, in another
words, the criterion) of a matrix stability.
Let us define the, so-called, Hurwitz matrix H* as follows:

—(1] as ds - - 0 i
1 ay day
ay as
HA = 1 Zf (9.14)
1 - ay
. . . a,_| 0
L 0 0 o - - ap—2 Ay |

Here in the main diagonal the coefficients are assigned starting from a;. Each column
has the aligned coefficients in increasing order. Denote also by H* (i = 1,...,n) the
leading principal minors of H, that is,

A 1A 1 2 ...
H':=H (1 S (9.15)
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such that

H* = detH*

Lemma 9.2. (Orlando’s formula) Let A, (i = 1,...,n) be zeros of the polynomial
pa (X). Then

n k-1

HY = (=1)y""=br Oui + Ai) (9.16)

k=1 i=I

Proof. The proof may be done by the induction by n. For n = 2, evidently,
H,y=H =—(1+A)

Suppose that (9.16) is valid for the polynomial of the order n. So, we need to prove that
(9.16) is true for any polynomial of the order (n + 1). To do that let us introduce the
polynomial f, ,(A) according to the following formula:

farR) =@+ h)ps(X)
=M g A ++ a, A+ ah
+hX' + ha MV 4+ - -+ ha,_ A+ ha,
= A" 4 (a1 + ) A" + (hay + ap) A
+ -+ (ha,_1 +a,) A + ha,

This polynomial has the roots
)»,-(i:l,...,n), )"ll+1:_h

Constructing the corresponding Hurwitz matrix HA" for £, ,(.) we get

[(ai+h) (hay+a3) (has+as) - - : 0
1 ha, +a, has +ay . .
0 (a1 +h) ha, + a;
HA'h = . 1 ha1 +a
0 (ar+h) . .
: . . hanfl +an 0
i 0 0 0 - - ha,_z+a,_ ha,,_
and
(a1 +h) (hax+as) (has+as) - - - 0 1
1 hal =+ aj h(l3 + ay .
0 (a1 +h) ha, + a;
HnA"’ = det . 1 ha,+a, - .
0 (a+h)y - - 0
1 . . ha,
L h(l,,,l +an_
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Introduce the, so-called, “bordering” determinant:

[(@ +h) (hay+as3) (has+as) - - 0 0
1 ha, +a, has +ay . .
0 (a +h) ha, +a;
D = det . 1 ha,+a, - .
0 (611 +l’l) . 0
: . : han—l +a, ap—1
| 0 0 . - 0 (=D"
(9.17)
Obviously,
D= (=1)" H*"

Let us now apply some simple transformation to the determinant (9.17) which does not
change its value. First, adding (—A) times the column (» + 1) to the column r for all
r=1,2,...,n leads to

a as as - - : azp—1 h"
1 a ay . —h!
0 a o
D = det 0 1 a - .
a - - 0 .
1 - : 0 (=" ?h?
- - a, (=D"'h
L 0 0 : A ¢ ap—1 (_1)n

Then replacing the first row by
Ist row — a; (2nd row) + a, Brd row) — --- + (=1)"a, ([n —+ 1] st row),

one can see that the last term of this row is exactly p, () and all others are zeros which
implies

D = (=1)"ps(h) H (9.18)
Comparing (9.17) with (9.18) and using (9.16) and (9.4) for h = —A,,,1, we get

HM = py (h) lh=-s,., H}:

n—1

= [ [=2us1 — 2 (D] (=1 D72 (A + Ao)
i=1 k

n k-1
=1 i=1
k—1

= (1" (=" P ] D + 24 ()] A+ M)
k

i=l =1 i=1

3

n+l k—1

= DI 0+ 20

k=1 i=I

Lemma is proven. U
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Lemma 9.3. Defining H;' := 1, for the leading minors

v,—._v<1 5 > (9.19)

of the n x n matrix

apd 0 apds
0 —apas + a,a, 0
V= | apas 0 dapas — dids + axaz - - - (9.20)

with the elements v;; given by

Nkt o .
_— k;( D" aaijn i j =i for (i) even

' Vji if j<i
0 for (i+j) odd

forall j =1,...,n the following property holds

v, = HAH!, (9.21)

where ij‘x is the jth leading minor (9.15) of the Hurwitz matrix H* (9.14).

Proof. Permute the rows and columns of V symmetrically, bring odd numbered columns
and rows into the leading positions and even numbered rows and columns into the last
positions which is achieved with the permutation matrix

P = [ele3e5~~ | 626466"’]

and leads to the resulting matrix

D,.,:=PTVP
EWL m O
D2m><2m = |: O>< EnXm :| for n=2m
- Ems1yxom 0
Domiyx@eminy = [ ¢ +1())X( D F } for n=2m+1

(the subscript denotes the order of the square matrices). Thus we get



detV = { Vo

Vom+1

for
for
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det D2m xX2m

N { det Dt 1yx@m+1)

Then define the matrices

n=72m
n=2m+1

= det mem det mem
= det Eupiyxm+1) det Fium

0 0 /)
0 a
Komxm = ) —ao &
0 as
—ag
L 1 as Aom—1 |
[0 0 0 ap |
O O —da
. 0 ap ar
K(2m+1)x(m+1) =10 : 0 —a —as
0 0 ap as ay
L1 a4z Aym—1 |
which satisfy the identities
A 0
H K>, n = for n=2m
Fm Xm
0

for n=2m+1
E(m+|)><(m+|):|

HAK(2m+l)><(m+l) = {

Therefore it is easily deduced that by (9.22)

detH* = H}} = det F,xm for n=2m
det HA = H2Am+1 = det E(m+1)><(m+1) for

and

Vo = det E, i det Fyy = Hyt (H  for n=2m

UVym41 = det E(m+1)><(m+l) det Fm><m for n=2m+1
Hence, in any case
AgyA
Uj = Hj Hj—l

Lemma is proven.

n=2m
n=2m-+1

149

(9.22)
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Corollary 9.2. HJ.A (j=1,...,n) are positive if and only if v; (j=1,...,n) are
positive too, or, equivalently by the Sylvester criterion, HJA (j =1,...,n) are positive
if and only if the matrix V (9.20) is positive definite.

Let us now introduce the companion matrix A, defined by the coefficients of
pa(d) (9.3):

—a, —ap o —ay
1 0 0 0
0 1 0 0
Acom 1= 0 0 (9.23)
0 0 0 1 0

Note that A, is a stable matrix if and only if all zeros of p4 (1) have negative real
parts. Indeed,

A+a| ay a,
—1 A . 0 0
-1 A 0
y, :=det (A, — A) =det 0 0
0 0 0 -1 A
Ata a - C Ay |
-1 A - . 0
= Adet 0 -1 X
0 0 .
-1 A
-1 A 0
0 -1 A
+(_1)1+na” 0 0 '
. . A
0 0 0 -1

=AYt + (=D a, (=D
= )Vyn—l + a, = A [)V)/n—Z + an—l] + a, = )"zyn—Z + )‘an—l + ay

The claim is true.

Lemma 9.4. The matrices Acom (9.23) and V (9.20) are related as

AT V 4+ VAen=—W (9.24)

com
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where W is a nonnegative definite matrix equal to

a@ 0 aa; 0 aas
0O 0 O . 0 0

apas 0 a% - dads

w=2 (9.25)

Proof. The direct computation of the left hand-side of (9.24) suffices for the verification
of this identity. To prove that W > 0 it is sufficient to observe that for any x € C”

XWx =2 |aix; + arxy + - - - + ayx, |2 (9.26)

Lemma is proven. (]

Theorem 9.2. (The Routh-Hurwitz criterion) A matrix A is stable if and only if H* >
0@G=1,2,...,n) where HiA are defined in (9.15).

Proof.

(a)

(b)

Necessity. By lemma (9.1) it follows that if A is stable and W (9.25) is nonnegative
definite then P = PT > 0 or, equivalently, v; > 0 (j = 1,2, ..., n). Then by (9.2)
it follows that H/A >0 (j=1,...,n). Notice that if any H].A = 0, then H* = 0.
But this fact leads to contradiction and so deduce that H jA >0(=1,...,n). The
stability of A implies that there are no zero roots and so a, # 0. But H* = a,H} |
and so H = 0 leads to H | = 0. In this case from the Orlando’s formula (9.16) we
deduce that there are a pair of roots A;, A, such that A; + A, = 0. But this contradicts
the hypothesis that both A;, A, have negative real parts which completes the proof of
the necessity part.

Sufficiency. Suppose now that H/A >0 (j=1,...,n). We need to prove that A is
stable. By (9.2) it follows that V (22.175) is positive definite. Then by the first part
of Lemma 9.1 we have only to prove that a®*Wa® > 0 for all right eigenvectors
a'” associated with any given eigenvalue A;(A). Notice that we may take as a® the
following vector

a7 = (A;’“(A), ATHA), . A(A), 1)
and by (9.26) we may conclude that a®*Wa® = 0 if and only if

a M A+ a A+ -+ a, =0
Now Hf > (0 implies a, # 0 and hence A;(A) # 0. But since p4 (A;(A)) = 0 we
have

e for odd n

M(A) +aih (A + -+ a1 hi(A) =0
ari T (A + @) A+ +a, =0
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Hence

AN A)
1 a a - a4
a as as --- a4y A(A)
1

e for even n

MA) + @A (A) +- - +a, =0
aiM T (A) + AT (A) + -+ a1 ki (A) =0

Hence
A(A)
1 a - a2 a, : _
ay as - a0 ] [ 22(A)
1

Thus in both cases for odd or even n we obtain

alaz—a3=0, [1]614—05:0,...

and the second row and column of V are zero which contradicts our deduction
that V is positive definite. Hence a¥*Wa® # 0 and thus A is stable. Theorem is

proven.

Example 9.2. The polynomial

pA) =242 +30 2+ 20 +1—0p

has the following Hurwitz matrix (9.14)

22 0 0
. 13 1-ag 0
Hi=10 5, o 0

01 3 1-ap

O

(9.27)

So, by the Routh—Hurwitz criterion the corresponding matrix A is stable if and only if all

principal minors H* (i =1, ...,4) are strictly positive, that is,
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Hf =250, ngdet[f §]=4>0
22 0
H{ =det [1 3 1—af|=12-4(1-af)—4=4(1+ap)>0
02 2 (9.28)
22 0 0
13 1-af 0
A _ A — — _ A
Hi=H'=det | 5 o |=0—-efHi>0
01 3 1-of

which give the following necessary and sufficient condition of stability:

l+af>0, (1—aB)>0

or, equivalently,

o)

9.5 The Liénard—Chipart criterion

The Routh—Hurwitz criterion may be represented in a form that requires at least
twice the corresponding numerical calculation less compared with the original one. This
simplified form is known as the Liénard—Chipart criterion.

Theorem 9.3. (The Liénard-Chipart criterion) A matrix A is stable if and only if
1. all coefficients a; in (9.3) are strictly positive, that is,

]@>oa=L“”m\

(this means that the Stodola’s rule holds);
2.

’HA>OU=n—L n—3,...,) (9.30)

1

where H* are defined in (9.15).

Proof. As it has been shown before, a matrix A is stable if and only if the matrix V
(9.20) is strictly positive definite. But, in view of the relation (9.21) to guarantee that all
H* >0 (i =1,...,n) are positive, it is sufficient to check only the positivity of H* > 0
(i=n—1,n-3,...,). Theorem is proven. O
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Example 9.3. Consider the same example (9.2) with the polynomial (9.27). The Stodola
rule implies that there should be

l—af >0 (9.31)
and the Liénard—Chipart criterion demands that

Hi=4(1+aB)>0, H' =2>0
or, equivalently,

l+af>0 (9.32)

Conditions (9.31) and (9.32) considered together lead to (9.29).

9.6 Geometric criteria

All criteria and rules concerning the matrix stability property presented above are
given in the so-called analytical form. But there exists another form of the stability
analysis called the geometric one. This form of the stability representation requires some
preliminaries related to the principle of argument variation discussed below.

9.6.1 The principle of argument variation

Consider the characteristic polynomial p, (A) (9.3) of a matrix A in the form

n

pa) =[] =2 )] (9.33)

j=1
Suppose that all roots A; (A) of this polynomial satisfy the condition
Rei; (A)#0, j=1,...,n

This permits to represent (9.33) as

1 r

pa) =[] =2 @[] = a )] (9.34)

j=1 k=1

where

[ = the number of roots with negative (left) real parts
r = the number of roots with positive (right) real parts

Any complex number z € C may be represented as

o
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where arg z is the angle formed by the vector z in the complex plane with the real axis
measured in the clockwise (positive) direction. Moreover, if |z] < oo and Re z # 0, then
the simple complex function

flw)  =iw—z=|iw—z|¥i*2

(o]
has the following argument variation A arg f (iw) (When w varies from —oo to 00):
w=—00

oo . T if Rez <O
S ae S o) = {—7‘[ if Rez>0 (9-36)

Lemma 9.5. (The principle of argument variation) The polynomial (9.34) verifies the
following

=Z: arg pa (i) = ( —r) 7 (9.37)

Proof. By the evaluation of (9.34) using (9.35) we have
plo) == O] - r @]
j=1 k=1

1
: 1 r
(Jiw—1; (A)]) expi (Z arg(io — X (A) + > _arg (i — X (A)))

j=1 k=1

j=1

So,
! r
arg py (i) = Y _arg (io — X; (A)) + Y _arg (iw — Ay (A))
j=1 k=1
and by (9.36) we derive (9.37). Lemma is proven. O

Corollary 9.3. For any stable polynomial its arg p, (jw) is a monotonically increasing
function of w.

Corollary 9.4. For the polynomials without neutral roots

o0 T
éo arg ps (iw) = (1 —r) ) (9.38)

9.6.2 Mikhailov’s criterion

Based on the previous lemma (9.5) we may present the following important result.
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Theorem 9.4. (Mikhailov’s criterion) The polynomial p, (1) (9.3) of order n is Hurwitz
(or, equivalently the corresponding matrix A is stable) if and only if the godograph of
pa () (the corresponding curve in the coordinates)

U (w) :=Re p, (iw)
as the abscise and

V(w) :=1Im p, (o)
as the ordinate such that

pa(io) =U (o) +iV (o)

has rotation in the clockwise (positive) direction and passes exactly n quadrants in the
complex plane without crossing the origin when w varies from 0 up to oo.

Proof. By definition p4 (1) is Hurwitz if and only if it has the representation (9.34) with
[ = n. Hence, by lemma (9.5) in view of (9.37) it follows that

:X arg pa (iw) = nm
or, by corollary (9.38) to this lemma,

A arg p (iw) = n—
A argp (i _n2

The criterion is proven. ]

Consider now several examples illustrating the application of Mikhailov’s criterion.

Example 9.4. Let us consider the characteristic polynomial
pa(A) =1+ 50+ 1047 + 11IA2 + 70 + 2 (9.39)

We need to determine whether it is Hurwitz or not applying the geometric criterion.
Taking A = iw for (9.39) one has

paiow)=iw’ +50* —i10w’ — 11?4+ iTw +2
= [50* — 11?4+ 2] +i [0 (0* — 100* +7)]

So,

U (o) =50" — 11w* +2
V(a)):a)(a)4—10w2+7)

The corresponding godograph and its zoom-form are depicted at Figs. 9.1 and 9.2
correspondingly.
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Fig. 9.1. The godograph of p, (iw).

Fig. 9.2. The zoom-form of the godograph of p, (iw).

In view of the geometric form of this godograph we may conclude that this polynomial
is Hurwitz.

Using this geometric approach one may determine not only if a polynomial is stable or
not, but also determine the exact number (/) of stable, () unstable and () neutral roots.

Example 9.5. Suppose that the polynomial p, (A) has the order n = 5 and its godograph
has the form as at Fig. 9.3. Notice that this godograph does not cross the origin (0, 0)
and therefore p, (L) does not have neutral (with a real part equal to zero) roots, that is,
m = 0. Hence by (9.37) we conclude that

l+r4+m=n=>5
m=0, [—-r=3
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V(w)
\ w=0
U(w)
[ ..
Fig. 9.3. The godograph of p4 (iw).
V(w)
w=wy>0
a
w=0
U()
B
atpB= g

Fig. 9.4. The godograph of p, (iw).

which gives

Example 9.6. Suppose that the godograph of pa (iw) is as at Fig. 9.4 and corresponds
to a polynomial p ()) of the order n = 6. One can see that this godograph crosses the
origin (0, 0). This means that p4 (1) has a root a with a real part equal to zero. But, as
we have only one cross which corresponds to a frequency w = wy # 0, it means that
there exist two complex conjugated roots such that

A (A) =iwy, A (A) = —iwg
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This means that m = 2. So, by (9.37) we conclude that
l+r+m=n=6

éoargp(iw)zn, l—r=2, m=2

This finally gives:

9.7 Polynomial robust stability
9.7.1 Parametric uncertainty and robust stability

As shown before, the stability property of a matrix A € R"*" is characterized by the
root’s location of the corresponding characteristic polynomial p, (A) (9.3). Evidently,
any variations AA of the matrix A, namely, A = Ay + AA, are transformed into
the variations of the coefficients a; (j =1, ...,n) of the corresponding characteristic
polynomial p, (1). Denote the collection of its coefficients by

a:=(a,...,a,)" e R" (9.40)

and suppose that this vector of coefficients belongs to a connected set A € R" that
corresponds to possible variations AA of the matrix A or maybe includes them, that is,

041

Definition 9.2. A characteristic polynomial p, (A) (9.3) is said to be robust stable, if
for any a € A the roots of the corresponding polynomial belongs to the left-hand side of
the complex plane C, i.e.,

ReA;(A) <0(j=1,....n) (9.42)

forall a € A.
Definition 9.3. Denote by Q4 (w) the set of all values of the vector
palio) =U (w) +iV (»)

given in C under a fixed w € [0, 00) when the parameters a take all possible values in
A, that is,

Ou():={z:2=psiw) | ae A} (9.43)

The next result represents the criterion of the polynomial robust stability and is a
keystone in robust control theory.
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Theorem 9.5. (The criterion of polynomial robust stability) The characteristic poly-

nomial p4 () (9.3) is robust stable if and only if

1. The class A of polynomials p4 (\) (9.3) contains at least one Hurwitz polynomial
D4 (A), named a basic one.

2. The following principle of “zero-excluding” holds: the set Q4 (w) does not contain
the origin (“zero-point”), i.e.,

0.4

Proof. Since the vector z = p, (jw) € Cis continually dependent on the vector parameter
a, then a “transition” from stable polynomial to unstable one (when we are varying the
coefficients @) may occur (this is always possible since the set A of parameters is a
connected set) only when one of its roots crosses the imaginary axis, or, in other words,
when there exists wy € [0, 00) such that p4 (iwg) = U (wy) + iV (wp) = 0. But this is
equivalent to the following identity

U (wp) =V () =0
which means exactly that 0 € Q4 (w). Evidently, to avoid this effect it is necessary and
sufficient to fulfill conditions 1 and 2 of this theorem. Theorem is proven. ]
9.7.2 Kharitonov’s theorem

Theorem 9.6. Kharitonov (1978) Let the set A, characterizing a parametric uncer-
tainty, be defined as

A={aeR": aq  <a;<a’ (i=1...n} (9.45)

Then the polynomial p, (1) (9.3) is robust stable if and only if four polynomials given

below are stable (Hurwitz):

pi’ () =1t arh+aid +af +agdt +agi +
PO =1t al ka2 +a kit adh
Py’ ) =1t afh+a; X +a K+ aldt +afn o+
pi )= 1+arh+ay X2 +afx +aiit +agh + -

(9.46)

Proof. Forany a € A

U)=1—aw +ao*—---

V(w) = a0 — azw® + asw’ - -

and hence for any w € [0, c0)

U (@=sU@=U"(® and V (@) <V() =V (0
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where

U (w)=1-dafo*+a;o* —- -

Ut(w)=1-a, 0> +ajo* —- -
and

Vo (w) =a;0—ajo® +a50’- -

Vi(w) =afw—a;0*+aia’ -

That’s why for any w € [0, 00) the set Q, (w) (9.43) is rectangular (see Fig. 9.5) with
width [U* (w) — U™ (w)] and height [V* (w) — V™ (w)] and with the center in the point
Pa (jw) corresponding to the stable polynomial with parameters &; = 1 (a; +a;").
Notice that the vertices of the set Q, (@) correspond exactly to the polynomials (9.46).
Suppose now that this rectangle touches the origin by one of its sides. Since the argument
monotonically increases the vertices of this touching side will rotate in the clock-wise
direction, and, hence, will become non-vertical which contradicts our previous concept.
So, the direct application of the previous Theorem 9.5 leads to the formulated result.
Theorem is proven. (|

Example 9.7. Let us find the parameter B for which the polynomial
pa () =1+ak+ @i’ + a0’
l-B<a =<1+8
1.5<a, <2, a;=1

is robust stable. To do this construct four polynomials (9.46):

PO =14+ =B A+222 4+ 2
PP (W) =1+ (1+ B) A+ 222+ 43
PO =1+04+BA+1.522+43
PP M) =1+ —B)r+1.502+23

V(w)

w=0
\\ e

Fig. 9.5. Illustration of the Kharitonov’s criterion.
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The corresponding Hurwitz matrices H* are as follows:

1-g 1 0 1+8 1 0
1 2 0|, 1 2 0
0 (1-p8) 1 0 (148 1
1+8 1 0 1-8 1 0
1 1.5 0, 1 15 0
0 148 1 0 1-p8 1

By the Liénard—Chipart criterion we find that the conditions of the robust stability are
1—8>0, 1+8>0 or equivalently, |B| <1

and

20=-B)—=1>0, 2(0+B)—-1>0

150+ —-1>0, 150-8—-1>0

which leads to the following:

2
B<l—==—-

2 1
p<05 p>-05 p>:-1=—3 =

3 ’

or, equivalently,

1
1Bl < 0.5, 8l < 3

Finally, all constraints taken together give

e :
<=
3

9.7.3 The Polyak—Tsypkin geometric criterion

Let the set A of all possible parameters a be defined as follows:

A={aeR i|a—a| <ya (i=1,....,n), y >0} (9.47)
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Construct the following polynomials:

U, (@) '=1—a0 +ay0* — -

V, (0) := a10 — azw® + asw’ - - -

1
T, (w) := ;Va (w), >0

(9.48)
S(w) =14+ oo’ + a0 + -
V(o) = a0+ 030’ + asw’ - - -
1
T (w):=—V(w), o>0
1)
and define
X(@) =~ Y @)= s (9.49)

Theorem 9.7. Polyak & Tsypkin (1990) The characteristic polynomial p4 (X) (9.3) is
robust stable if and only if the godograph

|Z(i0) == X (@) +iY ()] (9.50)

passes exactly n quadrants, when o varies from 0 up to 0o, and does not cross the
quadrant ", with the center in the origin and with the board equal to 2y (see Fig. 9.6)

Fig. 9.6. Illustration of the Polyak—Tsypkin criterion.
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such that

IXOI, YOI X (@), ¥ (o) >y (9.51)

Proof. For any a € A we have

|Ua (@) = Uy ()] = ¥ S (@)
Vo (@) = Vo (@) = vV (@)

or
|T, (@) — Ty (0)| < yT (@)
The condition that

0eQs(w)
for some w > 0 means that U; (w) = V; (w) = 0 for some a € A which implies

Uz (0) = Uy ()| = |Up» (@)| < ¥S (w)
IVa (@) = Vor (@) = |Vor (@) = ¥V (w)

and
Tz (0) — T (0)| = |Tos (@) < ¥ T (0)
Since S (w) > 0 and T (w) > 0, we obtain

To (@) _

U,
U () <y, [Y(o)|= T @) <y

Sw) |~

IX (0)] = ‘

which means that
Z(iw)el,
Contrarily, the conditions that 0 ¢ O, (w) are

Z(iw) ¢ T,
X O], YOI [X(0), [Y(c0)|>y

Then the result follows from Theorem 9.5. Theorem is proven. ]

Remark 9.2. The “maximal stability radius” y = Ymax corresponds to the maximal quad-
rant I, which touches the godograph Z (jw) from inside.

Ymax

9.8 Controllable, stabilizable, observable and detectable pairs

In this subsection we shall turn to some important concepts that will be used frequently
in the following.
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9.8.1 Controllability and a controllable pair of matrices

Definition 9.4. The linear stationary system

X () =Ax () + Bu(t), x(0)=xg
(9.52)

Ae Rnxn’ B € R"<r

or the pair (A, B) is said to be controllable on a time-interval [0, T] if, for any initial
state x, and any terminal state xr, there exists a feasible (piecewise continuous) control
u (t) such that the solution of (9.52) satisfies

x(T) =xr (9.53)
Otherwise, the system or pair (A, B) is said to be uncontrollable.

The next theorem represents some algebraic criteria (the necessary and sufficient
conditions) of the controllability.

Theorem 9.8. (The criteria of the controllability) The pair (A, B) is controllable if
and only if one of the following properties holds:
Criterion 1. The controllability grammian

t
G. (1) := / e "BBTeAdT (9.54)

=0

is positive definite for any t € [0, c0).
Criterion 2. The controllability matrix

C:=[B AB A’B ... A"'B] (9.55)

has full rank or, in other words,
(A ImB):=> Im(A"'B) =R" (9.56)
i=1
where Im B is the image (range) of B : R" — R" defined by

ImB:={yeR":y=Bu, uecR'} B (9.57)

Criterion 3. The Hautus matrix

[A—)J ]

has full row rank for all ) € C.
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Criterion 4. For any left eigenvalues )\ and the corresponding eigenvectors x of the
matrix A, i.e., x*A = Ax*, the following property holds: x*B # 0. In other words, all
modes of A are B-controllable.

Criterion 5. The eigenvalues of the matrix (A 4+ BK) can be freely assigned by a
suitable selection of K.

Proof. Criterion 1.

(a) Necessity. Suppose that the pair (A, B) is controllable, but for some #; € [0, T'] the
grammian of controllability G, (T) is singular, that is, there exists a vector x # 0
such that

151
0=xT /eArBBTeA”dr X
=0
1 1
= xTe’"BBTe " xdr :/HBTeAT’xHZdI
=0

=0

So,
xTe'"B =0 (9.58)

for all T € [0, t;]. Select #, as a terminal instant, that is, 7, = T and x (T) = x7 = 0.
Then by (9.59)

n

0=x () =exy+ /eA("”)Bu (r)dt

=0
and pre-multiplying the last equation by x T we obtain

5]
0=xTx(f) =xTeMxo + /xTeA(””)Bu (v)dt = xTeAlx,
=0
Selecting the initial conditions xo = e " x, we obtain ||x||* = 0, or x = 0, which
contradicts the assumption that x # 0.

(b) Sufficiency. Suppose conversely: G, (t) > 0 for all t+ € [0, T']. Hence, G.(T) > 0.
Define

u(t) :=—BTe" TG (T) [ xo — x7]

Then, by (9.52),

x(@®) =etxo+ | eA""PBu(r)dr (9.59)

Lo—0u .

T
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which gives

x(T)=e*Txy— AT BBTAT TG TI(T) [e”xo — xT] dt

~ g\-ﬂ

= eATxy — e OBBTM T dr | GIN(T) [eTxg — x7]

<
Il
o

+ / e®BBTeN ds | GI'(T) [eATxO —xT] =eTx,
s=T

— G (T) G (T) [e* xo — xr] = xr

So, the pair (A, B) is controllable. The first criterion is proven.
Criterion 2.
(a) Necessity. Suppose that G, () > 0 for any ¢ € [0, T], but the controllability matrix
C has no full rank, that is, there exists a nonzero-vector v € R” such that
vV'A'B=0 forall i=0,1...,n—1

But by the Cayley—Hamilton theorem any matrix satisfies its own characteristic
equation, namely, if

det(A—AD) =a)" +a M '+ +a A+a, =0, ag#0
then
aA" +a A" a1 A4a,] =0, ayg#0

or, equivalently,

ap 1 ap—1 ay
A= (B Oty Dy
ap ap ap

and hence

¥ AN (25 ap—1 a,
V'A"B=—(—v'A"'B+---+ —v'AB+ —v'B | =0
ap ap ay

By the same reason

U*An+lB:—(alU*AnB+'~~+anIU*AZB—i-anU*AB) =0
ap ap ap

and so on. So,

V*A'B=0 forany i>0 (9.60)
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00 1 .
But since e’ = Z 5 (Ar)', in view of (9.60), for all > 0 we have
i!

i=0

o0
1 -
* At kAl [
vie B—g i!vABt—O
i=0

which implies

n<T

0=1" / eV"BBTe N dt = v*G, (1))

for all t; < T which is in contradiction with the assumption that G.. (;) is nonsingular.
So, C should have full rank.

(b) Sufficiency. Conversely, suppose now that C has full rank, but G, (¢) is singular for
some t = t; < T. Then, by (9.58), there exists a vector xT # 0 such that xTeA*B = 0
for all = € [0, #;]. Taking r = 0, we get xTB = 0. Evaluating the ith derivatives at
the point + = 0, we have

d .
O:xT<deA’) B=xTA'B, i=0,1,....,n—1
T =0

which implies
[BAB A’B ... A"'B]=xTC=0

It means that C has no full rank. This is in contradiction with the initial assumption
that C has full rank. So, G, () should be nonsingular for all ¢ € [0, T]. The second
criterion is proven too.

Criterion 3.
(a) Necessity. On the contrary, suppose that [A — A1 : B] has no full row rank for some
A € C, that is, there exists a vector x* # 0 such that x*[A — Al : B] = 0 but the
system is controllable (C has full rank). This is equivalent to the following:

x*A=ix*, x*B=0

which results in

x*C=x*[B AB A’B ... A"'B]
x*B Ax*B Ax*B --- A'x*B
= |~ <~ N ~~| =0
0 0 0 0

But this is in contradiction with the assumption that C has full rank.
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(b) Sufficiency. Suppose that [A — A1 : B] has full row rank for all A € C, but C has no

full rank, i.e., x*C = O for some x # 0. Representing this x as a linear combination
of the eigenvectors x* of the matrix A as

n n
x* = g o X, g (xl.z >0
i1 i=1

we get

n
0=x*C = E a;x*C
i=1
n

=> ax"[B AB A’B --- A"'B]
i=1
=> ax*[B MB AB .-+ A7'B]
i=1
=> ax*[I nI X - NTI|B=%B

i=1

where
= Zaixi* [I )\,,I )\‘121 . _)\;1—]1}
i=1

So, there exists a vector X # 0 such that x*B = 0 and

n

FA=Y e [I I A NTJA
i=1
=FA=Y ax"A[l NI R - AT
i=1
=> ahx™ [I NI N e AT =0F
i=1
where
- XAX
R

which is in contradiction with the assumption that the Hautus matrix [A — A7 : B] has
full row rank.

Criterion 4. It directly follows from Criterion 3.

Criterion 5. The proof can be found in Zhou et al., 1996.
Theorem is proven. (|
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9.8.2 Stabilizability and a stabilizable pair of matrices

Definition 9.5. The linear stationary system (9.52) or the pair (A, B) is said to be
stabilizable if there exists a state feedback u (t) = Kx (t) such that the closed-loop
system is stable, i.e., the matrix A + BK is stable (Hurwitz). Otherwise, the system or

pair (A, B) is said to be unstabilizable.

Theorem 9.9. (Two criteria of stabilizability) The pair (A, B) is stabilizable if and
only if

Criterion 1. The Hautus matrix [A — Al : B] has the full rank for all Re A > 0.

Criterion 2. For all A and x such that x*A = Ax* and Re A > 0, it follows that
x*B # 0.

Proof. This theorem is a consequence of the previous one. |

9.8.3 Observability and an observable pair of matrices

Let us consider the following stationary linear system supplied by an output model:

x(t)=Ax )+ Bu@t), x(0)=x, tel0,00]
(1) = Cx (1) (9.61)
A e Rnxn’ B e Rnxr

where y (1) € R” is treated as an output vector and C € R™*" is an output matrix.

Definition 9.6. The stationary linear system (9.61) or the pair (C, A) is said to be
observable if, for any time t,, the initial state x (0) = xo can be determined from the
history of the input u (t) and the output y (t) within the interval [0, t;]. Otherwise, the
system or pair (C, A) is said to be unobservable.

Theorem 9.10. (The criteria of observability) The pair (C, A) is observable if and only
if one of the following criteria hold:
Criterion 1. The observability grammian

G, () := [ eAT"CTCe?"dr (9.62)

T

Lo~—0

is positive definite for any t € [0, 00).
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Criterion 2. The observability matrix

C
CA

0.=| CA (9.63)

cA™!

has the full column rank or, in other words,
[ Ker (CA™") =0 (9.64)
i=1

where Ker (A) is the kernel or null space of A : R" — R"defined by
Ker (A) =N (A) :={x e R" : Ax =0} (9.65)

Criterion 3. The Hautus matrix
A— Al
C
has full column rank for all ) € C.

Criterion 4. Let ). and y be any eigenvalue and any corresponding right eigenvector
of A, that is, Ay = Ay, then Cy # 0.

Criterion 5. The eigenvalues of the matrix A + LC can be freely assigned (complex

eigenvalues are in conjugated pairs) by a suitable choice of L.
Criterion 6. The pair (A7, CT7) is controllable.

Proof. Criterion 1.
(a) Necessity. Suppose that the pair (C, A) is observable, but for some #; the grammian
of observability Gy (#,) is singular, that is, there exists a vector x # 0 such that

al
0=xT /eAT’CTCeA’dr X

=0

I n
= / xTeAT"CTCe* xdr | = / HCeATtzdt
=0 =0
So,

Ce"™x =0 (9.66)
for all © € [0, #;]. Then by (9.59)

3l

x(t)) = eMxo + / eI By (1) dt

=0
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and, hence,
n
y (1) = Cx (t;) = Ce*xy + / Ce* ™ DBy (1)dt
=0

or
1
v(t) =y () — / Ce? ™" DBy (1) dt = Ce?xy

=0

Selecting the initial conditions x, = 0, we obtain v (#;) = 0. But we have the same
results for any xo = x # 0 satisfying (9.66) which means that x, cannot be determined
from the history of the process. This contradicts that (C, A) is observable.

(b) Sufficiency. Suppose conversely: G, () > 0 for all ¢ € [0, co]. Hence,

t
T
0<xT /eA CTCerdt| x
=0

1 131
T
= /xTeA TCTCe*" x dt =/||Ce’“x
=0

=0

’2 dt

which implies that there exists a time 7, € [0, ¢] such that HCeA’Otz > 0 for any
x # 0. This means that Ce*™ is a full rank matrix (e*"*CTCe*™ > 0). Then

0
v (1) ==y (10) — / Ce? ™ By (1) dt = Ce?™xy

=0
and, hence,
eATCTY (1) = eATOCTCet
and
X0 = [eATT“CTCeAm]_1 eATCTY (1)

So, the pair (C, A) is observable. The first criterion is proven.

Criterion 2.
(a) Necessity. Suppose that the pair (C, A) is observable, but that the observability matrix
O does not have full column rank, i.e., there exists a vector X # 0 such that Ox =0
or, equivalently,

CAXx=0Vi=0,1,....,n—1
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Suppose now that xo = x. Then, by the Cayley—Hamilton theorem

t
v(t) =y () — / Ce " By (t)dr = Ce*'xy

=0
2n— 1

—CZ (At) Xo = Z CA’xO—i—Z CA’x0+ e =0
0
(9.67)
which implies

v(t) = Cetxy=0

and, hence, x, cannot be determined from v (¢) = 0. We obtain the contradiction.
(b) Sufficiency. From (9.67) it follows that

v (0) c
b (0) CA
V= v (0) = CA2 Xo = O.X()
SN (0) cA!

and since O has a full rank, then OTO > 0 and hence
=[0TO0] ' OTH

which means that x, may be uniquely defined. This completes the proof.
Criteria 3-6. They follows from by the duality of Criterion 6 to the corresponding
criteria of controllability, since the controllability of the pair (AT, CT) is equivalent to
the existence of a matrix LT such that AT + CTLT is stable. But then it follows that

(AT4+CTL)YT =A+LC
is also stable which coincides with Criteria 6 of observability.
Theorem is proven. (]
9.8.4 Detectability and a detectable pair of matrices
Definition 9.7. The stationary linear system (9.61) or the pair (C, A) is said to be
detectable if the matrix A+ LC is stable (Hurwitz) for some L. Otherwise, the system or

pair (C, A) is said to be undetectable.

Theorem 9.11. (The criteria of detectability) The pair (C, A) is detectable if and only
if one of the following criteria holds:

EAI} has full column rank for all Re » > 0.

Criterion 1. The Hautus matrix [A
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Criterion 2. Let ). and y be any eigenvalue and any corresponding right eigenvector
of A, such that Ay = Ay, Re A > 0, then Cy # 0.

Criterion 3. There exists a matrix L such that the matrix A + LC is stable.

Criterion 4. The pair (A7, C7) is stabilizable.

Proof. It follows from the duality of Criterion 4 of this theorem to the corresponding
criterion of stabilizability. Theorem is proven. ]
9.8.5 Popov-Belevitch—-Hautus (PBH) test

Definition 9.8. Let A be an eigenvalue of the matrix A, or equivalently, a mode of the

system (9.61). Then the mode A is said to be
1. controllable if

for all left eigenvectors x* of the matrix A associated with this X, i.e.,

’x*A:)»x*, x* ;éO‘

2. observable if

for all right eigenvectors x of the matrix A associated with this X, i.e.,

’Ax:kx, x;ﬁO‘

Otherwise, the mode is called uncontrollable (unobservable).

Using this definition we may formulate the following test-rule (Popov—Belevitch—-Hautus
PBH-test (Hautus & Silverman (1983)) for the verification of the properties discussed
above.

Claim 9.1. (PBH test) The system (9.61) is

1. controllable if and only if every mode is controllable;

2. stabilizable if and only if every unstable mode is controllable;
3. observable if and only if every mode is observable;

4. detectable if and only if every unstable mode is observable.
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10.1 Hamiltonian matrix

Let us consider the matrix Riccati equation'

|PA+ATP+ Q- PBR'BTP=0 (10.1)

and the associated 2n x 2n Hamiltonian matrix:

H = {_AQ _BfA;BT} (10.2)

Lemma 10.1. The spectrum o (H) of the set of eigenvalues of H (10.2) is symmetric
about the imaginary axis.

Proof. To see this, introduce the 2n x 2n matrix:

0 _Inxn
J = [1 0 } (10.3)

having the evident properties

J2 = _12n><2n
Jl=—J
So, we have
J'H] =—JHJ = —-HT (10.4)

which implies that A is an eigenvalue of H (10.2) if and only if (—)_L) is too
(see Fig. 10.1). O

"In the Russian technical literature this equation is known as the matrix Lurie equation.

175
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Fig. 10.1. Hamiltonian eigenvalues.
10.2 All solutions of the algebraic Riccati equation
10.2.1 Invariant subspaces
Definition 10.1. Let A: C" —— C" be a linear transformation (matrix), ) be an eigen-

value of A and x be a corresponding eigenvector of A, that is, Ax = Ax. So, A (ax) =
A (ax) for any o € R.

1. We say that the eigenvector x defines a one-dimensional subspace which is invariant
with respect to pre-multiplication by A since

A (ax) = (ax) k=1,...

2. Generalizing the definition before, we say that a subspace S C C" is invariant with
respect to the transformation A, or A-invariant, if

Ax € S forany x € §

or, in other words,

ASCS
3. If one of the eigenvalues has a multiplicity I, i.e. Ay = Ay = ... = A, then the
generalized eigenvectors x; (i = 1,...,1) are obtained by the following rule
(A—)\.II)XL‘Z.X',‘,I, i=1,...,l, X0 =0 (105)

10.2.2 Main theorems on the solution presentation

Theorem 10.1. Let ® C C** be an n-dimensional invariant subspace of H, that is, if
z € © then Hz € ©, and let Py, P, € C*™" be two complex matrices such that
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P . .
which means that the columns of [ Pl} may be considered as a basis in ©. If Py is
2

invertible, then

w00

is a solution to the matrix Riccati equation (10.1) which is independent of a specific
choice of bases of ©.

Proof. Since © is an invariant subspace of H, there exists a matrix A € C"*" such that

H {2} = [2] A (10.7)

Py

Indeed, let the matrix [
P,

[g]z[vl...vn}

where each vector v; satisfies the equation

} be formed by the eigenvectors of H such that

H vV = )Ll'l)i
Here ); are the corresponding eigenvalues. Combining these equations foralli =1, ..., n,
we obtain

H {Pl} CHveew] = [ 2]

Py
A1 0---0 0
Z[Ul"'vn] 0 0 _|:£1:|A
0 0---0 A, :
A =diag{Ay, ..., A,}
In the extended form, the relation (10.7) is
A —BR'BT|[P] [P
472

1

Post-multiplying this equation by P, we get

Inxll
C (PP

PAP!

[ A —BR'BT ] Lyxn
-0 _AT (Pzpl_l)
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_ L . . - . .
Then, the pre-multiplication of this equality by [ _ ( P,P; ) “Lyn } implies

[—(PzPl‘l) : 1} [_AQ _B_R;BT} {(Pinlzln‘l)}

[y )[R (0]

= (PP At (BPT) BROBT (PP) = 0 — AT (PP

IIlel

= [_ (PP IM} {(PzPl‘l)} PAP =0

which means that P := P, P satisfies (10.1). Let T be a nonsingular matrix. Then any

other basis from {? spanning ® can be represented as
2

Pl [P r_ [T
132 - P2 o P2T
P, Al P T
= ~ T = ~ 1
PZ P2 P2T
and, hence,

P=pp=(RT) (A1)
=BT (B) = A (B)
which proves the theorem. g
Corollary 10.1. The relation (10.8) implies
AP, — BR'BTP, = PA

A— (BR'BT) P = PAP! (10.9)

Theorem 10.2. If P € C"" is a solution to the matrix Riccati equation (10.1), then there
exist matrices Py, P, € C"" with P, invertible such that (10.6) holds, that is,

and the columns of [?} form a basis of ©.
2
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Proof. Define
A:=A— (BR'B")P
Pre-multiplying it by P gives

PA:=PA—P(BR'B")P=-Q—ATP

These two relations may be rewritten as

A —BR7'B7| [I,., Lisn | %
T =]

Hence, the columns of [1’}:"] span the invariant subspace ® and defining P, := I,
and P, = P completes the proof. (]

10.2.3 Numerical example

Example 10.1. Let

-3 2 0
A=|:_21:|a B=|:]:|7 R=IZ><2’ Q=O

32 0 0

21 0 -1

H= 00 3 2

00 -2 —1

Then the eigenvalues of H are 1,1, (—1), (—1) and the eigenvector and the generalized
eigenvector (10.5) corresponding to Ay = A, = 1 are

vy =(1,2,2,-2)T, v, =(-1,-3/2,1,0)7
and the eigenvector and the generalized eigenvector corresponding to 3 = hy = —1 are
v;=(1,1,0,0)T, wvy=(1,3/2,0,0)T

Several possible solutions of (10.1) are given below:

1. spanfvy, v2} == {z € C*" : z = av; + Py, o, B € R}
is H-invariant: let

T
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then

R 2 I I I D
P=hh _{—2 on —3/2}

[ 217[-3020]_[-100 6.0
| -20]|-4020|7| 60 —40

P
3. span{vs, v4} is H-invariant: let [ Pl ] = [ U3 Uy ], then
2

L oot 11" Joo
P=P2P‘1=[00H0 3/2] =[00}

4. Notice that here span {vy, v4}, span {v,, v3} and span {v,, v4} are not H-invariant.

Remark 10.1. If a collection of eigenvectors of H forms a basis in C" which defines a
solution of the Riccati matrix equation given by P = P, Pfl, then the number Ny;. of all
possible solutions of this equation is

(2n)! _ @2n)!

Nic= -
e men—n! — ()2

10.3 Hermitian and symmetric solutions
10.3.1 No pure imaginary eigenvalues

Theorem 10.3. Let ®© C C** be an n-dimensional invariant subspace of H and let

Py, P, € C™" be two complex matrices such that ® = Im U|. Then the assumption

P

M+A#0 forall i,j=1,...,2n (10.10)

where A;, )_»J- are the eigenvalues of H, implies
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1. P} P, is Hermitian, that is,
PP, = PP
2. if, in addition, Py is nonsingular, the matrix P = P, Pl’1 is Hermitian too, that is,

P = (PP =P

Remark 10.2. The condition (10.10) is equivalent to the restriction
ReA; #0 forall i=1,...,2n (10.11)
which means that H has no eigenvalues on the imaginary axis.

Proof. Since ® is an invariant subspace of H, then there exists a matrix A such that
spectrums of the eigenvalues of A and H coincide, that is,

o (A) =0 (H)

and (10.7) holds:
Pl | P
n[5]=[5]a o
o : Pl
Pre-multiplying this equation by p J, we get
2
PR _[R] [P
) o2 = [2] /2]
By (10.4), it follows that J H is symmetric and, hence, is Hermitian (since H is real).

So, we obtain that the left-hand side is Hermitian, and, as a result, the right-hand side is
Hermitian too:

Pl (Al (AL [P
AR
A TR
- o] /]

which implies

XA+ AX=0
X :=(=P;P,+ P;P)
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But this is a Lyapunov equation which has a unique solution X = 0if A; (A) + A i (A) #0.
But, since the spectrum of eigenvalues of A and H coincides, we obtain the proof of the
claim. Moreover, if P; is nonsingular, then for P = P, Pl_l it follows that

Pr= (PP = (P Py = (P (PrPPTY)
= (P;) ' PrPP = PP =P
Theorem is proven. ]
Theorem 10.4. Suppose a Hamiltonian matrix H (10.2) has no pure imaginary eigen-
values and X_ (H) and X, (H) are n-dimensional invariant subspaces corresponding
to eigenvalues A; (H) i =1,...n) in Res < Oand to A;, (H) i=n+1,...,2n) in
Re s > 0, respectively, that is, X_ (H) has the basis

Vi1 Una

[Ul e, } — Vi : Un.,n — |:P1 :|

Vintl * Unntl P,
v1,2n : vn,Zn
U1 Un Uin+1 * Unntl
p=| - - - | P=
vl,n ° vn,n vl,2n : Un,Zn

Then P, is invertible, i.e. P exists if and only if the pair (A, B) is stabilizable.
Proof. Sufficiency. Let the pair (A, B) be stabilizable. We want to show that P; is

nonsingular. Contrariwise, suppose that there exists a vector x, # 0 such that Pxy = 0.
Then we have the following. First, notice that

x; Py (BR7'BT) Poxo = |R7'2BT Poxo|| = 0 (10.13)
or, equivalently,

R'*BTPxy =0 (10.14)
Indeed, the pre-multiplication of (10.12) by [I 0] implies

AP, — (BR'BT) P, = PA (10.15)
where A = diag (14, ..., },) is a diagonal matrix with elements from Re s < 0. Then, pre-

multiplying the last equality by x; P;’, post-multiplying by x, and using the symmetricity
of PP, = P} P, we get
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x;P; [AP, — (BR7'BT) P,] xo
= —xg Py (BR™'BT) Pyxo = x Py PiAx,
= xy P P2Axg = (P1x0)" P,Axo =0

which implies (10.13). Pre-multiplying (10.12) by [I 0], we get

—QP —ATP, = PA (10.16)
Post-multiplying (10.16) by x, we obtain

(=0 P — AT Py) xg = —AT Pyxog = PyAxo = Ao Paxo

where

Xy Axg

" ol
which implies
0= AT Pyxg 4+ Pyroxg = (AT 4+ Aol) Prxg
Taking into account that, by (10.13),
(BR'BT) Pyxg =0
it follows that
[(AT +Aol): (BR™'BT) |Pyxg =0

Then, the stabilizability of (A, B) (see Criterion 1 of stabilizability) implies that
Pz)C() =0. SO,

rl
1o

P

Py

contradiction.
Necessity. Let Py be invertible. Hence, by (10.15)

and, since { } forms the basis and, hence, has a full rank, we get x, = 0, which is a

A— (BR'BT) P,P[' = PIAP]

Since the spectrum of the eigenvalues of P;AP;' coincides with one of A, we may
conclude that the matrix

Acosea :=A— (BRT'BT) PP
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is stable and, hence, the pair (A, BR™'BT) is stabilizable (in the corresponding definition
K = P2P1"). It means that for all A and x such that Ax = Ax and ReA > 0, in other
words, for all unstable modes of A

x*BR7'BT £0 (10.17)
which implies
xX*B #0

Indeed, by the contradiction, assuming that x*B = 0, we obtain x*BR~'BT = 0 which
violates (10.17). |

Corollary 10.2. The stabilizability of the pair (A, B) implies that the matrix
Actosea = A — (BR™'BT) P,P["! (10.18)
is stable (Hurwitz).

Proof. Post-multiplying (10.12) by P;"' we get

H [ﬂ = [é] P AP, P=PP!

which after pre-multiplication by [I 0] gives

[10] H {lelﬂll}

= [10] {A _—gfjxf;) P] —A— (BR'BT) P

1

= Aclased = [10} |:P2:| PII\PI_l = PIZ\PI_1

But PlAPl" is stable, and hence A, is stable too. O

10.3.2 Unobservable modes

Theorem 10.5. Assuming that the pair (A, B) is stabilizable, the Hamiltonian matrix H
(10.2) has no pure imaginary eigenvalues if and only if the pair (C, A), where Q = CTC,
has no unobservable mode on the imaginary axis, that is, for all . and x, # 0 such that
Axy = Ax;, A = iw, it follows that Cx; % 0.
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Proof. Suppose that A = iw is an eigenvalue and the corresponding eigenvector [;Cl } # 0.
2

Then

glaZ Ax, — BR'BTx, N l:a)xl

Xo —C7Cx; — ATx, X iwxs
After rearranging, we have
A—iwl)x;=BR'BTx
( )% ? (10.19)

— (AT —iwl)x, = CTCx;
which implies

(x2, (A —iwl) x;) = (x2, BR'BTx,) = |R7'2BTx, |

— (L (AT —iwl) x) = = (A = iw]) x1,22) = (31, CTCxp) = [|Cxy||?
As a result, we get

|R™'?BTx,|| + ICxi]I> =0
and, hence,

BTx;, =0, Cx; =0
In view of this, from (10.19) it follows that

(A—iwl)x,=BR'BTx, =0
— (AT —iwl)x, =CT7Cx; =0

Combining the four last equations we obtain
x5 [(A—iol)B] =0

[(A —Ciwl)} X =0

The stabilizability of (A, B) provides the full range for the matrix [(A —iwl) B] and
implies that x, = 0. So, it is clear that iw is an eigenvalue of H if and only if it is an
unobservable mode of (C, A), that is, the corresponding x; = 0 too. [l



186 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

10.3.3 All real solutions

Theorem 10.6. Let ® C C* be an n-dimensional invariant subspace of H and let

P .
"1 form a basis of
Py

© and P, is nonsingular. Then P = P,P"' is real if and only if © is conjugated
symmetric, i.e. 7 € © implies that 7 € ©.

Py, P, € C™" be two complex matrices such that the columns of

Proof. Sufficiency. Since © is conjugated symmetric, then there exists a nonsingular
matrix A such that

Al=[n]

Therefore,

P=PP " =(PN)(PN) ' = PNN P =PP ' =P

So, P is real. .
Necessity. We have P = P. By assumption P € R"*" and, hence,

SHRS

Therefore, ® is a conjugated symmetric subspace. |

Remark 10.3. Based on this theorem, we may conclude that to form a basis in an
invariant conjugated symmetric subspace we need to use the corresponding pairs of the
complex conjugated symmetric eigenvectors or its linear nonsingular transformation
(if n is odd then there exists a real eigenvalue to which an eigenvector should be added
to complete a basis) which guarantees that P is real.

10.3.4 Numerical example

Example 10.2. Let

[—1 2 0] 10
A=- 01:|7 B=|:1-y R=12><2’ Q=|:01:|
-1 2 0 0
0 1 0 -1
H=1_10 1 o
0 -1 -2 -1 |
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The eigenvalues X\; and the corresponding eigenvectors v; are as follows:

A

= —1.4053 + 0.68902i

Ay = —1.4053 — 0.68902i

Az = 1.4053 + 0.68902i

V3 =

Aq = 1.4053 — 0.68902i

Vg4 =

v =

Uy =

—0.4172 — 0.50702i
0.25921 — 4.0993 x 10~
—0.10449 — 0.24073i
0.59522 — 0.27720i

—0.50702 — 0.4172i
—4.0993 x 1072 +0.25921i
—0.24073 — 0.10449i
—0.27720 + 0.59522i

[2.9196 x 1072 4+ 0.44054i
—0.11666 + 0.53987i
—0.49356 — 0.24792i

0.41926 — 0.1384i

[—0.44054 — 2.9196 x 1072
—0.53987 4 0.11666i
0.24792 + 0.49356i
0.1384 — 0.41926i

Notice that (—iv,) = vy and (ivy) = v3 which corresponds to the fact that the eigenvectors
stay the same being multiplied by a complex number. Then forming the basis in two-

dimensional subspace as
[v1 2]

—0.4172 — 0.50702i

0.25921 — 4.0993 x 1072

—0.10449 — 0.24073i
0.59522 — 0.27720i

we may define

—0.4172 — 0.50702i

Pr= [0.25921 —4.0993 x 10

Pl —0.13800 4+ 0.8726i
71 -0.8726 + 0.13800i

and

p,._ | —0-10449 — 0.24073i
271 0.59522 — 0.27720i

Hence,

P=P,P'= [

i

—0.50702 — 0.4172i

—4.0993 x 10724 0.25921i
—0.24073 — 0.10449i
—0.27720 + 0.59522i

—0.50702 — 0.4172i }

2 —4.0993 x 1072 +0.25921i

1.7068 + 1.4045i }

—1.4045 — 1.7068i

—0.24073 — 0.10449i
—0.27720 + 0.59522i

0.44896 0.31952
0.31949 2.8105
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and we may see that P is a real matrix. Also we have
Aciosea = A — (BR™'BT) P,P["!

[ -10 2.0
= [-0.31949 —1.8105

with the eigenvalues:
A1 (Agosea) = —1.4053 + 0.68902i

A2 (Agipsea) = —1.4053 — 0.68902i

10.4 Nonnegative solutions
10.4.1 Main theorems on the algebraic Riccati equation solution

Theorem 10.7. The matrix Riccati equation (10.1)

|PA+ATP+Q— PBR'BTP=0| (10.20)

has a unique nonnegative definite solution P = PT > 0 which provides stability to the
matrix

| Adosea = A — BR™'BTP| (10.21)

corresponding to the original dynamic system

(1022

closed by the linear feedback control given by

lu=—Kx=—R'B"Px with K=R'BTP (10.23)

if and only if the pair (A, B) is stabilizable and the pair (C, A) where

(10.24)

has no unobservable mode on the imaginary axis.

Proof. The existence of P = P, P, and its symmetricity and reality are already proven.
We need to prove only that P > 0. Let us represent (10.1) in the following form

PA+ATP+Q—KTRK =0

(10.25)
RK = BTP
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By (10.25) it follows that

PArlmed + AIlmgdP = - (Q + KTRK)

(10.26)
Aclosed =A— BK, K=R'BTP

Since (Q + KTRK) > 0, by the Lyapunov Lemma 9.1 it follows that P > 0. O

Example 10.3. Let us consider the following simple scalar dynamic system given by

X =ax+bu, y=cx

with

a#0, b=1, ¢c=0

Notice that this system is completely unobservable! The corresponding Riccati equation
(with R =r = 1) is 2ap — p* = p 2a — p) = 0 and its solutions are p, = 0, p, = 2a.
The case a = 0 corresponds to the case when the Hamiltonian (22.70) has the eigenvalues
(0, 10) on the imaginary axis. That’s why this case is disregarded.

1. The case a < 0. There exists the unique nonnegative solution p = p; = 0 of the
Riccati equation which makes the closed-loop system stable. Indeed,

Aejosed -~=ad — P =a < 0

2. The case a > 0. Here the unique nonnegative solution of the Riccati equation making
the closed-loop system stable is p = p, = 2a, since

Aelosed »“— A — P = —a < O

So, the observability of a linear system is not necessary for making the closed-loop
system stable with a stationary feedback designed as in (10.26)!

Theorem 10.8. (On a positive definite solution) If under the assumptions of the previ-
ous theorem additionally the pair (C, A) is observable, i.e. the matrix O (9.63) has the
full column rank, then the solution P of the matrix Riccati equation (10.20) is strictly
positive, that is, P > 0.

Proof. Let us rewrite (10.20) as

PA+ATP—PBR'BTP=-Q (10.27)

Suppose that for some vector x # 0 the condition Px = 0 holds. Then the post- and
pre-multiplication of (10.27) by X and x* leads to the following identity

0=—3"0i=—|Ci|*=0
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This means that Cx = 0, or, equivalently, X belongs to the unobservable subspace.
Post-multiplying (10.27) by X implies also that

PAXx =0

Using this fact, the post- and pre-multiplication of (10.27) by Ax and x*AT leads to the
identity

0=—%*ATQA%X = — ||CAX|* =0

This means that CAx = 0, or, equivalently, AXx belongs to the unobservable subspace.
Also it follows that

PA’%X =0

Iterating this procedure we get that, for any k =0, 1,...,n — 1, the following identities
hold:

CA*%¥ =0, PA*3 =0

This means exactly that Ox := 0 where X # 0. So, O is not a full column rank that
contradicts the assumption of theorem, and, hence, P > (. Theorem is proven. |

Corollary 10.3. If there exists a vector X # 0 such that Px = O, then the pair (C, A) is
unobservable.

Summary 10.1. The matrix Riccati equation (10.1) has a unique positive definite
solution:

1. if and only if the pair (A, B) is stabilizable and the pair (C, A) has no neutral (on
the imaginary axis) unobservable modes, that is,

if Ax=Ax, A=iw, then Cx #0
2. and if, in addition, the pair (C, A) is observable, that is,
rank O =n

The next simple example shows that the observability of the pair (C, A) is not neces-
sary for the existence of a positive definite solution.

Example 10.4. (Zhou, Doyle & Glover (1996)) Indeed, for

Az{é g] Bzm, c=1[00]

such that (A, B) is stabilizable, but (C, A) is not observable (even not detectable) the
solution of the Riccati equation (10.1) is

18 —24
P= {—24 36} =0
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This chapter follows the fundamental book of Boyd et al. (1994) where there is shown
that a wide variety of problems arising in system and control theory can be reduced to
a few standard convex (or quasiconvex) optimization problems involving linear matrix
inequalities (LMIs). Here we will also touch briefly the, so-called, interior point method
Nesterov & Nemirovsky (1994) providing a powerful and efficient instrument to solve
numerical LMIs arising in control theory.

11.1 Matrices as variables and LMI problem
11.1.1 Matrix inequalities

Definition 11.1. A linear matrix inequality (LMI) has the block form

0= F ) :Z{Fn(X) Flz(X)}

Fy (X) F(X)

_ [51|+G11XH11 + HXG|, Su+GupXHp+ HLXGY,
1+ GuXHy+ H)XG], Sn+ GnXHy + HLXGY,

(11.1)
where the matrices X € R™", §;; € R™" (i = 1, 2) are symmetric and
Sij=8; eR™, Gi;=G; eR"™, H;=H; eR"™(,j=12)
such that each block F;; (X) is an affine transformation (mapping) from R"" to R"™".
This inequality means that F (X) is positive definite, i.e. uT F (X)u > 0 for all nonzero

u € R*. A nonstrict LMI has the form

F(X)>0 (11.2)

191
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Both inequalities (11.1) and (11.2) are closely related since the last one is equivalent to
the following inequality

FX):=FX)+0>0>0

where Q € R*>?" is any positive definite matrix. So, without loss of generality we will
consider below only strict LMIs (11.1).
Multiple LMIs

FYX)>0,...,FP(X)>0 (11.3)
can be expressed as a single LMI
diag (F" (X),..., F? (X)) >0 (11.4)

Therefore we will make no distinction between a set of LMIs (11.3) and a single
LMI (11.1).

Remark 11.1. Nonlinear (convex) inequalities may be converted to LMI form using Schur
complements. The basic idea of this relation is as follows: the LMI (11.1) is equivalent
(see (7.14)) to the following systems of matrix inequalities:

Fi i (X)>0
F22 (X) >0
(11.5)
Fiy (X) = Fio (X) F' (X) F (X) > 0
Fy (X) — FL(X) Fi' (X) Fla (X) > 0
11.1.2 LMI as a convex constraint
Lemma 11.1. The LMI (11.1) is a convex constraint on X, i.e., the set
(X | F(X) > 0) (11.6)

is convex.

Proof. Let for some X, Y € R*"

F(X)>0, F(¥)>0
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Define Z := AX 4+ (1 — A) Y for some A € [0, 1]. Then

S+ GuZHy+ HLZG], Syn+GnZHxn+ HLZGT,

F(Z) = {SM +GnZH\, +H],ZG], S+ GinZH;,+ HITZZGITZ}

_ S11+G11XH11+HI1XGI1 S12+G12XH12+HI2XGT2
T U8+ GuXHy + HLXGY, Sy + GpuXHy+ HLXGY,

Ld— {Sn +AGUYHy + HLYGY, S+ AGpYHyp, + AHITZYGITZ]

S+ Gy YHy + HLXG), Sy + GnYHy+ HLYGE
—AFX)+(1 =M F¥)>0

which proves the result. (]

11.1.3 Feasible and infeasible LMI

Given an LMI F(X) > 0 (11.1), the corresponding LMI problem is to find a feasible
X /e such that F(X/**) > 0 or determine that this LMI is infeasible, or, in other words,
LMI has no solution. Represent LMI F(X) > 0 (11.1) in the form

[0<FX)=5+GX)| (11.7)
where
Sll SlZ
S =
{521 522}
G(X) = GuXH, + HXG[, GuXHp+ HLXG,
" |GuXHy + H{XG], GuXHy+ HjpXG,

LMI F(X) > 0 (11.1) is infeasible means that the affine set
{FX)>0]| X eR™}

does not intersect the positive-definite cone. From convex analysis this is equivalent to
the existence of a linear functional / that is positive on the positive-definite cone and
nonpositive on the affine set of the matrix. By the Riss theorem 18.14 the linear functionals
that are positive on the positive-definite cone are of the form / = Tr(LF), L > 0, L # 0.
Here there is used the fact that the scalar product in the matrix space is Tr(-). Since [ is
non-positive on the affine set { F(X) > 0| X € R"*"} we may conclude that

Tr(LS) <0, Tr(LG)=0 (11.8)

So, to prove that LMI (11.1) is infeasible means find a nonzero matrix L > 0, L # 0
which verifies (11.8) where S and G is the representation (11.7) of F(X).
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11.2 Nonlinear matrix inequalities equivalent to LMI
11.2.1 Matrix norm constraint

The matrix norm constraint
Izl < 1 (11.9)
(where Z(X) € R"™“ depends affinely on X), or, equivalently,
Ly, — Z(X)ZT(X) >0

is represented as

L Z(X)
{ZT(X) I } >0 (11.10)
11.2.2 Nonlinear weighted norm constraint
The nonlinear weighted norm constraint
’cT(X)P*1 X)e(X) <1 (11.11)

(where ¢(X) € R", 0 < P(X) € R depend affinely on X) is expressed as the
following LMI

P(X) c(X)
LT(X) 1]>0 (11.12)

11.2.3 Nonlinear trace norm constraint

The nonlinear trace norm constraint

Tr(STCOP' (X) S(X)) < 1 (11.13)

(where S(X) € R™4, 0 < P(X) € R depend affinely on X) is handled by introducing
a new (slack) variable Q = QT € R”*? and the following LMI in X

0 ST(X)
Tr(Q) < 1, {S(X) P(X)]>0 (11.14)
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11.2.4 Lyapunov inequality

The Lyapunov inequality

XA+ATX <0 (11.15)

where A € R"*" is a stable matrix, is equivalent to the following LMI

—XA—ATX Ouxn
[ 0,0 Inxn:| >0 (11.16)
11.2.5 Algebraic Riccati—Lurie’s matrix inequality
The algebraic Riccati-Lurie’s matrix inequality
XA+ATX+XBR'BTX+0Q0 <0 (11.17)
where A, B,Q = QT7,R = RT > 0 are given matrices of appropriate sizes and

X = X7 is variable, is a quadratic matrix inequality in X. It may be represented as the
following LMI:

[_XA_ATX_Q XB} >0 (11.18)

BTX R

11.2.6 Quadratic inequalities and S-procedure
Let us consider the quadratic functions given by
Fi(5)=¢TAL+2b7¢ +¢ (i=0,1,...,L)

with A; = AT (i=0,1,...,L). Consider also the following conditions on Fy (¢),
Fi(¢),..., Fr():

Fo(¢)>0 forall ¢ suchthat F,(¢)>0(i = 1,...,L)\ (11.19)
Obviously if there exist such numbers 7; > 0 (i = 1, ..., L) such that for all ¢
L
Fo() =Y wFi () =0 (11.20)
i=1

then (11.19) holds.
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Remark 11.2. I is a nontrivial fact that for L = 1 the converse also holds, provided
that there is some {° such that Fy ({°) > 0. The Farka$ lemma states the fact that
in the general case, when L > 1 and when all functions F; (¢) are affine, i.e. A; =0
i=0,1,...,L), (11.19) and (11.20) are equivalent.

The last inequality (11.20) can be represented as

eTSe >0, e:=¢/llKl, ¢#0

L
— |40 bo A b (11.21)
e[l 2o [ !

1

which is equivalent to the LMI inequality S > 0.

11.3 Some characteristics of linear stationary systems (LSS)
11.3.1 LSS and their transfer function

Let us consider a linear stationary system given by the following equations

x(t) =Ax () + B,w (1)
x (0)=x¢ is fixed (11.22)
Z(t) = szx (t)+Dzww(t)

where x, € R" is the state of the system at time ¢, z, € R™ is its output and w, € R¥ is
an external input (or noise). The matrix A is assumed to be stable and the pair (A, B,,)
is controllable, or, equivalently, the controllability grammian W, defined as

(o9

W, = /eA’BwBTeA”dz (11.23)

w

t=0

is strictly positive definite, i.e. W, > 0. Applying the Laplace transformation to (11.22)
we found that the transfer function of this LSS is equal to the following matrix

H (s) = C (slyxw — A)"' By + Dy, (11.24)

where s € C.

11.3.2 H, norm

The H, norm of the LSS (11.22) is defined as

1 o0
IH )= |5 Tr /H(ja))H*(ja))dw (11.25)

w=0
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It is finite if and only if D,, = 0. In this case it can be calculated as follows

IH (5)]l; = Tr(C W.CT,) (11.26)

If C., is an affine function of some matrix K, i.e. C,, = C,, (K), then the problem of
finding some K fulfilling the inequality

Tr(CW.CT) < y? (11.27)

(here ¥ > 0 is a tolerance level of this LSS) is really LMI since by (11.14) the inequality
(11.27) can be rewritten as

1
Tr(Q) < 1, {Cy; (,%C;;F_’f)} >0 (11.28)

with a slack matrix variable Q.

11.3.3 Passivity and the positive-real lemma

The linear stationary system (11.22) with w, and z, of the same size is said to be
passive if

T

/w,th dt >0 (11.29)

t=0

for all solutions of (11.22) (corresponding to all admissible w,) with xo = 0 and all
T > 0. Passivity can be equivalently expressed in terms of the transfer function (11.24),
namely, (11.22) is passive if and only if

]H(s)+H*(s)=2ReH(s)zo for all Res>0\ (11.30)

that’s why the passivity property is sometimes called real-positiveness. It is said that the
system (11.22) has dissipation n > 0 if

T T
/w;z,dr > n/w:w,dt (1131)
=0 =0

for all trajectories with xo = 0 and all 7 > 0.

Remark 11.3. Evidently, if (11.22) has dissipation n = 0, then it is passive (but not
inverse).
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Suppose that there exists a quadratic function V (x) := xTPx, P > 0, such that for
all x; and w;,, satisfying (11.22), the following inequality holds

d
EV (x) = 2wz, + 2nww, <0 (11.32)

Then, integrating this inequality within [0, T']-interval with xo = 0 yields

T T

V(Xz)—/wfz[dt+r//wfw,dt§0

=0 =0

and, since,

wlw, dt

\’*E

T
OSV(XT)S/w,Ttht—U

=0 =0

we obtain (11.31). So, if (11.32) holds, then one may guarantee the n-dissipation for
(11.22). Simple substitution

d .
EV (x) = 2x" Px, = 2x P [Ax, + B,w,]

=x"[PA+ATP|x, +x" [PB,|w, +w [B] P]x,
and
ir = szxt + Dzwwt

into (11.32) implies

x\ [PA+ATP PB, — Cy ) <o
w; BTP—C; annxn_ (DT +Dzw) Wy B

w w

or, equivalently, as the following LMI

>0 (11.33)

—PA—-ATP —PB, +C,,
—BIP+CL 23l + (DI, + D.,)

So, if there exists a matrix P = PT > 0 satisfying (11.33) then the linear system (11.22)
is n-dissipative.

Lemma 11.2. (The positive-real lemma) Under the technical condition

D], + Doy > 2nl,xn (11.34)
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the sufficient condition of n-dissipativity (11.33) is equivalent to the existence of the
positive definite solution P to the following Riccati inequality

PA+ATP

FIPB, — Cl[(DL + D) — 20t (8P~ 0 (139

Remark 11.4. It is possible to show that LMI (11.35) is feasible if and only if (11.22) is
passive.

11.3.4 Nonexpansivity and the bounded-real lemma

The linear stationary system (11.22) is said to be nonexpansive if

T T
/Zth, dt < /w,Tw, dt (11.36)
=0 =0

for all solutions of (11.22) (corresponding to all admissible w,) with xo = 0 and all
T > 0. Nonexpansivity can be equivalently expressed in terms of the transfer function
(11.24), namely, (11.22) is nonexpansive if and only if the following bounded-real
condition holds

]H* (s)H(s) <I forall Res>0 (11.37)

that is why this condition is sometimes called nonexpansivity. This is sometimes exp-
ressed as

|Hlly < 1 (11.38)

where

”H”oo ‘= Sup {)‘-max (H* (S) H (S)) | Res > 0}

' , (11.39)
= sup {Amax (H* (iw) H (iw)) | @ € (—00, 00)}

Suppose that there exists a quadratic function V (x) := xTPx, P > 0, such that for
all x; and w;,, satisfying (11.22), the following inequality holds

d
EV () = 2wfw, +2z7z, <0 (11.40)

Then, integrating this inequality within the [0, T']-interval with xo = 0 yields

T T

V(xf)—/wfw,dt+/zfz,dt§0

t=0 =0
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and, since,

0=<V(xr) =

t

wlw,dt — [ zTz, dt

g’\\!
’Ll’\ﬂ

t

we obtain (11.36). So, if (11.40) holds, then one may guarantee the nonexpansivity for
(11.22). Simple substitution

d
EV (x)) =2x" Px, = 2x P [Ax; + B,w,]
=x [PA+ ATP]x, +x [PBy,]w, + w' [B] P]x,
and
2 = Couxy + Dy, w,

into (11.40) implies

x\T PA+ATP+CIC,, PB,+C]D, X <0
Wy BJ;P —+ DT CZX DzT;UDzw -1 w, =

w

or, equivalently, as the LMI

>0 (11.41)

“PA—ATP—CIC. —PB,—CLD.
_BJ)'P — DT sz 1 —DT Dzw

w

w

So, if there exists a matrix P = PT > 0 satisfying (11.41) then the linear system (11.22)
is nonexpansive.

Lemma 11.3. (The bounded-real lemma) Under the technical condition
DI D., # 1 (11.42)

the sufficient condition of nonexpansivity (11.36) is equivalent to the existence of the
positive definite solution to the following Riccati inequality

PA+ATP+CIC,
‘ (11.43)
[PB, — CLD.,| [I - Dngw]*‘ [BIP— DI C.] <0

Remark 11.5. It is possible to show that LMI (11.43) is feasible if and only if (11.22) is
nonexpansive.
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11.3.5 Hy norm

The condition

Hle <y, O<y (11.44)

can be represented as

with the transfer function H (s) given by

H(s) = Cy (slyxn — A" B, + D,

~ - (11.45)
sz = y_lczx» D, = y_lsz
Therefore, based on the bounded-real lemma (see (11.41)), the constraint (11.44) would
be valued if

PA+ATP+CIC,. PB,+CID,

X X

BIP+ DIC., D1,D., —1

_[PA+ATP+y’CIC.. PB,+y’CLD., <0
BJP+V_2DJwCzX y_zD;erzw_I o

which is equivalent to the feasibility of the following LMI

PA+ATP+CIC, PB,+CID,
BIP + D] C., DI D, — vl
0<P=yP

(11.46)

11.3.6 y-Entropy

The y-entropy for the system (11.22) with the transfer function H (11.24) is defined
in the following way:

I, (H) =
2—)// ogdet I—vy H(]a))H*(]a)))da) if |Hllo<y (11.47)

00 otherwise
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When ||H ||, < ¥, I, (H) can be calculated as

I, (H)="Tr (B]PB,) (11.48)

where P is a symmetric matrix with smallest possible maximum singular value among
all solutions of the following algebraic Riccati equation

PA+ ATP +CIC..+y2PB,BIP =0

Therefore the y-entropy constraint I, (H) < A is equivalent to LMI in P, y and A,
namely,

PA+ATP PB, CL.

BTP -y 0 | <0
C.. 0 -7 (11.49)

D, =0, Tr(BIPB,)<x

11.3.7 Stability of stationary time-delay systems

Consider a stationary time-delay system given by

L
i o=Ax+ Y A, (11.50)

i=1

where x, € R" and t; > 0. If the Lyapunov—Krasovskii functional

L t
V(x,t):=x"Px, + E / xT Pix,ds
- (11.51)

ls=t—1

P>0 P>0(@G(=1,...,L)

satisfies

dV( t) <0
PR <

for every x; satisfying (11.50), then this system is asymptotically stable, namely,

x, > 0ast —> o0
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This can be verified by the simple calculation

dV( N =y'Ww
LV =
dr Ve Wy
L
PA+ATP+ZP,-] PA, - PA,
i=1
W= ATP P -0 (11.52)
ATP 0 - —P
V= (X Xiee, o X,

providing that the matrices P > 0, P, >0 (i =1, ..., L) are satisfying LMI W < 0.

11.3.8 Hybrid time-delay linear stability

Let us consider the following hybrid time-delay linear system given by

X1 () = Apx (1) + Ay (t — 1)
X2 (1) = Agxy () + Azxy (1 — 1) (11.53)
x1(0) =x19, 2 (0) =9 (0) 0 € [-1,0]

where Ay € R, A} € RV, A, € R™", A; € R™ are the given matrices of
the corresponding dimensions and v : R! — R™ is a function from C [—t, 0]. Notice
that the first equation in (11.53) is an ordinary differential equation and the second one
is a difference equation in continuous time that justifies the name “hybrid time-delay
system”.

We are interested in finding the conditions of asymptotic stability for this system.
Following Rasvan (1975), let us introduce the energetic (Lyapunov—Krasovskii-type)
functional

t

V()Cl(l),XQ) = .XIT (t) Px, (t) + / sz (9) S}CQ (9)(19
o=t—c (11.54)

0<P=PTeR™, 0<§5=STeRm"

Its derivative on the trajectories of (11.53) is as follows:

%V (x1(@), x) =zT (@) Wz () (11.55)



204 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

where

2T (1) == (@), x2 (1 — 1))

and

AIP + PAy+ ATSA, PA, + Al SA;

W =
ATP 4+ ATSA, ATSA;— S

(11.56)

(11.57)

As it is shown in Rasvan (1975), the existence of the matrices P and S such that the

following LMI holds

W <0

implies the asymptotic stability of (11.53).

11.4 Optimization problems with LMI constraints

11.4.1 Eigenvalue problem (EVP)

The eigenvalue problem (EVP) consists of the minimization of the maximum eigenvalue
of an n x n matrix A(P) that depends affinely on a variable, subject to LMI (symmetric)

constraint B(P) > 0, i.e.,

Amax (A(P)) — min

B(P) >0

This problem can be equivalently represented as follows:

A — min
A, P=PT

AMyen —A(P)>0 0
0 B(P)

11.4.2 Tolerance level optimization

(11.58)

(11.59)

The tolerance level optimization problem can be represented in the following manner:

y — min
O<y,P=PT

PA+ATP+CTC+y 'PBBTP <0

(11.60)
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Equivalently, it can be rewritten as an optimization problem with LMI constraints:

Y e 0<y})11111;1:PT
—PA—ATP—-CTC PB 0 (11.61)
BTP vyl 0] >0
0 0 P

11.4.3 Maximization of the quadratic stability degree

The quadratic stability degree of a stable n x n matrix A is defined as a positive value
o satisfying the matrix inequality

ATP+ PA < —aP

for some positive definite matrix P. The problem of the maximization of the quadratic
stability degree consists of the following optimization problem

o —  max
O0<a,0<P=PT
(11.62)
ATP+ PA+aP <0
which can be expressed as an optimization with LMI constraint, namely,
o — max
O<a,P=PT
(11.63)

—ATP—-—PA—aP O

0 p| >0

11.4.4 Minimization of linear function Tr (C PCT) under the Lyapunov-type
constraint

Lemma 11.4. (Polyak & Sherbakov (2002)) Let

1. the matrix A € R™" be Hurwitz;

2. the pair (A, B) be controllable, i.e. there exists a matrix K such that (A + K B) is
Hurwitz.
Then for any matrix C € R¥" the solution of the problem

Tr (CPCT) — rphol (11.64)

under the constraint

AP + PAT + BBT <0 (11.65)
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is attained on the Lyapunov matrix equation

|AP* + P*AT + BBT = 0| (11.66)

Proof. Suppose that the minimizing solution satisfies the equation
AP+ PAT+BBT=—-0<0

Then, by Lemma 9.1,

o0 [o ]
P= /eA’(Q +BBT) e dt > /eA’BBTeAT’dt = pP*
=0 =0
and, hence,
oo
Tr(CPCT) = Tr (CP*CT)+ Tr | C [ e*Qe*"'dtCT | > Tr (CP*CT)
t=0
This means that P* is a minimizer. Lemma is proven. ]

11.4.5 The convex function log det A=' (X) minimization

First notice that log det A~! (X) is a convex function of A. We will encounter the
following:

logdet A™' (X) — min (11.67)

X=XTeRnxn

subjected to the following constraints

AX) >0, B(X)> 0\ (11.68)

where A(X), B(X) are symmetric matrices that depend affinely on X.

Example 11.1. As an example of the problem (11.67)—(11.68) consider the following:
find a minimal ellipsoid

]e::{uzTPzgl}, P>0\ (11.69)

containing the set of given points v; (i = 1,..., L), i.e. v; € ¢. Since the volume of ¢ is
proportional to (det P)~'"?, minimizing log det P~ is the same as minimizing the volume
of &, this problem is converted into the following:

logdet P~! — min
PRI (11.70)
P>0, v Py <1
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11.5 Numerical methods for LMI resolution
11.5.1 What does it mean “to solve LMI”?

There exist several efficient methods for LMI resolution. By “solve an LMI” we
mean here:

e determine whether or not the LMI (or the corresponding problem) is feasible;
e if it is, compute a feasible point with “an objective value” that exceeds the global
minimum by less than some prespecified accuracy.

What does “an objective value” mean? It depends on each concrete problem to be
solved. Here we will assume that the problem we are solving has at least one “optimal
point”, i.e., the constraints are feasible.

To realize the numerical methods described below, first, let us represent the matrix X €
R™*" as the corresponding extended vector x € R" obtained by the simple implementation
of the operator col, that is,

(11.71)

11.5.2 Ellipsoid algorithm

In a feasible problem, we may consider any feasible point as being optimal. The basic
idea of the ellipsoid algorithm is as follows:

1. One may start with an ellipsoid that is guaranteed to contain an optimal point.

2. Then the cutting plane for our problem is computed which passes through the center
point x© of the initial ellipsoid . This means that we need to find a nonzero vector
g (namely, a vector orthogonal to the plane to be computed) such that an optimal
point lies in the half-space

{Z eR" | gOT (z - x?) < 0} (11.72)

(Below, we shall present some examples of how to calculate g in some concrete
problems.)
3. After this we may conclude that the sliced half-ellipsoid

e®n {z eR"” | g(O)T (z — x(o)) < 0}

contains an optimal point.

4. Then we compute the ellipsoid &V of a minimum volume that contains this sliced
half-ellipsoid. This ellipsoid &V is guaranteed to contain an optimal point, but its
volume is expected to be less than the volume of the initial ellipsoid &©.

5. The process is then iterated.

More explicitly, this algorithm may be described as follows. Any ellipsoid ¢ may be
associated with some positive definite matrix, that is,

g = {zeR”2|(z—a)TA‘1 (z—a)fl} (11.73)
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where A = AT > 0. The minimum volume ellipsoid & containing the sliced half-ellipsoid
{z eR” lG—a)TA " z—a) <1, g" (z—a) <0}

is given by the matrix A and the vector &, namely,

§:={zeR”zl(z—d)Tﬁ’l(z—é)fl}

45
é:a—ig, m:=n?>> 1

m-+1

(11.74)

A= (4— 2 agera
Tom?2—1 m—+1 8
§=—

gTAg

(In the case of one variable (m = 1) the minimal length interval containing a half-interval
is the half-interval itself.) So, the ellipsoid algorithm starts with the initial points x® and
the initial matrix A®. Then for each intermediate pair x® and A® (k = 0,1,2,...)
one may compute a vector g and then calculate

(OF+
x 6D = x® _ A8 +gl’ m:=n®>1
m
m? 2 .
AKHD — — (A(k) _ o IA(k)ggTA(k)>
g(k)

5= /g0T A® g7

It turns out that the volume vol e® = det A® of these ellipsoids decreases geometrically,
that is,

—k/2m

vole®*D < ¢ vole®

This means that the recursion above generates a sequence of ellipsoids that is guaranteed
to contain an optimal point and converges to it geometrically. It may be proven that
this algorithm converges more quickly, namely, in “polynomial time” (see Nesterov &
Nemirovsky (1994) and references within).

The next examples illustrate the rule of selection of the nonzero orthogonal vector g
orthogonal to the cutting plane which is specified for each concrete problem.
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Example 11.2. If LMI is represented in the form

F(x):=Fy+ Y xF >0 (11.75)

i=1

where F; (i =0, 1,2,...,m) are symmetric matrices. If x is infeasible, this means that
there exists a nonzero vector u such that

u™F (x)u <0
Define g = (g1, ..., gu)7 by
p— (11.76)

Then for any z satisfying g7 (z — x) > 0 it follows

uTF(Q)u=uT

Fo—i-zm:ziFi] u=uvFyu —i-zm:ziuTFiu

i=1 i=l

=uTFu—» zigi=u"Fou—gTz=u"Fou+gTx—g"(z—x)
i=1
=uTFx)u—g¢g7(z—x) <0
So, any feasible point belongs to the half-plane
{zeR"[gT(z—x) <0}
or, in other words, this g, given by (11.76), is a cutting plane for this LMI problem at

the point x.

Example 11.3. [f we deal with the minimization problem of linear function c7x subjected
LMI (11.75), that is,

¢Tx — min
xeR”z

m
F(x):=Fy+ Y xF >0
i=1
we encounter two possible situations:

1. x is infeasible, i.e., F (x) < 0; in this case g can be taken as in the previous example
(11.76) since we are discarding the half-plane

{zeR”z|gT(z—x)>0}

because all such points are infeasible;
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2. x is feasible, i.e., F (x) > 0, in this case g can be taken as
§=c¢

since we are discarding the half-plane
{z ER” | gT(z—x) > 0}

because all such points have an objective value larger than x and hence cannot be
optimal.

11.5.3 Interior-point method

For the LMI problem

m

F(x) = Fo—i—Zx,-F,- >0

i=1

let us define the, so-called, barrier function ¢ (x) for the feasible set:

logdet F~' (x) if F(x)>0

¢ (x) :={ 00 it F(x) <0 (11.77)

Suppose then that the feasible set is nonempty and bounded. This implies that the matrices
Fy, ..., F, are linearly independent (otherwise the feasible set will contain a line, i.e. be
unbounded). It can be shown that ¢ (x) is strictly convex on the feasible set and, hence,
it has a unique minimizer which we denote by x*, that is,

x* := argmin ¢ (x)
This point is referred to as the analytical center of the LMI F (x) > 0. It is evident that
= F
X arg g}(&)lfo det F (x)

Remark 11.6. Two LMIs F (x) > Qand TTF (x) T > 0 have the same analytical center
provided T is nonsingular.

Let us apply Newton’s method for the search of the analytical center x* of LMI, starting
from a feasible initial point:

XD = x® _ g0 g1 (x®) g (x®) (11.78)
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where 0 < ® is a damping factor at the kth iteration, H (x®) is the Hessian and
g (x®) is the gradient, respectively, of ¢ (x) at the point x®. In Nesterov & Nemirovsky
(1994) it is shown that if the damping factor is

® . 1 if 8 (x(k)) <1/4
Ty (1438 (x®)) otherwise
(11.79)

5 () = \fom (<) H ()  (x)

then this step length always results in x**+9 | that is,
F (x*) > 0

and convergence of x® to x* when k — oo.
There exist other interior-point methods (for details, see Boyd et al. (1994)).
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12.1 A-matrix inequalities

Lemma 12.1. For any matrices X,Y € R"™ and any symmetric positive definite matrix

A € R™" the following inequalities hold

(XY +Y"X < X"AX +Y'A"'Y|

and

X+N)TXAY) <X Ui + D) X+ Y7 (Ly + A7) ¥

Proof. Define
H:=X"AX+Y"A'Y-X"Y -Y"X
Then for any vector v we may introduce the vectors
v ;= AY2Xv and v, ;= A"V?Yw
which implies
v Hv = vl +vlv, — vy, —vlv = vy — >0
or, in matrix form:

H=>0

(12.1)

(12.2)

(12.3)

which is equivalent to (12.3). The inequality (12.2) is a direct consequence of (12.1). [

213
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12.2 Matrix Abel identities
12.2.1 Matrix summation by parts

Lemma 12.2. (Matrix summation by parts) For any matrices
At c Rmxk’ Bt c kal

and any integer numbers ng and n > ny the following identity holds:

n n n t—1
D AB =AY B—Y (A—A_))> B (12.4)

t=nq t=nq t=ng s=ngo

(here Z;:no B, :=0ift < ng).

Proof. Let us use induction. For n = n, the identity (12.4) is true since

no no no t—1
D AB =AyBy=AyY B—Y (A—A_)> B

t=ng t=ngp t=ngp s=ng

no—1

= Anano - no - no 1 Z B _ Anano

s=ng

Suppose now that it is valid for some n > n, and then prove that it is also true for n + 1,
we have

n+1 n
Z AtBt = An+an+1 + ZAtBt = An-HBn-H
t=ng t=ngo
n+1
+ A, ZB —Z(A — A oZB = ApeiBusi + Au ) B,
t=n t=n sS=n t=n
O On nO n t—1 0
— Apti (Bnﬂ +) Bt> +A,D> B =Y (Ai—A_)) B
t=nyg t=ng t=ng S=nq
n+1 1—1
= Awi1 Y B — (Ayyr — AH)ZB, Z(A Ai-1) Y B,
t=ng t=ng t=ng s=ng
n+1 n+1
= A1) Bi— ) (A=A I)ZB
t=ng t=ng S=no

Lemma is proven. O
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12.2.2 Matrix product identity

Lemma 12.3. (Matrix product identity) For any n x n matrices A, (t =1y, ..., tf) the
following identity holds

Iy iy
14 +>

1=t =1y

( H A ) nxn )] = Inxn (125)

s=t+1

(here Hi Ay =1, ift <s and H;;to A=A, - Ay).

Proof. Again let us use the induction method. For ¢, = f, the identity (12.5) is valid
since

Iy I fo
14 +> ( 1T AS> en — A)) | = A,
t=ty t=ty s=t+1

< H A ) nxn Ato) = Ato + In><n ( nxn Ato) = In><n

s=to+1

Assuming that (12.5) is valid for some ¢, > #, one can demonstrate that it is valid for
ty + 1. Indeed,

ty+1 ty+1 ty+1 ty
H A + Z < H Av) (Inxn —A = A[f+1 HA[
1=ty =ty s=t+1 t=tg
t+1 ty+1
=+ H Ay L A;f+1 + Z ( H A ) (Lpsen — )‘|
s=tr+2 t=ty s=t+1
iy

= Atf+1 H At + (Inxn - Atf+1)

t=rtgy
ty
+Atf+l Z ( H A > nxn ) = (Inxn - Atf«H)
t=ty s=t+1

Lf I
+ At/+1 (H At + Z

=1y =ty

(;H]A ) (nen — )D

= (Inxn - At/Jrl) + At/Jrllnxn = In><n

Lemma is proven. O
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12.3 S-procedure and Finsler lemma
12.3.1 Danes’ theorem

Let F(x) = xTFx and G(x) = xTGx be real quadratic forms with F, G € R"*".
Consider the mapping R” — R? defined by

m=Fx), m=gx) (12.6)
which transforms any point from R”" into the real plane R?. The following theorem

represents the important geometric result (Dane§ 1972) arising in the theory of quadratic
forms.

Theorem 12.1. (Danes$’ theorem) The range
Pi={(n.m) eR* | g = F(x). ;2 =Gx). x eR"} (12.7)
of the transformation (12.6) is a convex cone, i.e., the set P together with y € R? contains

also Ly for any A > 0 (P is a cone) and together with vectors yV, y@ € R? contains
also y = ay® + (1 —a) y? for any o € [0, 1] (P is a convex set).

Proof. Let y = (1, 12) be a point in R

(a) Obviously, P is a cone since there exists a point x € R" such that
y = (Fx), Gx))
Then

ay = (F(V/in), G(an)

This means that Ay € P.

(b) Show now that P is a convex set. Let
YO = (FaD), ga) y? = (Fa?), &)

T
In other words, we need to show that for any point y© = (n}o), n§0)> € [y",»y?]
there exists a vector x© e R” such that

YO = (Fa?), 6G)
Let An; + Bn, = C be the line £ crossing the points y» and y®. Consider the function

@ (&1, 6) = AFEXD + 6xP) + BGExD + £xP)
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and the mapping R? — R%:
y = (FEx" +&£x?), GExD 4 6x?))

Since the points (1, 0) and (0, 1) are transformed to the points y" and y®, respectively,
then in view of the properties

Fx)=F(=x), Gx)=G(—x)

the points (—1,0) and (0, —1) are transformed also to the same points y" and y®.
Consider then the set M defined as

M :={1,5&) 9 &, 86) =C}

This set is nonempty since, evidently, (%1, 0), (0, &1) € M. The function ¢ (&1, &) may
be represented as

@ (&1, &) = aE] +2B&:6 + vE;

where «, B, y are some real numbers. If « = 8 = y = 0 (and, hence, C = 0), then M
is the complete plane R?. Let |a| + |8] + |y| > 0. Denote § := ay — B2. The curve

p&1,8)=Cis

e an ellipse, if § > 0;
® a hyperbola, if § < 0;
e a pair of parallel direct lines (maybe coincided), if § = 0.

Notice also that this curve is symmetric with respect to an origin (0, 0). So, either
M is a connected set or it is represented by two sets symmetric with respect to the
origin.

Case 1: M is a connected set. Then the points (1, 0) and (0, 1) may be connected by a
continuous curve without leaving the set M. Let & =&, (¢), & =6 (1) (0<t <1) be
this connecting curve and y = y(¢) be the corresponding continuous line. Obviously, this
line lies in £ and connects the points y" and y®.

Case 2: M is two sets symmetric with respect the origin. In this case the points (1, 0)
and (0, 1) lie in different connected parts of the curve M = MU M,, say, (1,0) € M,
and (0,1) € M,;. Then by symmetricity of the curve M with respect the origin, the
points (1,0) and (—1, 0) belong to the different connected curves, i.e., (—1,0) € M,.
So, we may connect the points (—1,0) € M, and (0, 1) € M, (whose images are y"
and y®@, respectively) by a continuous curve & = & (t), & = & (¢) (0 <t < 1) staying
in M, such that y = y(t) is again a continuous line lying in L.

In both cases y(t) € £ (0 <t < 1). This curve “covers” the interval [y(”, y(z)}, that
is, for any point y© € [y, y@] there exists 7, € [0, 1], such that y© =y (f). The
point y© = (& (%), & (%)) will correspond to the vector x© = &, () x + &, () x@
verifying

YO = (F?), 6a™)

Theorem is proven. (]
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12.3.2 S-procedure
In this subsection we follow Gelig et al. (1978).

Theorem 12.2. (S-procedure for two quadratic forms) Ler

’f(x)zO forall x where g(x)EO‘ (12.8)

Then there exist real numbers

7120, >0, 7+1n>0] (12.9)

such that for all x € R"

|17 () — G (x) = 0] (12.10)

Proof. By Dane§’ theorem the set P is a convex cone. Define Q as

Q = {(7717 7’}2) < Ov n2 = O}
By the assumptions of this theorem P N Q = &. Since P and Q are both convex cones,
there exists (loosely) a plane separating them, that is, there exists 7;, t; (nonobligatory

nonnegative) |t;| 4+ |72| > 0 such that

T — o <0 if (n,m) e

m—tn >0 if (n,m)eP (12.11)

Taking into account that (—1,0) € Q and (—¢, 1) € Q (¢ > 0), then 7; (—1) < 0 implies
77>0 and —-T11e—1,<0

Taking ¢ — 0 gives 1, > 0. Since (F(x),G(x)) € P for any x € R", then the second
inequality in (12.11) leads to (12.10). Theorem is proven. |

Corollary 12.1. Let there exist a vector x© such that

(12.12

Then the following two claims are equivalent:

1.

’]—"(x)zO forall x where g(x)EO‘

2. there exists T > 0 such that

]f(X)—rg(sz) forall x eR"

(12.13)
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Proof. Since (12.10) holds it is sufficient to show that 7; > 0. Suppose the converse,
namely, that t; = 0. Then by (12.10) it follows that 7,G(x) < 0 for all x, and hence,
particularly, for x = x©, that implies 7, = 0. So, T, = 7, = 0, but this contradicts the
condition (12.9). Hence, 7; > 0. Defining t := 1,/7; we obtain the main result. Corollary
is proven. U

Corollary 12.2. (The case of the strict basic inequality) Again let there exist a vector
x© such that

Then the following two claims are equivalent:

1.

’}'(x) >0 forall x where G(x)>0,x# 0‘ (12.14)

2. there exists T > 0 such that

[F()=7G(x) >0 forall xeR" x #0] (12.15)

Proof. Evidently, (12.15) implies (12.14). Indeed, if T = 0, then F(x) > 0 for any x # 0.
If T > 0, then F(x) > 7G (x) and F(x) > O for any x # O such that G(x) > 0. Now, let
(12.14) hold. Define the set 7 := {x : ||x|| = 1, G(x) > 0}. It is bounded and closed. So,
by (12.14) F(x) > O for any x € J. Hence, igg]-'(x) =¢ > 0, and, as a result, F(x) —

8zOforanyxeJ.IfQ(x)zO,x;éO,then”x—” ej.That’swhy]—'(H)C”)—szO,
X x

or equivalently, F(x) —e [ x]|*> = 0. So, F(x) := F(x) —¢||x]|*> = 0 under G(x) > 0 and
the previous Corollary (12.1) there exists T > 0 such that F(x) — ¢ x> — tG(x) > 0.
Hence, F(x) —tG(x) > ¢ llx|I> > 0. Corollary is proven. O

Remark 12.1. The claim, analogous to (12.2) where nonstrict constraint G(x) > 0 is
changed to the strict one, i.e., G(x) > 0, is not correct which can be shown with a simple
counterexample.

The following matrix interpretation of Theorem 12.2 takes place.

Theorem 12.3. Let inequalities

]gi(x) = xTGix < (i:l,...,m)\ (12.16)

imply

’f(x) =xTFx < (12.17)
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where o; (i =0, 1,...,m) are some real numbers. If there exists t; >0 (i = 1,...,m)
such that
F < Z .G, g > Zfiai (12.18)
i=1 i=1

then (12.16) implies (12.17). Inversely, if (12.16) implies (12.17) and, additionally, one
of the following conditions is fulfilled:

and there exists a vector x©, .\, w, such that

GOM <o (i=1,2)
wi1Gy + 2G>0

then there exists T; > 0 (i = 1, ..., m) such that (12.18) holds.
For m > 2 the analogue result is not true.

Proof. Sufficiency is trivial. Necessity follows from the previous Theorem 12.2 and
Corollaries 12.1 and 12.2. The simple counterexample may show that this theorem is not
valid for m > 2. ]

12.3.3 Finsler lemma

The following statement is a partial case of Theorems 12.2 and 12.3.

Lemma 12.4. (Finsler 1937) Let F(x) := xTFx > 0 (or strictly > 0) for all x € R",
x # 0 and such that

[G(x) :=xTGx =0 (12.19)

Then there exists a real T such that

]F +1G >0 (or strictly > 0) (12.20)

Proof. This lemma is a partial case of Corollary 12.2 if we can show that in here
the assumption (12.12) is not essential. Indeed, if (12.12) holds then Corollary 12.2
implies (12.20). If x© does not exist, where G(x®) > 0, we deal only with two
situations:

(a) there exist x@ where G(x©®) < 0,

(b) G(x) =0 for all x.
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In case (a) changing G to (—G) we obtain the previous situation when (12.12) holds. In
case (b) (12.20) holds automatically. O

Below we will illustrate the role of the Finsler lemma in the quadratic stabilization
analysis (Polyak & Sherbakov 2002). Consider the linear plant

X =Ax + Bu (12.21)
with the linear feedback given by
u=Kx (12.22)

The corresponding closed-loop system is

X = Arlx

Ay :=A+ BK (12.23)

The quadratic form V (x) = xT7 Px will be the Lyapunov function for (12.23) then and
only then when

ATP+PA, <0, P>0

or, equivalently, when there exist matrices K and P > 0 such that

(A+BK)TP+P(A+BK) <0 (12.24)

This relation represents a nonlinear matrix inequality with respect to two matrices K
and P. Fortunately, the variable changing

v:=KQ. Q=P" (12.25)

transforms (12.24) into a linear one by pre- and post-multiplying (12.24) by Q:
QAT +AQ+YTBT+BY <0, 0>0 (12.26)

Using the Finsler lemma 12.4 the variable Y may be excluded from (12.26). Indeed, the
quadratic function

Fx)=xT(XTBT+BY)x=2(BTx, Yx)
is equal to zero at the subspace BTx = 0, or when

Gx)=(B"x,BTx) =xT(BBT)x =0
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Supposing additionally that G(x@) > 0 for some x® (but this is not a real constraint)
Lemma 12.4 implies that there exists a real t such that

F(x)+1G(x) =0
that is,
YTBT + BY > —tBBT
We may take t > 0 since BBT > 0. So, (12.26) implies
QAT+ AQ —tBBT < QAT+ AQ+YTBT+BY <0, Q>0
But the left inequality is reachable if we take
T

Y :=——BT
2

Since K = Y Q™! does not depend on 7, we may take 7 = 2 and obtain the following
result.

Claim 12.1. If Q is the solution of the Lyapunov inequality

| QAT+ AQ —2BBT < 0|

then the regulator (12.22) with

stabilizes the system (12.21) and the quadratic function

V) =xT0 'x
| |

is the Lyapunov function for the closed system (12.23).

12.4 Farka$ lemma
12.4.1 Formulation of the lemma
The Farka$ lemma (Farka$ 1902) is a classical result belonging to a class of the,

so-called, “theorem of the alternative” which characterizes the optimality conditions of
different optimization problems.
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Lemma 12.5. (Farkas 1902) Let A be a real m x n matrix and ¢ be a real nonzero
vector. Then

1. either the primal system

Ax >0, ¢Tx<0 (12.27)

has a solution x € R"
2. or the dual system

ATy=¢, y=0 (12.28)

has a solution y € R™,
but never both.

The question of which of the two systems is solvable is answered by considering the
bounded least squares problem discussed below.

12.4.2 Axillary bounded least squares (LS) problem

Here we follow Dax (1997). Consider the following bounded LS problem:

’minimize ATy —¢c[|* by yeR” (12.29)

| subject to y > 0] (12.30)

where ||-|| denotes the Euclidean norm.

Lemma 12.6. The vector y* € R™ solves the problem (12.29)—(12.30) if and only if y*
and the residual vector
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satisfy the conditions

y*=0, Ar*>=0

Gt A =0 (12.32)

Proof.
(a) Necessity. Assume that y* solves (12.29)—(12.30) and consider the one-parameter
quadratic function

2

£:0) == ||AT (y* +0eV) —c| = |0a® + P, i=1,....m

(12.33)
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where (a(i)) T is the ith row of A, 0 is a real variable and ¢® denotes the ith column
of the m x m unit matrix I,,. Then, clearly, 8 = 0 solves the problem

minimize  f; (0) = 0 [|a® || + 20 (a®) " r* + |17
subjectto  y*+6 >0

since for any y (9) := y* + 0e®

ATy ©) —cl® = [IATy* — c|)?
and y (0) := y*. Therefore, taking into account that
fi © = (a)Tr
we have that y7 > 0 implies (¢®)T r* = 0, while y? = 0 implies (a?)" r* > 0,

which constitute (12.32).

(b) Sufficiency. Conversely, assume that (12.32) holds and let z be an arbitrary point in

R™ such that z > 0. Define also u := z — y*. Then y’ = 0 implies u; > 0, while
(12.32) leads to

uTAr* >0
Hence, the identity
IATz —c|® = [|ATy" — cl” + 2uT Ar* + | ATul®
shows that
IATz —¢|* = |ATy* — ¢’
Lemma is proven.
12.4.3 Proof of Farkas lemma

Notice that cTx < 0 implies x # 0, while ATy = ¢ means y # 0.

. First, show that it is not possible that both systems are solvable. This can be seen from
the following consideration: if both (12.27) and (12.28) hold then

cTx=(ATy)Tx=yTAx >0

which contradicts ¢Tx < 0.
. Assuming that y* exists and combining (12.31) and (12.32) gives

T = (ATY = )T r = (ATy)T 7" = ()T r* = — I
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which leads to the following conclusion:

Conclusion 12.1. Let y* solve (12.29)—(12.30). If r* = 0 then y* solves (12.28). Other-
wise, r* solves (12.27) and c¢Tr* = — ||r*||*

3. It remains to establish the existence of a point y* solving (12.29)—(12.30). It follows
from the observation that

Z:={ATy|y=>0}
is a closed set in R”. Using the closure of Z, we obtain that

B:={zeZ]|llz—cll <lcl}
is a nonempty closed bounded set of R". Note also that ¢ (x) = |[x — c|? is a
continuous function on x. Therefore, by the well-known Weierstrass’ theorem, ¢ (x)
achieves its minimum over B. Denote it by z*. Since B C Z, there exists y* € R™
such that y* > 0 and z* = ATy*. Therefore, y* solves (12.29)-(12.30). However, y*

is not necessarily unique. By (6.29) from Chapter 6 dealing with the pseudoinverse,
any vector

y'=u+ (AT ¢ withany u>0

is a solution of (12.29)—(12.30).

12.4.4 The steepest descent problem

Corollary 12.3. Let y* and r* # 0 solve (12.29)—(12.30). Then the normalized vector
r*/ |r*|| solves the steepest descent problem

minimize c¢Tx

’subject to Ax>0 and |x|| =1 ‘

Proof. Let x satisfy the constraints above. Then
()T Ax >0

while the Cauchy—Bounyakovski—-Schwartz inequality gives
[T x| < Ir* 0 dlxl = 7

Combining these two relations shows that

CTx=ATY" —r)Tx=ATy)Tx—-("Tx

>—()Tx = =0T x| = = Il
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Therefore, since (ATy*)T r* = 0 and
cTrr/ el = [(ATY)Tre = )T ]/ Il = — 17|l

the claim is proven. ]

12.5 Kantorovich matrix inequality

Theorem 12.4. If A is an n X n positive definite Hermitian matrix and e € C" is a unite
vector (i.e. e*e = 1), then

* % A—1 1 )\max (A) )\min (A) 2
1 < (¢*Ae) (e*A7'e) < 2 (\/Amin @t \//\max (A)) (12.34)

Proof. The left-hand side of (12.34) follows from the Cauchy—Bounyakovski-Schwartz
inequality

1 =Vete =Ve*AV2ZA 12 = (A‘/ze, A*‘/ze)

< HAl/zeH . ||A_1/Ze|| =,/ (e*Ae) (e*A‘le) < (e*Ae) (e*A_le)

The right-hand side of (12.34) can be stated in the following manner using the matrix
A inequality (valid in a scalar case for any ¢ > 0):

(e*Ae) (e*A~'e) < 1 [(ee*Ae) +e7' (e*A7'e)]

—_

= %e* [eA+e'A e <

= Ekmax (8A + 871A71)

1
= 5 hmax (T [eA+e AT T

= %)\max (diag [ed; + &7 '] ) = %m_ax (eri +e7'27")

i=l1,..,n

Here we have used TAT ! = diag (A, ..., A,). The function
f)i=er+e 2!

is convex for all A € [Ayin (A), Amax (A)] and therefore it takes its maximum in one of
the boundary points, that is,

max (ed; +&7'A;")
= max { (eAmax (A) + 71251 (A)), (eAmin (A) + &7 'A51 (A)) }

max
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1
Taking ¢ := we have

b Y% )"max (A) )\'min (A)

max { (eAma (A) + & 'A5L (A)), (EAmn (A) +&7'A01 (4)) )

_ \/)‘-max (A) \/)\min (A)
B )‘min (A) * )\max (A)

which implies
* *A— 1 )‘-max (A) )‘-min (A)
(enhe) (erdte) < 5 (\/Am @) " \//\m (A))

and, as the result, we obtain (12.34). O

Remark 12.2. The right-hand side of (12.34) is achievable for A = Al since in this case
)"max (A) = )\'min (A) =A and

2
l (\/)Lmax(A) +\/)me(A)> =1
4 )\'min (A) )\'max (A)
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In this part of the book we will follow the following classical publications: Rudin (1976),
Apostol (1974), Fuchs & Shabat (1964) and Lavrentiev & Shabat (1987).

13.1 Ordered sets

13.1.1 Order

Definition 13.1. Letr S be a set of elements. An order on S is a relation, denoted by <,
with the following properties:

1. If x € Sand y € S then one and only one of the statements is true:
X<y, x=y, y<x

2. If x,y,z € S and, in addition, x <y and y < z, then x < z.

The statement “x < y” is referred to as “x is less (or smaller) than y”. The notation
“x < y” is the negation of “y > x”.

Definition 13.2. An ordered set is a set S in which an order is defined.

13.1.2 Infimum and supremum

Definition 13.3. Suppose S is an ordered set and E C S. If there exists an element
B € S such that x < B for any x € E, we say that the subset E is bounded above and
call B an upper bound of E. A low bound is defined in the same way with “>" in place
Of ((S )).

231
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Definition 13.4. Suppose S is an ordered set and E C S is bounded above. Suppose
also there exists an a € S such that

(a) a is an upper bound for E.
(b) If y < o then y is not an upper bound of E.

Then « is called the least upper bound of E or the supremum of E which will be
written as

a=supE =supx (13.1)

xeE

The greatest lower bound, or infimum of E, which is bound below, is defined in the
same manner, namely,

a =inf E = inf x (13.2)

xek

This means that « is a low bound of E and there is no B > « which is low bound too.

13.2 Fields

13.2.1 Basic definition and main axioms

Definition 13.5. A field is a set F of elements with two operations:

1. Addition;
2. Multiplication.

Both mentioned operations should satisfy the following “field axioms”:

(A): Axioms for addition
(Al) If x,y € F then (x + y) € F.
(A2) x +y =y +x forall x, y € F which means that addition is commutative.
(A3) x+y)+z=y+ (x+7) for all x,y,z € F which means that addition is
associative.
(A4) F contains an element called O such that x +0 = x for all x € F.
(A5) For any x € F there exists an element (—x) € F such that x 4+ (—x) = 0.

(M): Axioms for multiplication

(M1) If x, y € F then xy € F.

(M2) xy = yx for all x, y € F which means that multiplication is commutative.

(M3) (xy)z = y(xz) for all x,y,z € F which means that multiplication is
associative.

(M4) F contains an element called 1 such that 1x = x for all x € F.

(M5) For any x € F and x # 0O there exists an element 1/x € F such that
x(1/x) =1.

(D): The distributive law
For all x, y, z € F the following identity holds:

x(y+z)=xy+xz
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13.2.2 Some important properties

Proposition 13.1. (Resulting from axioms (A))
(a) If x +y = x + z then y = z (cancellation law).
(b) If x+y=xtheny =0.

(c) Ifx+y=0then y = —x.

(d) —(—x) = x.

Proposition 13.2. (Resulting from axioms (M))
(a) If xy =xz and x # 0 then y = z.

(b) If xy =x and x #0 then y = 1.

(c) If xy=1and x #0 then y = 1/x.

(d) If x #0 then 1/(1/x) = x.

Proposition 13.3. (Resulting from (A), (M) and (D))
(a) Ox = 0.

(b) If x #0 and y # 0 then xy # 0.

(c) (=x)y=(=x)y=—(xy).

(d) (=x) (=y) = xy.

Definition 13.6. An ordered field is a field F which is also an ordered set such that

(a) x+y<x+zifx,y,zeFandy < z.
(b) xy >0ifx,yeFandx >0,y >00rx <0,y <0.
If x > 0 we call x positive and if x < 0 we call x negative.

In every ordered field the following statements are true.

Proposition 13.4.

(a) If x > 0 then —x < 0.

(b) If x >0 and y < 7 then xy < xz.
(c) If x <0and y < z then xy > xz.
(d) If x # 0 then x* := xx > 0.

(e) If0 <x <ythen0 < 1/y < 1/x.

Below we will deal with two commonly used fields: real and complex. It will be
shown that the real field is an ordered field and the complex field is nonordered.

13.3 The real field
13.3.1 Basic properties
The following existence theorem holds.

Theorem 13.1. There exists an ordered field R which possesses the following properties:

e [f E C R and E is not empty and bounded above, then sup E exists in R;
® R contains the set Q of all rational numbers r (r = m/n where m,n are integers
(...—1,0,1,...) and n # 0) is a subfield.



234 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

Proof of this theorem is rather long and tedious and therefore is omitted. It can be
found in the appendix to Chapter 1 of Rudin (1976).

Definition 13.7. The members of R are called real numbers and R itself is called the
real field.

The members of R have several simple properties given below.

Claim 13.1.

(a) Archimedean property: Ifx,y € R and x > 0, then there exists a positive integer
number n such that nx > y.

(b) Q-density property in R: If x,y € R and x < y, then there exists a rational
number p € Q such that x < p < y.

(c) The root existence: For any nonnegative real x € R (x > 0) and any integer n > 0
there is one and only one real y € R such that y" = x. This number y is written as

y=x=x""
13.3.2 Intervals

Definition 13.8.

® The open interval (a, b) is the set of real numbers x such thata < x < b, i.e.,

’(a,b)::{x:a<x<b}‘

® The closed interval [a, b] is the set of real numbers x such that a < x < b, i.e.,

’[a,b]::{x:afxgb}‘

® The semi-open intervals [a, b) and (a, b] are the sets of real numbers such that a <
x<banda <x <b, ie.,

[a,b) :={x:a <x < b}
(a,b]:={x:a<x <b}

13.3.3 Maximum and minimum elements

Definition 13.9. Let S be a set of real numbers.
(a) If a smallest upper bound o = sup S is also a member of S then « is called the largest
number or the maximum element of S and denoted by max S, that is, in this case

’a =maxS=supS‘ (13.3)

(b) If the greatest low bound B = inf S is also a member of S then B is called the smallest
number or the minimum element of S and denoted by max S, that is, in this case

B :=minS =infS$| (13.4)
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Example 13.1.
1. For § = [a, b] it follows that

max S =supS =>~
minS =inf S =a

2. For S = (a, b) it follows that

max S does not exist, supS =>b
min S does not exist, inf S =a

3. For§=1[0,1-1/2,1—-1/3,...,1—=1/k,...) it follows that

max S does not exist, supS =1
minS =inf § =0

13.3.4 Some properties of the supremum
Lemma 13.1. (Approximation property) Let S be a nonempty set of real numbers with
supremum, say b = sup S. Then S contains numbers arbitrarily close to its supremum,
that is, for every a < b there is some x € S such that

a<x<b
Proof. One has that x < b for all x € S. Supposing that x < a for all x € S we obtain that
a is an upper bound for S which is strictly less than b which contradicts the assumption

that b is the lowest upper bound. So, x > a. (]

Lemma 13.2. (Additive property) Given nonempty sets A and B of R, let C denote the
set

C = {zeR:z=x+y,xe A, ye B}

If each of A and B has a supremum, then C has a supremum too and

’ supC = sup.A + sup B (13.5)

Proof. Denoting a := sup.A and b := sup B we have that z = x + y < a + b. Hence,
(a + b) is a supremum for C. So, C has a supremum, say ¢ := supC and ¢ < a+ b. Show
next that a + b < ¢. By Lemma 13.1 it follows that there exist x € A and y € B such
that

a—e<x<a, b—e<y<b
for any chosen ¢ > 0. Adding these inequalities we find a + b — 2¢ < x + y or,

equivalently, a +b < x + y + 2¢. So, a + b < ¢ + 2¢. Taking ¢ — 0, we obtain that
a + b < c and together with ¢ < a + b states that c = a + b. O
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Lemma 13.3. (Comparison property) Given nonempty sets S and T of R such that
s <tforanys € Sandt € T. If T has an infimum B = inf T then S has a supremum and

supS <inf T (13.6)

Proof. sup S exists by the property s < t. Denote « := sup S. By Lemma 13.1 for any
& > 0 there exists s € S such that « — ¢ < s and there is ¢ such that 8 4+ ¢ > ¢. So,

a—e<s<t<pB+e
or, @ < f + 2¢. Tending ¢ to zero leads to (13.6). ]

Lemma 134. If A C B C R, then

sup A < supB
Yipt = S (13.7)
inf A > inf B

Proof. 1t evidently follows from (13.1) and (13.2). O

13.3.5 Absolute value and the triangle inequality

Definition 13.10. For any real number x the absolute value of x, denoted by |x|, is
defined as follows:

x if x>0
lez{_x if x<0 (13.8)

Evidently, |x| > 0 always.
Lemma 13.5. (The fundamental inequality) If |x| < a then
—a<x<a (13.9)

Proof. This is a simple consequence of (13.8). |

Theorem 13.2. (The triangle inequality) For any real x, y € R we have

[1x + 31 < x|+ ] (13.10)

Proof. Adding two inequalities

— x| <x < x|
=yl <y =lyl
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gives
—lxl=Iyl =x+y =< I|x|+ |yl
which implies
Ix +y| = |x[+ [yl
Theorem is proven. (]
Corollary 13.1. For any real x,y, 7z € R we have
1.
e —zl < lx—yl+1y—2l| (13.11)
2.
EEREEE] (13.12)
3. For any real numbers x; € R (i = W)
i:xf = x| = el ==
i=
Proof. The inequality (13.11) follows from (13.10) written as
X + 3| < |X] + [ (13.13)
if we take X := x —z and y := — (y — z). The inequality (13.12) follows from (13.13)

if we take x := x £ y and y := Fy. The third inequality may be easily proven by

induction.

13.3.6 The Cauchy-Schwarz inequality

O

Theorem 13.3. (The Cauchy-Schwarz inequality) For any real numbers x;,y; € R

(i = 1,7) the following inequality holds

() =(5) ()

(13.14)
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Proof. For any z € R we have

n

0> (z+y)’ = [ ) +2zxy + y7]
i=1 i=1
=Az?+2Bz+C

where

A= inz, B = Zx,-yi, C:= Zylz
i=1 i=1 i=1
This quadratic polynomial may be nonnegative for any z € R if and only if
B*—AC <0

which is equivalent to (13.14). |

13.3.7 The extended real number system

Definition 13.11. The extended real number system consists of the real field R and two
symbols: +oo (or simply oo) and —oo which possess the following properties:

(a) for any real x € R
—0 <X <00

(b) for any real x € R

X+00=00

X —00 =—-
X X
—:7:0
0.¢) —0o0

(c) if x > 0 then

x-00=00 and x-(—00)=—00
if x <0 then
x-00=—-00 and x-(—00) =00

13.4 Euclidean spaces
Let us consider an integer positive k and let R* be the set of all ordered k-tuples

X = (X],.Xz,...,xk)
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where x; (i = 1, ..., k) are real numbers, called the coordinates of x. The elements of
R are called points (or vectors). Defining two operations

X+y: =0 +yLx+ Yo, X+ W)
(13.15)

ox = (ax;, axs, ...,ax;), ¢ € R

it is easy to see that they satisfy the commutative, associative and distributive law
that make R¥ into a vector space over the vector field with 0 elements all of whose
coordinates are 0.

We also may define the, so-called, inner (scalar) product of two vectors x and y by

k
X y=(Xy) = > Xy (13.16)

i=l1

and the corresponding norm of x by

k 1/2
x| =/, %) = (Zﬁ) (13.17)
i=1

Definition 13.12. The vector space R* with the above inner product (13.16) and norm
(13.17) is called Euclidean k-space.

The following properties of the norm (13.17) hold.

Remark 13.1. The Cauchy—Schwarz inequality (13.14) for the Euclidean k-space R
may be rewritten as

[ 92 < Ixl Iyl (13.18)

or, equivalently,

IESEET (13.19)

13.5 The complex field
13.5.1 Basic definition and properties

Definition 13.13.

(a) A complex number is an “ordered” pair x = (x|, x,) of real numbers where the first
member x, is called the real part of the complex number and the second member x; is
called the imaginary part. “Ordered” means that (xy, x,) and (x,, x;) are regarded
as distinct if x| # xo.
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(b) Two complex numbers x = (x1, x,) and y = (y1, y») are said to be equal (we write
x = y) if and only if

’x| =y and xzzyz‘

(c) The sum (x 4+ y) and the product (xy) are defined by the equations

X+y=x+y,x+»)

(13.20)
Xy = (X1y1 — X2Y2, X1y2 + X21)

The set of all complex numbers is denoted by C.

It is easy to check that the main field operations, namely, addition and multiplication
(13.20) satisfy the commutative, associative and distributive laws.
The following properties hold in C.

Proposition 13.5.
1.

(x1, x2) + (0, 0) = (x1, x2)
(x1,x2) (0,0) = (0,0)
(x1,x2) (1, 0) = (x1, x2)

(x1, x2) + (=x1, —x2) = (0, 0)

2. Given two complex numbers x = (x1,Xx;) and y = (y1, y2) there exists a complex
number 7 = (z1, z2) such that x + z = y. In fact,

Z:=y—x=(y1—x1,y2—x2)‘

The complex number (—x,, —x) is denoted by (—x).
3. For any two complex numbers x and y we have

(—0)y=x(=0)=—0y) =10 ()]

4. Given two complex numbers x = (x1,x3) # (0,0) and y = (y1, y2) there exists a
complex number z = (z1, 22) such that

Xz =y, namely, 7 :=y/x = yx~!

1 X1 X2
xoi=1 3 20 2 2
X +x3 xXi +x3

Remark 13.2. The complex number (x,, 0) = x; is the real number x,. This identification
gives us the real field as a subfield of the complex field.
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13.5.2 The imaginary unite

Definition 13.14. The imaginary unite i is the complex number (0, 1), that is,

i = (0,1 (13.21)

Lemma 13.6.

i’=—1 (13.22)
Proof. Indeed, by (13.20) and (13.2)

i2=(,1)0,1)=(-1,0) = —1

Lemma is proven. O

Lemma 13.7. Any complex number x = (x|, x,) can be represented as
1329
Proof. Since by (13.2)

Xy = (x17 0)
i-x2 = (07 1) ()Cg, O) = (O$ 'x2)

it follows that
X1+ ixy = (x,0) + (0, x) = (x5, x2) =x

Lemma is proven. (]

13.5.3 The conjugate and absolute value of a complex number

Definition 13.15. If a and b are real and z = a + ib, then

(a) the complex number

(1324

is called the conjugate of 7 and

la=Rez and b=Img] (13.25)

are referred to as the real and imaginary parts of z;
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(b) the nonnegative real number |z| given by

lz| = va* + b? (13.26)
is called the absolute value (or module) of the complex number z.

Proposition 13.6. If x and z are complex then

1.
xX+z=x+2
2.
X7 = X2
3.
z+2z=2Rez
z—7z=2Img
4.
27 =z
5. The identity |z| = 0 implies that z = 0 = (0, 0).
6.
1zl =zl
lxz| = |x||z|
7.
IRe z| < |z
8.

/2l = |l /Iel_for = #0]

9. The triangle inequality holds:

Ix + 2] < Ix] + 2]
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Proof. Propositions 1-7 can be checked directly using the definition only. The proof of
8 follows from the identity

G SIORIOIORER=

To prove 9 notice that xz is the conjugate of xz, which is why by property 3

x7+xz=2Re(x2)
and, hence,

x+zP=(x+2) (G +2)
=xX + 22+ x7+xz=|x*+ |zI* + 2 Re (x2)
<P+ lzP +21xz] = xI* + 1z* + 2 |x] |Z]
= (x| + |z’

which proves 9. U

Theorem 13.4. (Schwarz inequality for complex numbers)
Ifa;,b; € C (i = l,n) then

n
g a;b;
i=1

2 n n
< (Z |a,-|2> <Z |b,-|2> (13.27)

Proof. Denote

A= 2—1: la;]’, B := z_; Ibi*, C:= ;aﬂ;i

Notice that A, B are real and C is complex. If B = 0 then all »; = 0 and the inequality
is trivial. Assume now that B > 0. Then by (13.6)

0<> | Ba;—Cb ['=)_(Ba; — Cb;) (Ba; — Cb;)
i=1 i=1

=B>Y |al’ = BCY aibi— BCY abi +|CI" Y _ |bil’
i=1 i=1 i=1 i=1

=B?A—B|C>-B|C)*+|C)?B=B*A—-B|C|?

=B (BA—|CP)

So, BA — |C|* > 0 coincides with (13.27). Theorem is proven. O
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13.5.4 The geometric representation of complex numbers

Let us consider the plane with Cartesian (Decartes) coordinates x (as the abscise) and
y (as the ordinate). So the complex number z = (x, y) may be considered as the point
on this plane or, equivalently, as the vector with the coordinates x and y (see Fig. 13.1).
In the polar coordinates (r, ¢) the same vector is expressed as

’z:x+iy:r(cos<p+ising0) (13.28)

where r = |z] is the module of the complex number z and ¢ is its argument (or phase)
denoted by Arg z, that is,

arctan (X> + 2wk for T and IV quadrants

X

y (13.29)
arctan (7) + 2k + 1) for II and III quadrants
b

¢ =Argz:=

where arctan (X) means the principal (main) value of Arctan (X), i.e., the value which
X X

is more than (—m/2) and does not exceed (7w/2), and k = 0, 1,2, ... is any integer
number. As it follows from the definitions above, the module is uniquely defined while
the argument is not uniquely defined.

Proposition 13.7.
1. Forany z,,z, € C

2122 = |21l 12a] (c08 (91 + @) + i sin (g1 + 9)) | (13.30)
21 |z1] .
— = (cos(p1 — ) +isin(pr — ), 22 #0 (13.31)
22 |z2]

y

z=(x,y)=x+iy

Fig. 13.1. The complex number z in the polar coordinates.
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2. Forany z1,22,...,2, € C

ﬁz,- = ﬁ |z (cos (i <pi> + i sin (i <p,«>> (13.32)

Proof. The property (13.30) follows from (13.28) and the identities

€os (¢1) €os (@) — sin (¢;) sin (¢2) = cos (¢ + ¢2)
cos (1) sin (¢2) + sin (¢;) cos (¢2) = sin (¢; + ¢2)

Indeed,

2122 = 1112 (COs @1 + i singy) (cos @, + i sin ;)
= 1172 [cos (1) cos (¢2) — sin (¢1) sin (¢2)
i (cos (1) sin (¢,) + sin (@) cos (2))]
=111y (cos (@1 + @2) + i sin (@) + ¢2))

The property (13.31) related to the quotient “ results from the relations
22

21 lez 1 _
— = —— = 722122
22 2222 |za]
2122 = 1112 (COs 1 — i sin¢;) (COs ¢, — i sin ¢,)
= rir2 (cos g1 + i sin (—¢y)) (Cos ¢ + i sin (—¢2))

with the following application of (13.30). The identity (13.32) results from (13.30) by
induction. ]

Example 13.2.

z ' =r""(cosp +isin(—¢)) =r~'(cosp —isingp) (13.33)

13.6 Some simple complex functions
13.6.1 Power

Definition 13.16. The nth power of the complex number z is the product

7" = "_IZ, ZOZI, n=0,1,2,...

z
n 13.34
z’"::(z"), 7#0, n=1,2,... ( )
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By (13.32) and (13.33) it follows that

7" =r"[cos (ng) + i sin (ng)]

a=r S (13.35)
7" =r""[cos (ng) — isin (ng)]

Example 13.3.

(a)
JES k3 <i4)k (=) =—i
()
(l_i)2=< ) ( 141 )2
T A—i)d+1)
1+l 2 1 l
=<2 ) =g (14247 =7
13.6.2 Roots

Definition 13.17. If two complex numbers w and z are related by the equation

w'=z, n=12...] (13.36)

then w is called a root of degree n of the number z and denoted as

w =z (13.37)

Lemma 13.8. (The Moivre-Laplace formula) There exist exactly n roots of &/z which
may be expressed as

. ¢+ 2k . (o4 2wk
wy = 1 [cos <n> + i sin (n (13.38)
for z=r(cosp+ising), k=0,1,2,...,n—1

Proof. Denoting w = p (cos6 + i sin6), by (13.36) and (13.35) we derive
w" = p"[cos (n6) +isin (nd)] =r (cosp +ising) =z
This leads to the following relations:

p=r, nb=¢+2rk

which completes the proof. g
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Example 13.4.

COS

. (rr + 27k o n+2nk>
—l=cos| — | +isin| —
n
cos(%)—ﬂsm() k=0
T /T
cos(z )—i—zsm(z—i—z) k=1
- cos(z )+1sm(i+n) k=2
4 4
(n

+ n)—i—zsm(i—kin) k=3
w =040 /v2, k=0
wy=(—14i)/v/2, k=1
wy=(—1—i)/v/2, k=2

wy=(1—10)/v/2, k=3

The roots in the complex plane are depicted at Fig. 13.2.

13.6.3 Complex exponential

Definition 13.18. (Euler’s formula) If z = x + iy is a complex number, we define the
complex exponent ¢- = ¢ to be the complex number

e’ =¢e" (cosy +1isiny) ‘ (13.39)

I m
Wo w,
R e
V2/2
W; Wy

Fig. 13.2. The roots of &/—1.
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Evidently, the complex exponent e* possesses the following properties which can be
easily proven using only the definition (13.39).

Proposition 13.8. For any complex numbers z, z, and z,

1.
2.
efet=¢e"=1
et #0
3.
eV =1

4. ¢ =1ifand only if z =2mn -i (n is an integer).
5. et =e2 ifand only if 7y — 2o = 2mn - i (n is an integer).
6.

iArgz _

z=lzle |zl e

(13.40)
arg z := arctg (y/x)

13.6.4 Complex logarithms

Definition 13.19. The number w is called the (natural) logarithm of the complex number
7 # 0 (the notation is w = Ln z) if e¥ = z.

Putting w = u + i v from the definition above it follows that z = e"¢’”. Comparing this
with (13.39) implies

|z| = e"
v =Argz =argz + 2wk

So, u = In |z| and, thus,

’ w=Lnz=Inl|z|+iArgz =In|z| +i (argz + 27k) (13.41)

Formula (13.41) defines an infinite number of complex numbers which are logarithms of
the nonzero z € C. Of these, the particular value corresponding to k = 0 is called the
principal value of the complex logarithm and is denoted by

llnz = 1n|z|+iargz‘ (13.42)
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Example 13.5.
1.

b4
Lni=(§+2nk)i

Ini=2i
2

Ln(—1)= 2k + 1) i
In(—1) =i

Lemma 13.9. If z,z, # O then

Ln (z;z2) =Lnz; + Lnz;
=1In|z;| + In|z| + i [argz; + arg z; + 27 (k) + ky)]

where ki, ko are integers.
Proof.
Ln (ziz2) =In|z122| + iArg (z122)

=lInl|z(| + In|za| + i [Arg (z)) + Arg (z))] 0

13.6.5 Complex sines and cosines
Taking in Euler’s formula (13.39) x = 0 we have

eY =cosy-+isiny

eV =cosy—isiny
which implies

ey 4+ ey ey — ey

cosy = T siny = 2
i

valid for any real y € R. Extending these formulas to the complex plane C one may
suggest the following definition.

Definition 13.20. Given a complex number z, we define

eiZ _{_e*iz
COSZ = #
‘ . (13.43)
) et — it
Smz = ——
‘ 2
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Lemma 13.10. Forz =x +iy

cosz=cosx coshy —isinxsinhy
sinz = sinx cosh y + i cos x sinh y

where

el e ) ey — eV
coshy := — sinhy := —

Proof. The result follows from the identities

2COSZ — eiz + efiz — efy+ix + eyfix
= eV [cosx +isinx]+ e’ [cosx —isinx]

=cosx (¢ +e) —isinx (¢’ —e™)

which gives the first representation in (13.44). The proof for sin z is similar.

Exercise 13.1.
1. Defining

sin z
tanz :=

COszZ

it is easy to show by direct calculation that

sin 2x + i sinh 2y
tanz =

cos 2x + cosh 2y

2. For any complex z andn = 1,2, . ..

n

7 —1= H (Z _ eani/n)

k=1

(13.44)

(13.45)

(13.46)

(13.47)
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14.1 Functions and sets
14.1.1 The function concept

Definition 14.1. Let us consider two sets A and B whose elements may be any objects
whatsoever. Suppose that with each element x € A there is associated, in some manner,
an element y € B which we denote by y = f(x).

1. Then f is said to be a function from A to B or a mapping of A into B.

2. If € C A then f (£) is defined to be the set of all elements f (x), x € £ and it is
called the image of € under f. The notation f(A) is called the range of f (evidently,
f(A) C B). If f(A) = B we say that f maps A onto B.

3. For D C B the notation f~' (D) denotes the set of all x € A such that f(x) € B. We
call =" (D) the inverse image of D under f. So, if y € D then f~' (y) is the set of
all x € A such that f (x) = y. If for each y € B the set f~'(y) consists of at most
one element of A then f is said to be one-to-one mapping of A to B.

The one-to-one mapping f means that f (x) # f (x») if x; # x, for any x, x; € A.

We will often use the following notation for the mapping f:

141

If, in particular, A = R" and B = R™ we will write

142

Definition 14.2. If for two sets A and B there exists a one-to-one mapping then we say
that these sets are equivalent and we write

A~B (14.3)

251
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Claim 14.1. The relation of equivalency (~) clearly has the following properties:
(a) it is reflexive, i.e., A~ A;

(b) it is symmetric, i.e., if A~ B then B ~ A;

(c) it is transitive, i.e., if A~ B and B ~ C then A~ C.

14.1.2 Finite, countable and uncountable sets

Denote by 7, the set of positive numbers 1, 2, ..., n, that is,

|7, =1{1,2,....n}]

and by J we will denote the set of all positive numbers, namely,

Definition 14.3. For any A we say:
1. A is finite if

A~ T,

for some finite n (the empty set &, which does not contain any element, is also
considered as finite);
2. A is countable (enumerable or denumerable) if

A~T

3. A is uncountable if it is neither finite nor countable;
4. A is at most countable if it is both finite or countable.

Evidently, if A is infinite then it is equivalent to one of its subsets. Also it is clear that
any infinite subset of a countable set is countable.

Definition 14.4. By a sequence we mean a function f defined on the set J of all positive
integers. If x, = f(n) it is customary to denote the corresponding sequence by

[ {x) = (x5, Y

(sometimes this sequence starts with x, but not with xi).

Claim 14.2.

1. The set N of all integers is countable;
2. The set Q of all rational numbers is countable;
3. The set R of all real numbers is uncountable.
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14.1.3 Algebra of sets

Definition 14.5. Let A and Q be sets. Suppose that with each element a € A there is
associated a subset £, C Q2. Then

(a) The union of the sets &, is defined to be the set S such that x € S if and only if
x € &, at least for one o € A. It will be denoted by

S:=J& (14.4)
a€A
If A consists of all integers (1,2, ...,n), which means A = J,, we will use the
notation
S:=|Jé& (14.5)
a=1

and if A consists of all integers (1,2, ...), which means A = [J, we will use the
notation

S = an (14.6)

(b) The intersection of the sets &, is defined as the set P such that x € P if and only if
x € &, for every a € A. It will be denoted by

S:=()& (14.7)
ac A
If A consists of all integers (1,2, ...,n), which means A = [J,, we will use the
notation
s:=% (14.8)
a=1
and if A consists of all integers (1,2, ...), which means A = [J, we will use the
notation
S:=[)¢& (14.9)
a=1

If for two sets A and B we have AN B = &, we say that these two sets are disjoint.
(c) The complement of A relative to B, denoted by B — A, is defined to be the set

’B—A::{x:xeB,butxgéA}‘ (14.10)
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AUB ANB B-A

Fig. 14.1. Two sets relations.

The sets AU B, AN B and B — A are illustrated at Fig. 14.1. Using these graphic
illustrations it is possible to prove easily the following set-theoretical identities for union

and intersection.

Proposition 14.1.

1.
[AUBUC) =(AUBUC, ANBNC) =(ANB)NC|
2.
[ANBUC)=(ANB UMAND)]
3.
[(AUB)N(AUC) = AUBNO)]
4.
[(AUBNBUC)N(CUA) =ANBUMUNC)UMBNC)]
5.
[ AN(B-C0)=(ANB) - (ANQ)|
6.
(A-—0)NB-0) =(ANB) -]
7.

A-BuB=A

if and only if B C A.

|ACAUB. ANBcC A
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[AUg=A, Ano=0|

10.

[AUB=B, ANB=A|

ifAcCB.

The next relations generalize the previous unions and intersections to arbitrary ones.

Proposition 14.2.
1. Let f : S — T be a function and A, B any subsets of S. Then

[f(AUB) = fAUS®B)]

2. Forany Y C T define f=' ()) as the largest subset of S which f maps into Y. Then
(a)

X @))
(b)
fFUmey
and
U=y
ifand only if T = f(S).
(c)
U = QDU O]
(d)
SN = 0N O]
(e)

T T-»=8-f"O]

and for subsets B C A C S it follows that

fA=B)=fA-fB]
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14.2 Metric spaces

14.2.1 Metric definition and examples of metrics

Definition 14.6. A set X, whose elements we shall call points, is said to be a metric
space if with any two points p and q of X there is associated a real number d (p, q),
called a distance between p and q, such that

(a)

d(p.q)>0 if p#q

(b)

d(p.9)=d . p)]

(c) for any r € X the following “triangle inequality” holds:

d(p.q) <d(p.r)+d(r,q)]

Any function with these properties is called a distance function or a metric.

Example 14.1. The following functions are metrics:

1. For any p, q from the Euclidean space R"

(a) the Euclidean metric:

ld(p.9)=1p—all

(b) the discrete metric:

d(p,q)={? ZZ

P=q
P #q

(c) the weighted metric:

dp.g)=Ip—4qlo:=vVp—-T0(p—q)

Q=07>0

(d) the module metric:

dp.9)=>_Ipi—qil
i=1

(e) the Chebyshev’s metric:

d(p,q) =max{lpi—qil, ... 1p. — qul}

(14.11)

(14.12)

(14.13)

(14.14)

(14.15)

(14.16)

(14.17)

(14.18)
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(f) the Prokhorov’s metric:

lp—ql
d(p,q) = P—4

=—— " _€<J[0,1) 14.19
1+ 1p—ql [ ( )

2. For any 7z, and 7, of the complex plane C

d(Zh Zz) = |Z1 - Zz|
= V(Re (z1 — 22))> + (Im (21 — 22))°

(14.20)

14.2.2 Set structures

Let X be a metric space. All points and sets mentioned below will be understood to
be elements and subsets of X.

Definition 14.7.

(a) A neighborhood of a point x is a set N, (x) consisting of all points y such that
d (x,y) < r where the number r is called the radius of N, (x), that is,

’/\/',(x) ={yeX:d(x,y) <r}‘ (14.21)

(b) A point x € X is a limit point of the set £ C X if every neighborhood of x contains
a point'y # x such that y € £.

(c) If x € £ and x is not a limit point of € then x is called an isolated point of £.

(d) & C X is closed if every limit of elements from £ is a point of &.

(e) A point x € £ is an interior point of £ if there is a neighborhood of N, (x) of x such
that N, (x) C £.

(f) € is open if every point of € is an interior point of .

(g) The complement £¢ of £ is the set of all points x € X such that x ¢ E.

(h) & is bounded if there exist a real number M and a point x € £ suchthatd (x,y) < M
forally € &.

(i) € is dense in X if every point x € X is a limit point of €, or a point of &, or both.

(j) € is connected in X if it is not a union of two nonempty separated sets, that is, £
cannot be represented as £ = AU B where A # &, B# @ and ANB = 2.

Example 14.2. The set J,p., (p) defined as

Jopen :Z{XEX7 d(xap)<r}‘

is an open set but the set J.,s.q (p) defined as

Jclused (P) = {x € X! d(xv p) = r}‘

is closed.
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The following claim seems to be evident and that is why they are given without proofs.

Claim 14.3.

1. Every neighborhood N, (x) C & is an open set.

2. If x is a limit point of £ then every neighborhood N, (x) C € contains infinitely many
points of £.

3. A finite point set has no limit points.
Let us prove the following lemma concerning complement sets.

Lemma 14.1. Let {&,} be a collection (finite or infinite) of sets &, C X. Then

(U 5a> =& (14.22)

Proof. If x € <U Ec,> then, evidently, x ¢ |J &, and, hence, x ¢ &, for any «. This

means that x € () £¢. Thus,
o

(U 5a> <& (14.23)

Conversely, if x € () £ then x € & for every « and, hence, x ¢ |J &,. So, x € (U 5;)

o

which implies
ﬂg; c (U 5a> (14.24)
Combining (14.23) and (14.24) gives (14.22). Lemma is proven. |

This lemma provides the following corollaries.

Corollary 14.1.

(a) A set & is open if and only if its complement E° is closed.
(b) A set & is closed if and only if its complement E¢ is open.
(¢) For any collection {&,} of open sets &, the set | J &, is open.

(d) For any collection {£€,} of closed sets &, the set (| ES is closed.
(e) For any finite collection {&,, ..., E,} of open sets &, the set (| ES is open too.

(f) For any finite collection {&, ..., E,} of closed sets &, the set |JE, is closed too.

Definition 14.8. Let X be a metric space and £ C X. Denote by &' the set of all limit
points of £. Then the set cl £ defined as

(14.25)

is called the closure of £.
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The next properties seem to be logical consequences of this definition.

Proposition 14.3. If X is a metric space and £ C X, then

(a) cl& is closed;

(b) & =cl& if and only if £ is closed;

(c) clE C P for every closed set P C X such that € C P;

(d) If € is a nonempty set of real numbers which is bounded above, i.e., & %= E C R and
y:=sup& < oo. Then y € cl& and, hence, y € £ if € is closed.

Proof.

(a) If x € X and x ¢ cl & then x is neither a point of £ nor a limit point of £. Hence x
has a neighborhood which does not intersect £. Therefore the complement £¢ of £ is
an open set. So, cl £ is closed.

(b) If £ = cl £ then by (a) it follows that £ is closed. If £ is closed then for &', defined
in (14.8), we have that & C £. Hence, £ =cl£.

(c) P is closed and P D & (defined in (14.8)) then P O P’ and, hence, P O &'. Thus
P Dclé.

(d) If y e £Ethen y € clE. Assume y ¢ £. Then for any ¢ > 0 there exists a point
x € Esuch that y—e < x <y, otherwise (y — €) would be an upper bound of £ that
contradicts the supposition sup £ = y. Thus y is a limit point of £. Hence, y € cl £.

The proposition is proven. O

Definition 14.9. Let € be a set of a metric space X. A point x € € is called a boundary
point of £ if any neighborhood N, (x) of this point contains at least one point of £ and
at least one point of X — E. The set of all boundary points of £ is called the boundary
of the set £ and is denoted by dE.

It is not difficult to verify that

IE=clENcl(X —&) (14.26)

Denoting by

(1427

the set of all internal points of the set &, it is easily verified that

nté&=X-cl(X-¢)
int(X -8 =X-clé
int(intf) = int&

If cléENcdD=2 then 9(EUD)=0EUID

(14.28)
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14.2.3 Compact sets

Definition 14.10.

1. By an open cover of a set £ in a metric space X we mean a collection {G,} of open
subsets of X such that

£ cl G (14.29)

2. A subset K of a metric space X is said to be compact if every open cover of K
contains a finite subcover; more exactly, there are a finite number of indices oy, . . ., o,
such that

KCGyU--- UG, (14.30)

Remark 14.1. Evidently, every finite set is compact.
Theorem 14.1. A set K C Y C X is a compact relative to X if and only if K is a compact
relative to ).

Proof. Necessity. Suppose K is a compact relative to X. Hence, by the definition (14.30)
there exists its finite subcover such that

KCGyU---UG, (14.31)

where G, is an open set with respect to X'. On the other hand X C |V, where {V,} is

a collection of sets open with respect to ). But any open set V, can be represented as
V, =Y NG,. So, (14.31) implies

KCVyU---UYV,, (14.32)

Sufficiency. Conversely, if IC is a compact relative to ) then there exists a finite collection
{V,} of open sets in ) such that (14.32) holds. Putting V, = Y NG, for a special
choice of indices «a, ..., o, it follows that V, C G, which implies (14.31). Theorem is
proven. (]

Theorem 14.2. Compact sets of metric spaces are closed.

Proof. Suppose K is a compact subset of a metric space X. Let x € X but x ¢ £
1

and y € K. Consider the neighborhoods W, (x) N, (y) of these points with r < =d (x, y).

Since K is a compact there are finitely many points yy, ..., y, such that

KCcN,DU---UN, () =N

IfV=MN,xnN- NN, (x), then evidently V is a neighborhood of x which does not
intersect A and, hence, V C K°. So, x is an interior point of K. Theorem is proven. [
The following two propositions seem to be evident.
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Proposition 14.4.

1. Closed subsets of compact sets are compacts too.
2. If F is closed and K is compact then F N K is compact.

Theorem 14.3. If £ is an infinite subset of a compact set K then £ has a limit point in KC.

Proof. If no point of X were a limit point of £ then y € K would have a neighborhood
N; (y) which contains at most one point of £ (namely, y if y € £). It is clear that no
finite subcollection {./\/,.k (y)} can cover £. The same is true of K since £ C K. But this
contradicts the compactness of . Theorem is proven. (]

The next theorem explains the compactness property especially in R” and is often
applied in a control theory analysis.

Theorem 14.4. If a set £ C R" then the following three properties are equivalent:

(a) & is closed and bounded.
(b) & is compact.
(c) Every infinite subset of £ has a limit point in &.

Proof. Itis the consequence of all previous theorems and propositions and left for readers’
consideration. The details of the proof can be found in Chapter 2 of Rudin (1976). O

Remark 14.2. Notice that properties (b) and (c) are equivalent in any metric space, but
(a) is not.

14.2.4 Convergent sequences in metric spaces

14.2.4.1 Convergence

Definition 14.11. A sequence {x,} in a metric space X is said to converge if there is a
point x € X which for any € > 0 there exists an integer n, such that n > n. implies that
d (x,,x) < ¢&. Here d (x,, x) is the metric (distance) in X. In this case we say that {x,}
converges to x, or that x is a limit of {x,}, and we write

limx, =x or x, —> x (14.33)

n—0o0 n—oo

If {x,} does not converge, it is usually said to diverge.

Example 14.3. The sequence {1/n} converges to 0 in R, but fails to converge in
R,:={xeR|x >0}

Theorem 14.5. Let {x,} be a sequence in a metric space X.

1. {x,} converges to x € X if and only if every neighborhood N, (x) of x contains all
but (excluding) finitely many of the terms of {x,}.
2. If x',x" € X and

X, — x and x, — x"
n—o0o n—oo
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then

3. If {x,} converges then {x,} is bounded.
4. If £ C X and x is a limit point of £ then there is a sequence {x,} in £ such that
x = limx,.

n—oo

Proof.
1. (a) Necessity. Suppose x, — x and let N, (x) (for some ¢ > 0) be a neighborhood

of x. The conditions d (y, x) < &, y € X imply y € N, (x). Corresponding to this
¢ there exists a number 7, such that for any n > n, it follows that d (x,, x) < ¢.
Thus, x, € N, (x). So, all x, are bounded.

(b) Sufficiency. Conversely, suppose every neighborhood of x contains all but finitely
many of the terms of {x,}. Fixing & > 0 denoting by N, (x) the set of all y € X
such that d (y, x) < ¢. By assumption there exists n, such that for any n > n, it
follows that x,, € N, (x). Thus d (x,, x) < ¢ if n > n, and, hence, x, .

2. For the given ¢ > 0 there exist integers n’ and n” such that n > n’ implies d (x,, x') <
€/2 and n > n” implies d (x,, x") < &/2. So, for n > max {n’, n"} it follows d (x’, x")
<d (', x,)+d (x,,x") < e. Taking & small enough we conclude that d (x", x”) = 0.

3. Suppose x, X Then, evidently there exists an integer n, such that for all n > ny we

have d (x,, x) < 1. Define r := max {1,d (x,x),...,d (x4, x)}. Thend (x,,x) <r
forallm=1,2,....

4. For any integer n = 1, 2, ... there exists a point x,, € £ such that d (x,,, x) < 1/n. For
any given ¢ > 0 define n, such that en, > 1. Then for n > n, one has d (x,, x) <
1/n < ¢ which means that x, At

This completes the proof. ]

14.2.4.2 Subsequences
Definition 14.12. Given a sequence {x,} let us consider a sequence {n;} of positive
integers satisfying ny < n, < - - - Then the sequence {xnk} is called a subsequence

of {x,}.

Claim 14.4. If a sequence {x,} converges to x then any subsequence {xnk} of {x,}
converges to the same limit point x.

Proof. This result can be easily proven by contradiction. Indeed, assuming that two
different subsequences {x,, } and {x,, } have different limit points x" and x”, it follows
that there exist 0 < ¢ < d (x/, x”) and a number k, such that for all £ > k, we shall have:
d (x,,k,x,,j) > ¢ which is in contradiction with the assumption that {x,} converges. [

Theorem 14.6.

(a) If {x,} is a sequence in a compact metric space X then it contains some subsequence
{xnk} convergent to a point of X.
(b) Any bounded sequence in R" contains a convergent subsequence.
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Proof.

(a) Let £ be the range of {x,}. If {x,} converges then the desired subsequence is this
sequence itself. Suppose that {x,} diverges. If £ is finite then there is a point x € £
and numbers n; < n, < - - - such that x,, = x,, = - - - = x. The subsequence {xnk}
so obtained converges evidently to x. If £ is infinite then by Theorem (14.3) £ has
a limit point x € X. Choose n; so that d (x,,, , x) < 1, and, hence, there are integers
n; > n;_y such that d (x,,, x) < 1/i. This means that x,, converges to x.

(b) This follows from (a) since Theorem (14.4) implies that every bounded subset of R”
lies in a compact subset of R”.

Theorem is proven. (]

14.2.4.3 Cauchy sequences

Definition 14.13. A sequence {x,} in a metric space X is said to be a Cauchy (funda-
mental) sequence if for every ¢ > 0 there is an integer n, such that d (x,, x,,) < € if
both n > n, and m > n,.

Defining the diameter of £ as

diam & := supd (x, y) (14.34)
x,ye€
one may conclude that if £,, consists of the points {xns, Xny41s - - } then {x,} is a Cauchy

sequence if and only if

lim diam £ =0 (14.35)

ng—00

Theorem 14.7.

(a) If cl € is the closure of a set £ in a metric space X then

| diam £ = diam cl £ | (14.36)

(b) If{IC,} is a sequence of compact sets in X suchthat IC, D KC,_y (n = 2,3, ...) thenthe

set K := () K, consists exactly of one point.

n=1

Proof.

(a) Since £ C cl € it follows that
diam £ < diam cl& (14.37)

Fix ¢ > 0 and select x, y € cl £. By definition (14.25) there are two points x', y’ € £
such that both d (x, x") < ¢ and d (y, y') < & which implies

dx,y)<d (x,x)+d &', y)+d (', y)
<2e+d(,y) <2+ diam £
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As a result, we have
diam cl £ < 2¢ +diam £

and since ¢ is arbitrary it follows that

diam cl £ < diam & (14.38)

The inequalities (14.37) and (14.38) give (14.36).
(b) If K contains more than one point then diam K > 0. But for each n we have that
K, D K, so that diam K, > diam /. This contradicts that diam C, — 0.

n—o0

Theorem is proven. ]

The next theorem explains the importance of fundamental sequence in the analysis of
metric spaces.

Theorem 14.8.

(a) Every convergent sequence {x,} given in a metric space X is a Cauchy sequence.

(b) If X is a compact metric space and if {x,} is a Cauchy sequence in X then {x,}
converges to some point in X.

(c¢) In R" a sequence converges if and only if it is a Cauchy sequence.

Usually, claim (c) is referred to as the Cauchy criterion.
Proof.

(a) If x, — x then for any ¢ > 0 there exists an integer n. such that d (x,, x) < ¢ for
all n > n,. So, d (x,,, xp) < d (x,,x)+d (x,x,) <2¢if n,m > n,. Thus {x,} is a
Cauchy sequence.

(b) Let {x,} be a Cauchy sequence and the set &, contains the points x,,_, X, 1, Xn. 425 - - -
Then by Theorem (14.7) and in view of (14.35) and (14.36)

lim diam cl&,, = lim diam &,, =0 (14.39)

Nng—>00 ng—>00

Being a closed subset of the compact space A’ each cl £,, is compact (see Proposition
14.4). And since &, D &,41 then cl&, D cl&, ;. By Theorem (14.7b), there is a
unique point x € X which lies in cl&,. The expression (14.39) means that for any
& > 0 there exists an integer n. such that diam cl&, < ¢ if n > n,. Since x € cl&,
then d (x, y) < ¢ for any y € cl £, which is equivalent to the following: d (x, x,) < ¢
if n > n,. But this means that x,, — x.

(c) Let {x,} be a Cauchy sequence in R" and define &, as in statement (b) but with
X, € R" instead of x,. For some n, we have that diam &, < 1. The range of {x,}
is the union of &£, and the finite set {xl, X2, .., an-1}~ Hence, {x,} is bounded and
since every bounded subset in R” has a compact closure in R”, the statement follows
from statement (b).

Theorem is proven. ]

Definition 14.14. A metric space where each Cauchy sequence converges is said to be
complete.
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Example 14.4.
1. By Theorem 14.8 it follows that all Euclidean spaces are complete.
2. The space of all rational numbers with the metric d (x, y) = |x — y| is not complete.

3. In R" any convergent sequence is bounded but not any bounded sequence obligatory
converges.

There is a special case when bounded sequence obligatory converges. The next theorem
specifies such sequences.

Theorem 14.9. (Weierstrass theorem) Any monotonic sequence {s,} of real numbers,
namely, when

(a) {s,} is monotonically nondecreasing: s, < s,,|,
(b) {s.} is monotonically nonincreasing: s, > s,1;

converges if and only if it is bounded.

Proof. If {s,} converges it is bounded by Theorem 14.5, claim 3. Suppose that {s,} is
bounded, namely, sups, = s < oo. Then s, < s and for every ¢ > 0 there exists an
integer n, such that s —e < s, < s for otherwise s — & would be an upper bound for {s,}.
Since {s,} increases and ¢ is arbitrarily small this means s, — s. The case s, > s, is

considered analogously. Theorem is proven. O

14.2.4.4 Upper and lower limits in R
Definition 14.15. Let {s,} be a sequence of real numbers in R.

(a) If for every real M there exists an integer ny such that s, > M for all n > ny we
then write

(14.40)

(b) If for every real M there exists an integer ny such that s, < M for all n > ny we
then write

1441

(c) Define the upper limit of a sequence {s,} as

limsups, := lim sups, (14.42)
t

n—00 =00 >t

which may be treated as the biggest limit of all possible subsequences.
(d) Define the lower limit of a sequence {s,} as

liminfs, := lim infs, (14.43)

n—00 t—00 n>t

which may be treated as a lowest limit of all possible subsequences.
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The following theorem, whose proof is quite trivial, is often used in many practical
problems.

Theorem 14.10. Let {s,} and {t,} be two sequences of real numbers in R. Then the
following properties hold:

1
liminf s, < limsups, (14.44)
2.
limsups, =00 if s, > 00
Lo . (14.45)
liminfs, = —oco if s, > —00
3.
limsup (s, +t,) < limsups, + limsup?, (14.46)
4.
liminf (s, + #,) > liminf s, 4+ lim inf ¢, (14.47)

5. If lims, = s then

n—00

liminf s, = limsups, = s (14.48)

n—00 n—o00

6. If s, <t, for all n > M which is fixed then

limsups, < limsupt,

o ros 14.49
liminf s, < liminf 7, (14.49)

Example 14.5.

1.
. . Y .. . Y
lim sup sin (—n) =1, liminfsin (—n) = -1
n—o0 2 n—oo 2
2.
. T L. 4
lim sup tan (En) =00, liminftan (5”) = —00
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(="
3. Fors, =
14+1/n
limsups, =1, liminfs, = —1

14.2.5 Continuity and function limits in metric spaces

14.2.5.1 Continuity and limits of functions
Let X and ) be metric spaces and £ C X, f maps £ into ) and p € X.

Definition 14.16.

(a) We write

limf (x) =¢q (14.50)
x—p

if there is a point q € Y such that for every € > 0 there exists ad = § (¢, p) > 0 for
which dy (f (x), q) < € for all x € £ for which dx (x, p) < 8. The symbols dy and
dx are referred to as the distance in X and ), respectively. Notice that f may be
not defined at p since p may not belong to E.

(b) If, in addition, p € £ and dy (f (x), f (p)) < € for every ¢ > 0 and for all x € £
for which dx (x, p) < § =6 (¢) then f is said to be continuous at the point p.

(c) If f is continuous at every point of £ then f is said to be continuous on &.

(d) If forany x,y e EC X

dy (f (x), f(y) =Lsdx(x,y), Ly<o0 (14.51)

then f is said to be Lipschitz continuous on &.

Remark 14.3. If p is a limit point of £ then f is continuous at the point p if and
only if

tim £ () = £ (p) (14.52)

The proof of this result follows directly from the definition above.
The following properties related to continuity are evidently fulfilled.

Proposition 14.5.
1. If for metric spaces X, ), Z the following mappings are defined:

f:ECcX =Y, g:f(E)—>2Z
and

hx):=g(fx), xe&
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then h is continuous at a point p € £ if f is continuous at p and g is continuous
at f (p).

2.If f 1 X >R and f (x) := (fi (%), ..., f, (x)) then [ is continuous if and only if
all f; (x) (i =1, n) are continuous.

3. If f,g : X >R" are continuous mappings then f + g and (f, g) are continuous
too on X.

4. A mapping f : X — Y is continuous on X if and only if f=' (V) is open (closed) in
X for every open (closed) set V C ).

14.2.5.2 Continuity, compactness and connectedness
Theorem 14.11. If f : X — ) is a continuous mapping of a compact metric space X
into a metric space Y then f (X) is compact.

Proof. Let {V,} be an open cover of f (X'). By continuity of f and in view of Proposition
14.5 it follows that each of the sets f~! (V,) is open. By the compactness of X there are
finitely many indices o, ..., «, such that

xclJr (V) (14.53)

Since f (f‘l (8)) C & forany £ C Y it follows that (14.53) implies that f (X) C Lnj Vi, -

a=1

This completes the proof.

Corollary 14.2. If f : X — R" is a continuous mapping of a compact metric space X
into R" then f (X) is closed and bounded, that is, it contains all its limit points and
lf ) <M < oo forany x € X.

Proof. 1t follows directly from Theorems 14.11 and 14.4. g

The next theorem is particularly important when f is real.

Theorem 14.12. (Weierstrass theorem) If f : X — R” is a continuous mapping of a
compact metric space X into R and

M =supf (), m=inff(x)

xeX

then there exist points xy, x,, € X such that

M=f@y), m=f(x)

This means that f attains its maximum (at xy;) and its minimum (at x,,), that is,

M= f_;‘}?f () =max f (x), m = inf f (x) =minf (x)
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Proof. By Theorem 14.11 and its corollary it follows that f (X) is a closed and bounded
set (say, &) of real numbers. So, if M € £ then M € cl&. Suppose M ¢ £. Then for
any ¢ > 0 there is a point y € &£ such that M — ¢ < y < M, for otherwise (M — ¢)
would be an upper bound. Thus y is a limit point of £. Hence, y € cl& proves the
theorem. O

The next theorem deals with the continuity property for inverse continuous one-to-one
mappings.

Theorem 14.13. If f : X — Y is a continuous one-to-one mapping of a compact metric
space X into a metric space ) then the inverse mapping f~' : Y — X defined by

@)y =xeX
is a continuous mapping too.

Proof. By Proposition 14.4, applied to f~' instead of f, one can see that it is sufficient
to prove that f (V) is an open set of ) for any open set VV C X. Fixing a set ) we may
conclude that the complement V¢ of V is closed in X and, hence, by Proposition 14.5 it
is a compact. As the result, f (V) is a compact subset of ) (14.11) and so, by Theorem
14.2, it is closed in Y. Since f is one-to-one and onto, f ())) is the complement of f (1¢)
and, hence, it is open. This completes the proof. (]

14.2.5.3 Uniform continuity
Definition 14.17. Let f : X — Y be a mapping of a space X into a metric space ).
A mapping f is said to be

(a) uniformly continuous on X if for any ¢ > 0 there exists § = & (¢) > 0 such that
dy (f (x), f(x") < e forall x,x" € X for which dx (x,x") < 4.

(b) uniformly Lipschitz continuous on a (x, z)-set £ with respect to x, if there exists a
positive constant Ly < oo such that

dy (f (x.2), f (. 2)) < Lydx (x,x)

forall x,x',z € €.

Remark 14.4. The difference between the concepts of continuity and uniform continuity
concerns two aspects:

(a) uniform continuity is a property of a function on a set, whereas continuity is defined
for a function in a single point;

(b) 6, participating in the definition (14.50) of continuity, is a function of € and a point p, that
is, § = 6 (&, p), whereas §, participating in the definition (14.17) of the uniform conti-
nuity, is a function of € only serving for all points of a set (space) X, that is, 5 = § (€).

Evidently, any uniformly continued function is continuous but not inverse. The next
theorem shows when both concepts coincide.

Theorem 14.14. If f : X — ) is a continuous mapping of a compact metric space X
into a metric space Y then f is uniformly continuous on X.
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Proof. Continuity means that for any point p € X and any ¢ > 0 we can associate a
number § (¢, p) such that

xeX, dy(x,p) <d8(e,p) implies dy (f (x), f(p)) <¢e/2 (14.54)
Define the set
J(p) ={x e X :dx(x,p) <d(e p)/2}

Since p € J (p) the collection of all sets J (p) is an open cover of X and by the
compactness of X there are a finite set of points py, ..., p, such that

Put
_ 1
5(e):= Emm{S(e, p1)s...,0(, p)} >0

Now let x € X satisfy the inequality dx (x, p) < 8 (¢). By the compactness (namely, by
(14.55)) there is an integer m (1 < m < n) such that p € J (p,,) implies

1
dx (X, pn) < 582, pu)

and, as the result,

dx (x, pn) < dx (x, p) +dx (p, pu) <8 (&) + %5 (&, pm) =8 (& Pm)
Finally, by (14.54)

dy (f (), f(p)) = dy (f (X), f (pw)) +dy (f (pw), [ (P)) =€
which completes the proof. ]
Remark 14.5. The alternative proof of this theorem may be obtained in the

following manner: assuming that f is not uniformly continuous we conclude that there
exists € > 0 and the sequences {x,},{p.} on X such that d~ (x,, p,) — O but

dy (f (x,), f (pn)) > e. The last is in contradiction with Theorem 14.3. S

Next examples show that compactness is essential in the hypotheses of the previous
theorems.

Example 14.6. If £ is a noncompact in R then

1. There is a continuous function on € which is not bounded, for example,

f(x)=L’ E=xeR: x| <1}
x—1
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Here, £ is a noncompact, f (x) is continuous on &, but evidently unbounded. It is easy
to check that it is not uniformly continuous.

2. There exists a continuous and bounded function on £ which has no maximum, for
example,

=, 5 = R N 1
[0 = 1o (reR:lx| <1)
Evidently,
supf (x) =1
xe&

1
whereas > < f (x) < 1 and, hence, has no maximum on &.

14.2.5.4 Continuity of a family of functions: equicontinuity

Definition 14.18. A family F of functions f (x) defined on some x set £ is said to be
equicontinuous if for any ¢ > 0 there exists ad = § (¢), the same for all class F, such
that dx (x,y) < &8 implies dy (f (x), f (y)) <eforallx,y € € andany f € F.

The most frequently encountered equicontinuous families F occur when f € F are
uniformly Lipschitz continuous on X C R”" and there exists an Ly > 0 which is a
Lipschitz constant for all f € F. In this case § = § (¢) can be chosen as 6 =¢/Ly.

The following claim can be easily proven.

Claim 14.5. If a sequence of continuous functions on a compact set X C R" is uniformly
convergent on X, then it is uniformly bounded and equicontinuous.

The next two assertions are usually referred to as the Ascoli-Arzela’s theorems (see
the reference in Hartman (2002)). They will be used below for the analysis of ordinary
differential equations.

Theorem 14.15. (on the propagation, Ascoli-Arzela, 1883-1895) Letr, on a compact

convergent on &.
Another version of the same fact is as follows.

Theorem 14.16. (on the selection, Ascoli-Arzela, 1883-1895) Let, on a compact x-set
of & C R, the sequence of functions { f, (x)},_, ... be uniformly bounded and equicon-
tinuous. Then there exists a subsequence { fou (x)}k:uw' which is uniformly conver-
gent on E.

Proof. Let us consider the set of all rational numbers R C £. Since R is countable, all of
its elements can be designated by numbers, i.e., R = {rj} (j =1,...). The numerical
vector-sequence {f, (r1)},_,, . is norm-bounded, say, || f, (r))|| < M. Hence, we can
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choose a convergent sequence { S (rz)} P which is also bounded by the same M.
Continuing this process we obtain a subsequence { f,, (rq)}p:l,Z,,,, that converges in a
point r,, g = 1,2,.... Let f, := f, (r,,). Show that the sequence {f,,} is uniformly
convergent on & to a continuous function f € C (£). In fact, { f,,} converges in any point
of R by the construction. To establish its convergence in any point of &, it is sufficient to
show that for any fixed x € & the sequence { f, (x)} converges on itself. Since { f,, (x)}
is equicontinuous, for any & > 0O there exists § = § (¢) such that for ||x — x’|| < § and
x,x" € & there is pr (x) — f, ")|| < e. Choose r; such that Hx —er < § implies
| f» ) = f» (r;)|| < & But the sequence { f, (r;) } converges on itself. Hence, there is
a number p, such that ||f,, x) — fp (x’)H < & whenever p, p’ > py. So,

| £o @) = fo @D < || £ @) = o (1)) ]
[ fo () = for ()| + 1 for () = fr D] < 3¢

Thus { f, (x)} converges at each x € &. It remains to prove that { f, (x)} converges
uniformly on £ and, therefore, its limit f is from C (£). Again, by the assumption on
equicontinuity, one can cover the set £ with the finite §-set containing, say, /-subsets.
In each of them select rational numbers, say, 7y, ..., #;. By the convergence of { fr (x)}
there exists po such that || f, (r;) — f» (r;)|| < & whenever p, p’ > py, so that

£, @) = fr O = || fo @) = £ ()]
[ fo (i) = for () ||+ 1 for () = frr @] < 3¢

where j is selected in such a way that r; belongs to the same §-subset as x. Taking
p' — oo, this inequality implies pr x) — f(x)H < 3¢ for all x from the consid-
ered §-subset, but this means the uniform converges on { fr (x)} exactly. Theorem is
proven. |

14.2.5.5 Connectedness
The definition of the connectedness of a set £ has been given in Definition 14.7. Here
we will discuss its relation with the continuity property of a function f.

Lemma 14.2. If f : X — ) is a continuous mapping of a metric space X into a metric
space Y, and if € is a connected subset of X, then f (€) is connected.

Proof. On the contrary, assume that f (£) = .4 U B with nonempty sets 4, 5 C ) such
that ANB=2.PutG=EN f~' (A)and H = EN ' (B). Then £ = G U H and both G
and H are nonempty. Since A C cl A it follows that G C f~' (cl.A) and f (c1G) C cl A.
Taking into account that f () = B and c1. A N B = & we may conclude that G N H = &.
By the same argument we conclude that G Ncl H = @. Thus, G and H are separated
which is impossible if £ is connected. Lemma is proven. |

This theorem serves as an instrument to state the important result in R which is
known as the Bolzano theorem which concerns a global property of real-valued functions
continuous on a compact interval [a, b] € R: if f (a) < 0 and f (b) > 0 then the graph of
the function f (x) must cross the x-axis somewhere in between. But this theorem as well
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as other results concerning the analysis of functions given on R”" will be considered in
detail below in Chapter 16.

14.2.5.6 Homeomorphisms

Definition 14.19. Let f : S — T be a function mapping points from one metric
space (S, ds) to another (T, d7) such that it is one-to-one mapping or, in other words,
' T — S exists. If additionally f is continuous on S and f~' on T then such
mapping f is called a topological mapping or homeomorphism, and the spaces (S, ds)
and (f (S), d) are said to be homeomorphic.

It is clear from this definition that if f is homeomorphic then f~! is homeomorphic
too. The important particular case of a homeomorphism is the so-called isometry, i.e., it
is a one-to-one continuous mapping which preserves the metric, namely, which for all
x,x" € S keeps the identity

dr (f (%), f () =ds (x,x)] (14.56)

14.2.6 The contraction principle and a fixed point theorem

Definition 14.20. Let X' be a metric space with a metric d. If ¢ maps X into X and if
there is a number c € [0, 1) such that

[d(p (1), 9 () < ed (x, X))

(14.57)

for all x,x' € X, then ¢ is said to be a contraction of X into X.

Theorem 14.17. (The fixed point theorem) If X' is a complete metric space and if
@ is a contraction of X into X, then there exists one and only one point x € X
such that

(14.58)

Proof. Pick xo € X arbitrarily and define the sequence {x,} recursively by setting x,,; =
¢ (x,), n=0,1,.... Then, since ¢ is a contraction, we have

d (-xn+lv X)) = d ((p (X, % (xX1-1))

= cd (x,,,x,,,]) <---= c"d (X], xO)
Taking m > n and in view of the triangle inequality, it follows that
d (o x) < Y d (i, xim0) < ("7 -4 ) d (3, X0)

i=n+1

<c" (" b 1) d (xg, x0) <" (1—0)7'd (x1, x0)
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Thus {x,} is a Cauchy sequence, and since X is a complete metric space, it should
converge, that is, there exists lim x,, := x. And, since ¢ is a contraction, it is continuous (in

n—00

fact, uniformly continuous). Therefore ¢ (x) = lim ¢ (x,) = lim x, = x. The uniqueness
follows from the following consideration. Assume that there exists another point y € X
such that ¢ (y) = y. Then by (14.57) it follows that d (x,y) < cd (¢ (x), ¢ (y)) =
cd (x, y) which may only happen if d (x, y) = 0 which proves the theorem. |

14.3 Summary
The properties of sets which remain invariant under every topological mapping are

usually called the topological properties. Thus properties of being open, closed, or com-
pact are topological properties.
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15.1 Naive interpretation
15.1.1 What is the Riemann integration?

It is well known from elementary calculus that to find the area of the region under the
graph of a positive function f on the closed interval [a, b], one needs to subdivide the
interval into a finite number of subintervals, say n, with the kth subinterval Ax; and to
consider the sums I defined as

InR = Z f (lk) Axk, I € [)Ck_l, )Ck) (151)

i=1
Xo=a <X <---<X,=b, Axy:=xy— X

Such sum is suggested to be considered as an approximation of the area by means of
rectangles (see Fig. 15.1).

Making the successive subdivisions finer and finer, or, in other words, taking n — oo
and if there exists some hope that these sums will tend to a limit /% (f) then such sums
will converge to a real value of the square of the area under consideration. This, roughly

f(x)

N

a Xg—1 Xy b

Fig. 15.1. Riemann’s type of integration.

275
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f(x)

AN

a b
mes,

Fig. 15.2. Lebesgue’s type of integration.

speaking, is what is involved in Riemann’s definition of the definite integral th:a f(x)dx
which is studied in detail within the elementary calculus course. This type of integration
is well defined for the class of continuous or partially continuous functions.

15.1.2 What is the Lebesgue integration?

If a function has some more complex structure and admits any discontinuity of a
more complex nature then another generalizing integration method is required. One of
such method is the Lebesgue integration. It corresponds to the following approximation
scheme (see Fig. 15.2):

IF =" (fi = fior) mes

i=1
Jor= xiﬁf-‘b]f('x) <fi<- < fur= sup flx) (15.2)

xé€la,b]
mes; is the longitude of all intervals where

fict 2 f ) < fi

If a limit 7% of I (when n — 00) exists it is called the Lebesgue integral of f(x) on
[a, b] and is denoted by 1" (f) := [, b:a f- Ttis closely related to a measure of a set. This
chapter considers both integration schemes in detail and rigorously from a mathematical
point of view.

15.2 The Riemann-Stieltjes integral
15.2.1 Riemann integral definition

Let [a, b] be a given interval and a partition P, of [a, b] be defined as a finite
collection of points

a=xg<Xx <---<Xx,=b
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We write
Ax;i=x;—xi_,i=1,...,n

Definition 15.1. Suppose f is a bounded real function defined on [a, b] and

M;:= sup f(x), m;:= inf f(x) (15.3)
XE[Xi—1,%;) x€[xi—1,%;)
Then
U(P,, f) =Y MAx (15.4)
i=1
and
L(P,. f) =) mAx; (15.5)
i=1

are called the upper and lower Darboux sums, respectively.

Definition 15.2.
1. The upper Riemann integral 1Y (f) is defined as follows:

I" (f) := limsup supU (P,, f) (15.6)
P

n—oo

where sup is taken over all partitions P, of the interval [a, D).
P

2. The lower Riemann integral I* (f) is defined as follows:

I' (f) := liminf igfL (P,, ) (15.7)

where inf is taken over all partitions P, of the interval [a, b].

Py
3 If
I'(f)=1"(f)

then the Riemann integral 1% (f), often written as
b
1" (f) = /f(x)dx

is defined by

b
IR(f)=/f()C)d)C =1 =1"(f) (15.8)
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Notice that for any partition P, we have

i=l

min M;:=m < L(P,, f) U (P, f) = M:= max M;
So, the numbers L (P,, f) and U (P,, f) form a bounded set and, hence, are correctly
defined. The question of the integrability of f (when (15.8) holds) is a delicate question
which will be discussed below.

15.2.2 Definition of Riemann—Stieltjes integral

We shall be working here with a compact set [a, b] € R and all functions will be
assumed to be real-valued functions defined on [a, b]. Complex-valued functions will be
considered below in Chapter 18.

Let P, := {a = x¢, x1, ..., x, = b} be a partition of [a, b], #, be a point within the
interval [x;_, x;) and Aoy := o (x;) — o (x4—1) where « : R — R is a real function
defined on [a, b].

Definition 15.3.
1. A partition P’ of [a, b] is said to be finer than P (or a refinement of P) if

PCP (15.9)

2. A sum of the form

S(P,. foo) =) f (&) Ay (15.10)

k=1

is called a Riemann-Stieltjes sum of [ with respect to o corresponding to a given
partition P,.

3. We say that f is integrable in the Riemann sense with respect to o on [a, b] and we
will write f € Ryap (@) if there exists a number I*~5 having the following property:
for any & > O there exists a partition P, of [a, b] such that for any partition P finer
than P, and for any choice of the points t;, € [x;_1, x;) we have

|S(P, fia) —I1F5| < ¢ (15.11)

4. When such number 175 exists, it is uniquely determined and is denoted by

b
[R5 .= / ) da (x) (15.12)

This is the Riemann—Stieltjes integral (or simply the Stieltjes integral) of f with
respect to o on [a, b].
5. The functions f and a are referred to as the integrand and the integrator, respectively.
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Remark 15.1. The letter x in (15.12) is a “dummy variable”, so it may be replaced by
any other convenient symbol, for example,

b b
ﬂ“5:=/fﬂwdau>=b/fa>mx@> (15.13)
xX=a {=a

Remark 15.2. By taking o (x) = x, the Riemann integral (15.8) is seen to be a special
(partial) case of the Riemann—Stieltjes integral (15.12).

15.2.3 Main properties of the Riemann—Stieltjes integral

Theorem 15.1. (on linear properties)

1. If f, g € Riap (@) then for any c;,c; € R

1/ + 28 € Ruy (@] (15.14)

and

b

/ [erf (X) + c2g (x)]da (x)

x=a , , (15.15)
=cl/f(X)da(x)+Cz/g(x)da(X)

2. If f € Riap) (@) and at the same time f € Riqp) (B) then for any ci,c, € R

f € Riap (1 + 28) (15.16)

and

b
/fuwkmunwﬁan
x=a (15.17)

b b
:cl/f(x)dot(x)-i-cz/f(x)dﬁ(x)

Proof. Tt follows directly from the linear property for the Riemann—Stieltjes sums (15.10)
S(P,cif +cg,a) and S (P, h, cia + c28). O
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Theorem 15.2. (on intervals summation) Assume that ¢ € [a, b]. If two of the three
integrals in the next identity exist then the third one also exists and

b c b
/ fx)da(x) = / fx)da (x)+ / f (x)da (x) (15.18)

Proof. If P is a partition of [a, b] and ¢ € P then we may introduce the corresponding
partitions of [a, c] and [c, b], respectively, as follows:

P :=PnNJa,c], P":=PN]Jcb]
Then by the linear property for the Riemann—Stieltjes sums (15.10) we have
S(P. f.a)=S (P f.a) + S (P f.at)
which implies the proof of the desired result. ]

Corollary 15.1.
1. Ifa <band f € Rigp (o) then

a b
/ fX)da (x) =— / f (x)da (x) (15.19)
x=b x=a

whenever fxb=a f (x)da (x) exists.

2.

/ fx)yda(x) =0 (15.20)

3. The identity (15.18) can be represented as

b c a
/ f x)da (x) + / fx)da (x) + / f(x)da(x)=0 (15.21)
x=a x=b x=c

Theorem 15.3. (on integration by parts) If f € R, («) then
1.

152
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b

b
[rwdaw+ [awarw (1523
T o fwaed) S f@a@

b
Proof. Since [ f (x)da (x) exists then for every ¢ > O there is a partition P. of [a, b]

X=a
such that for every P’ 2 P, we have

S(P’, f,a) - /b f(x)da(x)| <e¢
Then for an arbitrary (P 2 P,) Riemann—Stieltjes sum it follows that
S(Pa. f) = ia (1) A = ia () f () — ia () f (i)
k=1 k=1 k=1
Define
A= fD)a®) - fla)ala) = i:f (xe) & (xe) — Zn:f (Xe—1) 0 (X—1)
k=1 k=1
Subtracting the last two equations we derive

S (P, f)— A=Y f () [or () — & ()]

k=1

+D 0 f ) [or () — e ()]

k=1

Two sums in the right-hand side can be considered as a single one of the form S (P, f, )
where P’ is a partition of [a, b] obtained by taking the points x; and #; together. So, for
such a partition it follows P’ 2 P, and, hence,

b n
A—S(P.a f)- / f@da @)= f () e (@) — e @)
a k=1

n b
#30 0o @) —a ] = [ f 0 da
k=1 >

b
=SSP a, f)—/f(X)da(x)

=da
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As the result, we obtain

b
A—S(Pn,a,f)—/f(X)da(X)

b
= S(P/,oe,f)—/f(x)doz(x) <e¢

which is exactly the statement that th:a o (x)df (x) exists and equals A — th:a f )
da (x). The theorem is proven. O

Theorem 15.4. (on the change of variables) Let [ € Ry, («) and let g : R — R be

a strictly monotonic increasing (or decreasing) function defined on the interval [c, d],
that is,

gy <g(x) if x<x

Assume that

8@ =a gd=b| (15.24)

and

h) = f (), B() =a@w)] (15.25)

are the composite functions defined for any x € [c, d]. Then

d

b
heRyaq(B) and / f)da(x) = /h (x)dB (x) (15.26)

X=c

or, equivalently,

8(d) d

/f(t)dot ) =/f(g (x)) da (g (x)) (15.27)

g(o) xX=c
Proof. By strict monotonicity it follows that for every partition P, := {yg, y1, ..., Y}
of [c, d] there corresponds one and only one partition P, := {xo, X, ..., x,} of [a, b].
In fact,

Pl=g(P), P,=g"'(P)

n
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and, moreover, any refinement of P, produces a corresponding refinement of P, and
conversely. If P, © P, (¢ > 0) then let us consider

S (P, B):= h(ud) ABe,  ux € [yie1, ) ABi=B () — B (i)

k=1

If putting #; := g (u;) and x; := g (yx) we obtain P, D P/ for which

b
S(P,;,f,a)—/f(z)da(t) <e
Then

S(Puh, B) = h(g ) [or (g (x1)) — & (g (xi-1))]

k=1

=Y f @) (@) —a () =S (P, f.a)

k=1

since #; € [xy, x¢_1). Therefore,

b
S(Pn,h,ﬁ)—/f(t)da(t)
¢ b
= S(P,;,f,a)—/f(z)da(r) <e
which completes the proof of this theorem. [

Exercise 15.1. If f, f2 € Ry, (@) and g, g2 € Ry, (@) then

b b
1 JEOTIOINY
| s g6]) soo] oo

b

b
= /fz(x)da(x) /gz(x)da(x) (15.28)

X=a X=a

b 2
- [ / f(X)g(X)dOl(X)]
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Exercise 15.2. If f, g, f - g € R4 (o) then

b b

1

; / / O = F ) &0 = f () da ()| da ()

x=a Ly=a )
— [ ®) —a@)] / £ () g (¥) dat (x)

b

b
- /f(x)da (x) /g(X)dot (x)

X=a

15.2.4 Different types of integrators

15.2.4.1 Differentiable integrators

(15.29)

Theorem 15.5. (on a reduction to the Riemann integral) Given f € R, (@) assume

that the integrator a (x) can be represented as

X

a(x) = /a/ () dt

t=a

(15.30)

where o' (t), called the derivative of o (x) at the point x € [a, b), is a continuous function

on [a, b]. Then

1. There exists the Riemann integral

b
/f (x) o' (x)dx

2. The following identity holds

b b
/f(X)dOt (x) =/f(X)0/ (x)dx

Proof. For a partition P, of [a, b] define

S (P, g, %) =Y g (1) Axy

=1
gt) = f o (), Axp =X — Xp—

S(Po, fra) =Y f (1) Aey

k=1

(15.31)
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By continuity of &’ (x) it follows that

Ao =a (vk) Axp,  vF e [xor, x]
and that o’ (x) is uniformly continuous on [a, b], that is, for any & > 0 there exists
8 =68 (e) > 0 such that 0 < |x — x| < & implies |’ (x) — &' (x")| < €. Hence,

n

S F@ o ) —o ()] Ax

k=1

<Y If@l]e’ @) —o (V)| 1axd <& Y 1f @ 1Ax] < eM (b —a)
1

k= k=1

|S(Pnag’x)_S(Pn7f’a)|=

where M := sup f (x). On the other hand, since f € Ry, (o), there exists a partition P,
x€la,b]
finer than P. such that

b
S (P, f,ot)—/f(x)doz(x) <e

which leads to the following:

b
S(Pnagax)_/f(-x)da(x) z‘[S(Pn’gv-x)_S(Pn’f’a)]

b
+ S(Pn’f’a)_/f(x)da(x) S'S(ng’x)_S(P)lvf’aN

b
+ S(Pn,f,a)—/f(x)da(x) <eMb—-a)+e=¢c[1+ MO —a)]
The arbitrary of ¢ implies (15.31) which completes the proof. (|

15.2.4.2 Step functions

If the integrator « (x) is a constant over the interval [a,b] then the integral
fab f (x) da (x) exists and is equal to zero for any partially continuous function f (x). How-
ever, if o (x) is a constant except for a jump discontinuity at one point, then the integral
fab f (x) da (x) not obligatory exists, but if it does exist, its value need not be zero. The
next theorem clarifies this situation.

Theorem 15.6. (on a single jump integrator) Given a < ¢ < b let us assume that
(a) the values o (a), o (c) and a (b) are arbitrary;

(b) o (x) defined on [a, b] is a step function, i.e.,

_Ja() if a<x<c
a(x)—{a(b) if c<x<b
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(¢c) f: R — R is defined on [a, b] in such a way that at least one of the functions f
or « is continuous from left at c (this means that there exists limO fx)= f(c)or

lim K (x) = a (¢)) and at least one is continuous from right at c.
X—>C—

Then the integral fab [ (x)da (x) exists, that is, f € Ry (o) and

b
[1wdaw = s ©aa (15.32)

Aad:=a(c+0)—a(c—0)

where A« is the jump of the function o (x) at the point c.
Remark 15.3. The result also holds if ¢ = a provided that
a(c—0):=a()
and if ¢ = b defining
a(c+0):=a ()
Proof. Supposing ¢ € P, implies
S(Py, fra)=f (ti_1) [ (c) —a(c—0)]
+f ) [a(c+0)—a@)] =[f @1 — f©O][al)—al—0)]
+[f @) — f©O][e(c+0) —a()]+y
yi=f() [a(c+0)—a(—0)]
where #;,_; < ¢ < #. So, for A := S (P,, f,®) — y one has
1Al < |If ted) = f @] e () — & (c = 0)]]
+1f ) = £ (©][e (e +0) —a (@] < & (|[er (€) — & (c = 0)]])
+ & (|[oz (c+0) —«a (c)]|) < & - const

if | f (1) — f(c)] <eand|f () — f (c)| < & which may be done by the corresponding
partitioning of [a, b]. This proves the theorem. O

Next, let us consider a step function f (x) defined on [a, b] by a partition P, :=
{a = x¢,x1,...,x, = b}suchthato (x) is aconstant on each open subinterval (x;_;, x;)
and has jumps

Ay =a(x;+0)—a(x—0), k=2,...,n—1
Aa; = a(x; +0) —a (x))
Aan = a(-xn)_a(-xn _O)

Then the following theorem provides the connecting link between the Riemann—Stieltjes
integral and finite sums depending on values of the integrator function jumps.
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Theorem 15.7. (on multiple jumps) If a function f defined on [a, b] in such a way that
neither f nor a are discontinuous from the right or from the left at each jump point x;
then fab f (x)da (x) exists, that is, f € Ry (o) and

b n
/ f@da(x) =Y fx) A (15.33)
k=1

Proof. Evidently, by the additivity property (15.18) the integral fab f (x)da (x) can be
rewritten as a sum of integrals with a single jump that proves the theorem. U

Example 15.1. Denote by [x] the, so-called, greatest-integer function defined as the
unique integer satisfying the inequality

[[x] <x < [x]+1] (15.34)

Then any finite sum Y ,_, ax can be represented as a Riemann-Stieltjes integral as
follows:

(15.35)

f@ =aifxetk—1,k, F0) =0

Example 15.2. (Euler’s summation formula) If f has a continuous derivative f' (see
(15.30)) on [a, b] then

(4]

b b
> ro=[rwdxt [ rod@-ix)

k=[a]+1 2 (15.36)
+f (@) (a—[a]) = f &) (b —[P])
If a and b are integers then (15.36) becomes
b b b
> = _/f(X)der_/f/(X) (¢ — L] — 1/2) dax s

+[f @+ f®]/2
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Notice that (15.36) may be obtained using integration by part (15.23):

/b f@)d (x —[x])

=— / (x = [x])df () + £ b) (b—[b]) — f (@) (a — [a])

=— [ (x=[x]) £ @)dx+ f(b) (b—[b]) — f (@) (a —[a])

15.2.4.3 Monotonically nondecreasing integrators

When « is nondecreasing on [a, b], i.e., when « (x) < « (x') if x < x/, the differences
Aoy which appear in the Riemann—Stieltjes integral are all nonnegative which plays
a vital role in the development of the integration theory. For brevity, we will use the

abbreviation

“a 1 on [a, b]”

(15.38)

to mean that « (x) is nondecreasing on [a, b]. The following properties seem to be evident.

Proposition 15.1. Assume o 1 on [a, b] and f, g € Ria ) (). Then
1. If f (x) < g (x) for all x € [a, b] we have

b

b
/f(X)dOt(X) = /g(X)da (x)

X=a

2. If g (x) = 0 for all x € [a, b] it follows

b

0= /g(X)da(X)

X=a

which can be obtained from (15.39) taking f (x) = 0,
3.

[ f] € Riap ()

and

b b
/f(X)da(x) S/If(X)Idot(X)

(15.39)

(15.40)

(15.41)

(15.42)
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which follows from the inequality

ILfF O =1f DI =1f ) = f DI

fz € 7—\)’[(/z‘b] (Ol)

’f’g € Ria.p] (Ol)‘

which follows from the identity

2f () g=(f(x)+g@x)* — f2(x)— g (x)

289

(15.43)

(15.44)

Proposition 15.2. (The Cauchy-Schwarz inequality) If f, 2, g, g* € R4 (@) and,

in addition, « 1 on [a, b], then

2

b
/ f(x) g (x)da (x)

b

b
< / £ (0) der (x) / & () da (x)

X=a

(15.45)

Proof. Tt follows directly from (15.28) since the left-hand side of this identity is

nonnegative.

O

Proposition 15.3. If f, g, f - g8 € Rjap (@), both f and g are either nondecreasing or

nonincreasing and o 1 on [a, b], then

b b
/f(x)da (x) /g(X)dot (x)

b
< [a (®) —a(a)] / J ) g (x) da (x)

(15.46)

Proof. 1t follows directly from (15.29) since the left-hand side of this identity is

nonnegative.

O
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15.2.4.4 Integrators of bounded variation
Definition 15.4. If P, is a partition of a compact interval [a,b], Aoy = o (x;) —
o (x¢_1) and there exists a positive number M such that

> Ae =M (15.47)
k=1

for all partitions P, of the interval [a, D], then « is said to be of bounded variation on
[a, b].
Lemma 15.1. If « is monotonic on [a, b] then it is of bounded variation on |a, b].

Proof. Let a be nondecreasing. Then Agy > 0 for all k =1, ..., n and, hence,
Do ldel =) Aw=a () —a (o) =ab) —a@)
k=1 k=1

If f is nonincreasing then Ac; < 0 and |Acwy| = — Aoy which gives

n

> Ao = a(a) — o (b)

k=1
Lemma is proven. g

Lemma 15.2. If o is continuous on [a,b] and if o' exists and is bounded (say,

sup |o' (x)] < M < o0) then « is of bounded variation on |a, b].
x€la,b]

Proof. Since Aoy = o (x)—a (x;_1) = o’ (&) (xx — x4_1) Where #;, € (x;_1, xz) it follows
that

n n n

Z [Acy| =Z o/ () (xi — ;1) | = Z o’ (1) | (e — x5-1)

k=1 k=1 k=1

§MZ(xk—xk,1)=M(b—a)<oo

k=1
which completes the proof. |

Lemma 15.3. If « is of bounded variation on [a,b), say Y ,_, |Aar] < M for all
partitions of |a, b, then a is bounded on [a, b], namely,

o (x) <a(a)+ M| (15.48)

Proof. For any x € (a, b), using the special partition P := {a, x, b}, we find

lo (x) —a (@] +]a () —ax)| <M
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which implies |o (x) —« (a)] < M, or, equivalently, o (x) < «(a) + M. The same
inequality is valid if x = a or x = b. Lemma is proven. O

To work more exactly with functions of bounded variations we need the following
definition.

Definition 15.5. For a function a of bounded variation on [a, b] the number

V,la, b] := sup{iMaU} (15.49)

(where sup is taken over all possible partitions of |a, b)) is called the total variation of
a on the interval [a, b].

The following properties of V, [a, b] are evident:

1. Since « is of bounded variation the number V, [a, b] is finite;

2.
V,[a.b] >0 (15.50)

Vy[a,b] =0

if and only if & (x) = const on [a, b];

’%WMM§%MH+WMM‘ (15.51)

Vepla,b] < AV, [a, bl + BV [a, b]

(15.52)
A= sup )], B:i= sup la(x)
x€la,b] x€la,b]
6. If ¢ € (a, b) then
| Vo la, b] = Va[a,c] + Va [c, b] | (15.53)

7. If x € (a, b) then the function

V() =V, [a,x]] (15.54)
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possesses the following properties:
(a)
Vi) =0

(b) V (x) is a nondecreasing function on [a, b];
(¢) [V (x) — a (x)] is a nondecreasing function on [a, b];
(d) Any point of continuity of « (x) is a point of continuity of V (x) and inversely.

The following theorem gives the simple and elegant characterization of functions of
bounded variations.

Theorem 15.8. (on a difference of increasing functions) Ler o be defined on [a, b].
Then o is of bounded variation on [a, b] if and only if a can be represented as the
difference of two nondecreasing functions, namely, if and only if

’oz xX)=at(x) —a” (x) ‘ (15.55)

where a4 on [a, b] and a~ 1 on [a, b].

Proof. Define ot (x) = V (x), where V (x) is the function (15.54), and a~ (x) :=
V (x) — o (x). By the statement 7(b—c) of the previous claim it follows that both o™ (x)
and o~ (x) are nondecreasing which proves the theorem. ]

Corollary 15.2. If a (x) is continuous at the point x, then a® (x) and a~ (x) are also
continuous at x.

Example 15.3. Consider the function (see Fig. 15.3)

a(x)

Fig. 15.3. The function of bounded variation.
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if 0<x<1
if 1<x<2
if 2<x<3
if 3<x<4

o (x) =

N = W O

Define (see Fig. 15.4)

0 if 0<x<1
3 0f 1<x<?2

+ — =
=L < <3
6 if 3<x<4

and (see Fig. 15.5)

0 if 0<x<2
o (x):=<¢3 if 3<x<3

4 if 3<x<4

Then, it is clear that o (x) = ot (x) —a™ (x).

Corollary 15.3. (Royden 1968) For any function a (x) of bounded variation on [a, b]
and for each point ¢ € (a, b) there exist limoot (x) and limOa (x).

X—Cc— x—c+
Corollary 15.4. (Royden 1968) Any monotone function and, hence, any function of
bounded variation on [a, b] can have only a countable number of discontinuities.

Fig. 15.4. The first nondecreasing function.
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a” (X)

Fig. 15.5. The second nondecreasing function.

Proof. Tt follows from the fact that for any monotone function « (x) the number of points
where

le(x+0)—a(x—0)]>1/s,

n

Sy = Z [Aci]_ [x]_ := min {0; x}

k=1
for any partition P, is finite. ]

Corollary 15.5. (Royden 1968) If « (x) is a function of bounded variation on [a, b], then
o' (x) exists for almost all x € [a, b), that is, a (x) is differentiable almost everywhere
on [a, b].

15.3 The Lebesgue-Stieltjes integral

The purpose of this section is to present the fundamental concepts of the Lebesgue
theory of measure and integration and to prove some crucial theorems in a rather general
setting without obscuring the main lines of the developments by a mass of comparatively
trivial detail.

15.3.1 Algebras, o-algebras and additive functions of sets

Definition 15.6. A family § of subsets of Q2 is called an algebra (or a ring) generated
by Q, if for any finite n < oo and for any subsets A; € Q[ =1,...,n)

1.

Qeg (15.56)
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UAces (15.57)

(A es (15.58)

A2Q-AeF (15.59)

Definition 15.7. A system F of subsets of Q2 is called an o-algebra (or a o-ring) gen-
erated by 2, if

1. it is algebra;
2. for any sequences of subsets {A;}, A; € F

OA,‘ (S .7'-, ﬁA, e F (1560)

i=1 i=1

Definition 15.8.

1. A set function ¢ : F — R defined for every A € F is said to be additive if ANB = &
and B € F implies

[¢(AUB) =6 (A +¢B)] (15.61)

2. A set function ¢ : F — R defined for every A from a o-algebra F is said to be
countably additive if A; Q A; =@ and A;, A; € F implies
i#]

¢ (U A,) => ¢ (A) (15.62)
i=1 i=1

We shall also assume that

e the range of ¢ does not contain both (4+00) and (—o0), for if it did the right-hand side
of (15.61) could become meaningless;
e we exclude functions whose only value is (400) or (—00).

Assuming, in addition, for an additive ¢ that

(a)

156
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(b) forall A e F

(15:64)

the following properties are easily verified.

Proposition 15.4.
1. If A, _Q_Aj =@ and A;, A; € F then
i#]

¢ <UAi> => ¢ (A) (15.65)

2. Forany A, A, € F we have

(@ (A UA) +9 (A NA) = (A) +6 ()] (15.66)

3. If Ay C A, € F then

6 (A) < ¢ (A) (15.67)

4. If BCc Ae F and ¢ (B) < oo then

(¢ (A—B)=¢ (A —¢(®B) (15.68)

For countably additive ¢ the following result holds.

Theorem 15.9. Suppose ¢ is countably additive on o-algebra F and A; € F
i=12,..0, A4 cAcC- A:=72 A €F. Then, asn — 0o

(6 (A) —> ¢ (A)] (15.69)

Proof. Define B, := A, and B, = A, — A,y (n=2,3,...). Then

B;

s

B,-_Q_szg, A, =B UB,U.-.UB,, A=
7]

Hence, ¢ (A,) =>/_, ¢ (B;) and ¢ (A) = >"° ¢ (B:). Theorem is proven. O

15.3.2 Measure theory

This subsection deals with construction of the, so-called, Lebesgue measure which
plays the key role in the definition of the Lebesgue—Stieltjes integral.
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15.3.2.1 Intervals
Definition 15.9. Intervals in p-dimensional Euclidean space R? are defined as follows:

1. the closed interval

[a, b] := {x = {xl,...,x,,}:aifxifb,- (i:l,f)}

2. the semi-open interval

[a.b) :={x:={x,....x,}raq; <x; <b; (i =

or

(a,b]:= {x = {xl,...,x,,}:a,- < x; <b; (i:l,f)}

3. the open interval

(a,b) = {x = {xl,...,xp}:a,- <x; <b; (i:l,f)}

The possibility that a; = b; for any value of i is not ruled out; in particular, the empty
set is included among the intervals. If A is a union of a finite number of intervals it is
called an elementary set.

15.3.2.2 Additive set functions
Definition 15.10. If I is an interval, we define

P
m 1) =[] —a) (15.70)

i=1

and if A=1,U-.-UI, then we set

m (A) :=m(11)~|—--~~|—m(11,) (15.71)

We let £ denote the family of elementary subsets of R?.
At this point, the following properties should be easily verified.

Proposition 15.5.

1. & is algebra (ring), but not a o-algebra;

2. If A € € then A is a union of a finite number of disjoint intervals;
3. If A € & then m (A) is well defined by (15.71) on E;

4. m is additive on E.

Remark 154. If p = 1, 2, 3 then m is length, area and volume, respectively.
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Definition 15.11. A nonnegative additive set function ¢ : £ — R defined on £ is said
to be regular if for every A € £ and every ¢ > 0 there exist sets F,G € & such that F
is closed, G is open, F C A C G and

(2@ —e <P A <¢(F) +e] (15.72)

Example 15.4.
1. If A= 1 is an interval then m (15.70) is regular.

2. For p =1 let @ : R — R be a nondecreasing function possibly having discontinuity
points. Put

M([a,b]) =ab+0)—a(a—0)
M([a,b)) =a(b—-0)—a(a—0)
n(@b]) =a®+0)—a@+0)
w(@, b)) :=ab—-0)—a(@+0)

(15.73)

w is regular on E.

15.3.2.3 Countably additive set functions
Our next objective is to show that every regular set function on £ can be extended to
a countably additive set function on o-algebra containing &.

Definition 15.12. Define

w(€) =1inf Y " (A,) (15.74)
n=1

where | J;-, A; is a countable covering of & C R? by open elementary sets A,, that is,
£ C U?il A;, w is additive, regular, nonnegative and finite on &, and inf being taken
over all countable coverings of £ by open elementary set. u* (£) is called the outer
measure of £ corresponding to .

Theorem 15.10.
1. For every A€ &

[ (A =p ] (15.75)

2. The following subadditivity property holds: if E = |J;-, E; then

w(E) <> (E) (15.76)

i=1
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Proof.

1. Choose A € £ and ¢ > 0. By the regularity of u, A is contained in an open elementary
set G such that 1 (G) < u (A) +e. Since u* (A) < u (G) and arbitrarity it follows that

w (A) < (A (15.77)

By the definition (15.74) there is a sequence {A,} of open elementary sets whose
union contains A such that Y- u (A,) < u*(A) + . The regularity of ; shows
also that A contains a closed elementary set such that u (F) > u (A) — ¢. Since F is
a compact we have F C A;U - - - UAy for some N. Hence,

A =puF)+e<puAU---UAy) +¢

a 15.78
<D (A e <t (A) +2e (13.78)

n=1

which, in conjunction with (15.77), proves (15.75).

2. Suppose E = |J;2, E; and u* (E,) < oo for all n. Given ¢ > 0 there are covering sets
{Au}i1.... of E, by open elementary sets such that » - u (A) < u* (E,) + 27"
which leads to the inequality

WE) Y Y i (Aw) £ pt(Ey)

n=1 k=1 n=I1

+Y 27" =) w(E)+e
n=1

n=1

and (15.76) follows. In the excluded case when u* (E,) = oo for some n, (15.76)
trivially holds. Theorem is proven.
O

15.3.2.4 p-measurable sets
Definition 15.13.

1. For any A, B C R? let us define the set S (A, B), called the symmetric difference of
A and B, as

[S(A.B):=(A-BUB-A)| (15.79)

2. The distance function (metric) is defined as follows

[d (A, B) == " (S(A B))| (15.80)
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3. We will write A, — A when n — oo if

limd (A,, A) =0 (15.81)

n—00

4. If there is a sequence {A,} of elementary sets such that A, — A, we say that A is
finitely ji-measurable and write

158

5. If A is the union of a countable collection of finitely i-measurable sets, we say that
A is u-measurable and write

AeM () (15.83)
Some properties of S (A, B) are summarized in the following claim.

Claim 15.1.
1.

(580

(S(A.B)=S(B.A] (15.85)

[S(A.B) CSACUSEC.B] (15.86)

which follows from

A-B)cA-C)U(C-DB)
B-AHcCC-AHUB-C)

S(AIUA,, B UB,)
S (A] N Az, Bl N Bz) cS (A], B]) us (Az, Bz) (1587)
S(.A] - ./42, B] - BZ)

which follows from

(AU A) = (BiUBy) C (A —B) U (A — By)
SAINA, B NBy) =S (AU A, BSUBS) C
S (Af, B(l) us ( 5 B§> =S(A,LB)US (A, By)
where A°:=RP — A is the complement of A

A — A=A NAS
The next properties of d (A, B) can be checked directly from the definition (15.80).
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Claim 15.2.

1.

(15.88)
2.

d (A, B) =d (B, A (15.89)
3.

d(A,B) <d(A,C) +d(C, B (15.90)
4.

d (AU A, B UB,)
d(ANA,BNBy) » <d(A,B)+d (A, B) (15.91)
d (A] - ./42, B] - Bz)

which follows from (15.87);
5.

117 (A) — w* (B)| < d (A, B) (15.92)

6. If d (A, B) = O this does not imply A = B. By this property d (A, B) is “quasi-

metric”.

The next theorem will enable us to obtain the desired extension of the measure u
(15.73).

Theorem 15.11. (The main theorem on a measure extension) 91 (), defined by
(15.83), is a o-algebra (o-ring) and u* (15.74) is countably additive on M (u).

Proof.

(a) Let A, B € My, (n). Choose {A,}, {B,} such that A,,B, € £ and A, — A,
B, — B. Then by (1591) and (15.92) A, UB, > AUB, A, NB, - ANKB,
A, — B, - A-B, u* (A, — u*(A). Also, u* (A) < oo since d (A4,, A) — 0.
This implies that 9% ,;, (i) is an algebra (ring). By (15.66) we have u (A,) + w (B,)
= uA, UB) + w(A,NB,). Letting n — oo we obtain u* (A) + u*(B) =
w(AUB) + u*(ANB).If ANB = & then u* (AN B) = 0. So, u* is additive on
E)mfin (/’L)
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(b) Let A € 9 (). Then A can be represented as the union of countable collection
of disjoint sets of M ;, (u) and for A = [J2, A, with A, € M (u). Define A, =
A} and

A= (A UAU-UA) = (UL U UL

Then A = |J-, A, is the required representation. By the subadditivity property
(15.76) u* (A) < 32, u* (A;). On the other hand,

AD A UAU---UA,)

and, by the additivity of p*on My, (1), we have

WA Z W (AUALU-- UA) =Y 1 (A)

i=1

which implies
WA =t (A (15.93)
i=1

Suppose p* (A) is finite. Put B, :== A, U A, U --- U A,. Then

d (A, B,) ::u*(U A,-> =Y WA =0

i=n+1 i=n+l

as n — 0o. This means that B, — A and, since B, € My;, (u), it is easily seen that
A € My, (1). So, we have thus shown that A € M, (1) if A € D () and pu* (A)
< o0o. Now it is evident that * is countably additive on 9 (u). For if A = J;2, A
where {A;} is a sequence of disjoint sets of 9t (i) we have just shown that (15.93)
holds if u* (A,) < oo forany n = 1,2, ..., and, in other cases, it looks trivial.

(c) Finally, we have to show that 90t (i) is o-algebra (o -ring). If A, € 9 (), it is clear
that [ J;~, A; € 9 (w). Suppose A, B € M () where A = J;-, A;, B= -, B and
Ay, B, € My, (). Then the identity A, N B = |J;-, (A, N B;) implies that (A, N B)
€ M (w). In view of u* (A, N B) < u* (A,) < oo we have (A, N B) € My, (u) and,
hence, (A, — B) € My, (1), and (A — B) € M (w) since (A — B) = -, (A, — B).

Theorem is proven. ]

So, now we may replace u* (A) by u (A) if A € 9 (1) and thus u, originally defined
only on &, is extended to a countable additive set function defined on the o-algebra
M ().
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Corollary 15.6.

(a) If A is open, then A € I () since for every open set in R? there is the union of a
countable collection of open intervals.

(b) Every closed set A is also in 9 () which follows from previous comment by taking
complements.

(c) If A€ M () and & > 0 there exist a closed set F and an open set G such that

[FcAcg] (15.94)

and

(WG —A) <e.n(A-F) <¢ (15.95)

Now we are ready to give the main definition of this section.

Definition 15.14.

(a) Such extended set function w* (15.74) is called a countably additive measure.
(b) The special case u = m (see (15.74)) is called the Lebesgue measure on R”.

15.3.2.5 Borel sets

Definition 15.15. £ is said to be a Borel set if £ can be obtained by a countable
number of operations, starting from open sets, each operation consisting of taking unions,
intersections, or complements.

The difference between a Borel set and o-algebra (ring) (15.7) is that €2 in the case of
a Borel set must be an open set.
The following facts take place for Borel sets.

Claim 15.3.

1. The collection *B of all Borel sets in R? is a o-algebra (ring). In fact, it is the smallest
o-algebra (ring) which contains all open sets, that is, if £ € B then £ € M ().
2. If A € M (), there exist Borel sets F and G such that F C A C G and

n@-A=pnA-F)=0] (15.96)

This follows from (15.95) if we take ¢ = 1/n and let n — oo.

3. If A=F U (A—F) one can see that A € M () is the union of a Borel set and a
set of measure zero.

4. Borel sets are pi-measurable for every u (for details see below), but the sets of measure
zero (that is, the sets £ for which u* (£) = 0) may be different for different u’s.

5. For every u the sets of measure zero from o-algebra (ring).

6. In the case of the Lebesgue measure (i = m) every countable set has measure zero.
But there are uncountable (in fact, perfect) sets of measure zero (see Rudin (1976)
Chapter 11 with the Cantor set as an example).
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15.3.3 Measurable spaces and functions

15.3.3.1 Measurable spaces
Consider X which is a set, not necessarily a subset, of a Euclidean space, or indeed of
any metric space.

Definition 15.16.

® X is said to be a measure space if there exist a o-algebra (ring) M of subsets of X
(which are called measurable sets) and a nonnegative countable additive function
(which is called a measure) defined on IN.

o [f, in addition, X € 9 then X is called a measurable space.

Example 15.5.

1. Take X = R?, then I is the collection of all Lebesgue measurable subsets of R? and
W is the Lebesgue measure.

2. Let X be the set of all positive integers. Then IN is the collection of all subsets of X
and p (€) is the number of elements of .

3. Another example is provided by probability theory where events are considered as sets
and the corresponding probability of the occurrence of events is a countably additive
set function.

15.3.3.2 Measurable functions

Definition 15.17. Let f : X — R be a function, defined on the measurable space X,
with values in R. The function f is said to be measurable if the set {x | f(x) > a} is
measurable for every real a, that is, when for any a € R

(x| f(x) > a} C X] (15.97)

Example 15.6. If X = R?” with 9 = 9N (u) defined in (15.83) then any continuous func-
tion f is measurable, since (15.97) is an open set.

Lemma 15.4. Each of the following four conditions implies the other three:

1. for every real a

{x | f(x) > a} is measurable (15.98)
2. for every real a

{x | f(x) > a} is measurable (15.99)
3. for every real a

{x | f(x) < a} is measurable (15.100)
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4. for every real a

{x | f(x) < a} is measurable (15.101)

Proof. The relations

el f)=a)= (x| f&x)=a—1/n}
n=I

X f) <ay=X—{x| f(x) > a}

x| fe)<at={({x|fx) <a—1/n}
n=1

x| fx)>al=X—-{x]| f(x) <a}

being applied successfully demonstrate that (15.15) implies (15.99), (15.99) implies
(15.100), (15.100) implies (15.101) and (15.101) implies (15.15). Lemma is proven. [

Lemma 15.5. If f is measurable then | f| is measurable.

Proof. Tt follows from the relation

I/l <al={x|flx) <a}nfx]| f(x) > —a}
and the previous lemma. U

Theorem 15.12. Let {f,} be a sequence of measurable functions.
Then

g(x) == sup f, (x)

and

h(x) :=limsup f, (x)

are measurable too.

Proof. Indeed,

xlgw) >al=|Jix| f,(x) > a}
n=1

and

h(x) = lim supf, (x) = inf supf, (x)

n>m n>m

which implies the desired result. t
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Corollary 15.7.

(a) If f and g are measurable then max { f, g} and min { f, g} are measurable.

(b) If

fT:=max{f,0} and f~ := —min{f, 0} (15.102)

then it follows that f+ and f~ are measurable.
(c) The limit of a convergent sequence of measurable functions is measurable.

Theorem 15.13. Let f and g be measurable real-valued functions defined on X, and let
F be real and continuous on R>. Put

h(x):=F(f (x),8(x))
Then h is measurable and, in particular, (f + g) and (f - g) are measurable.

Proof. Define G, := {(u,v) | F (u,v) > a}. Then G, is an open subset of R? which can
be represented as G, = |-, {x | f,(x) > a} where

L = {w,v) | a, <u <b,, ¢, <v<d,}
Since the set

xlay < f) <b)={x|f@)>a}n{x]f&x) <b}
is measurable, it follows that the set
I (f&), g el)={xla, < fx)<b}N{x]|c <gx)<d}
is measurable too. Hence, the same is true for the set
x1h(x)>al={x|(f(x),gx)eq,}

=1 (fx).g () € L}

n=1

which completes the proof. (|

Summary 15.1.

(a) Summing up, we may say that all ordinary operations of analysis, including limit
operations, being applied to measurable functions, lead to measurable functions as
well. In other words, all functions that are ordinarily met with are measurable. But this
is, however, only a rough statement since, for example, the function h(x) = f(g(x)),
where f is measurable and g is continuous, is not necessarily measurable.
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(b) The concrete measure has not been mentioned in the discussions above. In fact, the
class of measurable functions on X depends only on the o-algebra (ring) 9. That’s
why we may speak of Borel-measurable functions on RP?, that is, of functions for
which the set {x | f (x) > a} is always a Borel set, without reference to any particular
measure.

15.3.4 The Lebesgue—Stieltjes integration

15.3.4.1 Simple functions
Definition 15.18.

1. If the range of a real-valued function s : X — R, defined on X, is finite, we say that
s is a simple function.
2. Define the characteristic function yp of a set £ C X as follows:

_J1 if xeé&
Xs(x)~—{0 if x¢é€ (15.103)

It is evident that if the range of a simple function s consists of the distinct numbers
c1,Ca, ..., C, then s can be represented as a finite linear combination of characteristic
functions, namely,

s() =) cixe (x) (15.104)
i=1
where
E={x|sx)=¢},i=1,2,...n (15.105)

It is clear by the construction that s is measurable if and only if the sets &; (i = 1,2, ...n)
are measurable.
The next theorem shows that any function can be approximated by simple functions.

Theorem 15.14. Let f : X — R be a real function on X. There exists a sequence
{s.} of simple functions such that s, (x) — f (x) as n — oo for every x € X. If [ is
measurable, {s,} can be chosen to be a sequence of measurable functions. If f > 0, {s,}
can be chosen as a monotonically nondecreasing sequence.

Proof. For f > 0 define
Ei () ={x |G -1/2" < f(x)<i/2"}
Fux):={x | f (x) = n}

fori=1,2,...,n2"andn=1,2,....Put

n2"

| — 1
=38 > e, 06+t ()

i=1
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It is not difficult to see that such constructed s, (x) converges to f. In the general case, let

f=r—1 (15.106)
and apply the preceding construction for f* and f~. Theorem is proven. ]

Remark 15.5. The sequence s, (x) converges monotonically to f if f is bounded.

15.3.4.2 Integration
Here we shall define integration on a measurable space X in which 91 is the o -algebra
(ring) of measurable sets and p is the measure.

Definition 15.19. (Integral of a nonnegative function) Suppose

s@) =) cixe (x), xeX. =0 (15.107)
i=1

is measurable, and suppose £ C M. Define

Ie (s) == Zciu(gmg,.) (15.108)

i=1

If f is measurable and nonnegative, we define

/f dp :=sup I¢ (s) (15.109)

£

where the sup is taken over all measurable simple functions such that 0 < s (x) < f (x)
for all x € X. The left-hand side member of (15.109) is called the Lebesgue—Stieltjes
(or, simply, Lebesgue) integral of f with respect to measure p over the set . It should
be noted that integrals may have the value (+ 00).

Claim 15.4. It is easy to verify that

/s du = I¢ (s) (15.110)

£

Definition 15.20. (Integral of a measurable function) Let f be measurable. Consider
two Lebesgue integrals

/fJr du and /f’ du (15.111)
£

4
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where fT and f~ are defined by (15.102). If at least one of the integrals in (15.111) is

finite, we may define

!fduﬁ=!f+mi—!fWL

(15.112)

If both integrals in (15.102) are finite then the left-hand side in (15.112) is finite too, and
we say that f is integrable (or summable) on £ in the Lebesgue sense with respect to

the measure |1. We write

(15.113)

Proposition 15.6. The following properties of the Lebesgue integral are evident:
1. If f is measurable and bounded on & and if 1 (€) < oo, then f € L () on E.

2 Ifa< f(x)<bon&andif n(£) < oo, then

au(c‘?)f/f dp < bu (&)
£

3 Iff,gelL(won andif f(x) <g(x) forall x € E, then

/fdui/gdu

& &

4. If f € L) on &, then cf € L (u) for every finite constant c, and

/cfdu:c/fdu

£ &

5. If w(€) =0and f is measurable, then

g/fdu:O

6. If felL(wonE AecMand ACE, then f € L () on A.

Theorem 15.15.

(a) Suppose f is measurable and nonnegative on X. For A € M define

mmz/fw
A

Then ¢ is countably additive on .

(15.114)

(15.115)

(15.116)

(15.117)

(15.118)
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(b) The same conclusion is valid if f € L (u) on X.

Proof. Claim (b) follows from (a) if we write f = f*— f~ and apply (a) to f* and f~.
To prove (a) we have to show that ¢ (A) can be represented as ¢ (A) = > oo ¢ (A,)
if A, e M ANAj=aifi # jand A=J_, A,. This can be done if the simple
function approximation is applied that proves (a). g

Corollary 15.8. I[f A€M, BC Aand u(A—B) =0, then

/f duz/fdu (15.119)
A B

that is, the sets of measure zero are negligible in integration.
Proof. Tt follows from Remark (15.117) and the representation A = BU (A —B). O

Lemma 15.6. If f € L () on & then | f| € L () on &, and

/fdu s/lfl du (15.120)
& &

Proof. Let us represent £ as £ = AU B where f(x) > 0on A and f (x) < 0 on B5.
Then by Theorem 15.15 it follows that

£/|f| dM=Z|f| dM+B/If| du=1f+dﬂ+f/fdu<m

so that | f| € L(u) on &. Since f < |f| and —f < |f]| one can see that

g/fdufg/lfl du and —S/fdufg/lfl du

which proves (15.120). O

Lemma 15.7. Suppose f is measurable on &, |f| < g and g € L (u) on E. Then
feLl(uonk.

Proof. Tt follows from the inequalities f™ < g and f~ < g. |
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15.3.5 The “almost everywhere” concept

Definition 15.21. Let us write

15121

if the set {x | f (x) # g (x)} N E has measure zero:

(x| f @) #g@)NE) =0] (15.122)

Proposition 15.7. It is evident that on &

1. f~f;
2. f ~ g implies g ~ f;
3. f~gandg~ himply f ~ h which means that the relation

“«

~” is an equivalence

relation.
4. If f ~ g on & then
/f dp = /g du (15.123)
A A

provided the integrals exist for every A C E.

Definition 15.22. (The “almost everywhere” concept) If some property P holds for
every x € £ — A and if u (A) = 0 then it is customary to say that P holds for almost all
x € &, or that P holds almost everywhere on E.

This concept depends, of course, on the particular measure to be in use. In the literature,
unless something is said to the contrary, it usually refers to the Lebesgue measure.

Example 15.7. If f € £ () on & it is clear that f (x) must be finite almost everywhere
on &.

15.3.5.1 Essential supremum and infimum
Definition 15.23. Let us consider a measurable function f : R — R defined on X.

(a) The essential supremum “ess sup f” of f (sometimes denoted also by “vrai max f”)
is defined as follows:

esssup f 1= inﬂ£ c (15.124)
ce

such that

(x| f (@) >cp =0] (15.125)
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(b) The essential infimum “ess inf f” of f (sometimes denoted also by “vrai min f”)
is defined as follows:

ess inf f :=supc (15.126)
ceR
such that
(n(x | fx) <ch=0] (15.127)

Example 15.8. Let us consider the function f : R — R defined on [0, 27| as

5 if x=0
sinx if x € (0,m)
fe={ =2 if x=n
sinx if x e (mw2m)
3 if x=2m
We have
sup f(x)= max f(x)=5
x€[0,27] x€[0,27]
esssupf (x) =1
x€l0,27]
xel[ggn]f (x) - xen[f(l)lg'r]f (x) =2
csiguinf () = -1

15.3.6 “Atomic” measures and 5-function

15.3.6.1 The “delta-function”
Definition 15.24. The “Dirac delta-function” § (x — xo) (which is not in reality a func-
tion, but a distribution or a measure) is defined as follows:

/ Jf (x)8 (x —xo)dx := [ (xo) (15.128)

XCR

where the integral is intended in Riemann sense and f : R — R is any continuous
function.

15.3.6.2 “Atomic” measures
Let us consider a continuous function f : R — R which takes some fixed values
{c1,...,c,} in the points {x, ..., x,}, that is,

(15.129)
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Consider also the sum

=) . w=0G=1...n (15.130)

i=1

In fact, if some multipliers p; are negative, one can rewrite the product c; u; as
cipi = (—¢i) (—pi) = (=¢i) |1l
obtaining the previous case with nonnegative weights.

Using (15.128) and in view of the additivity property of the Riemann integral, S can
be represented as

Si=3am = [ 03 08t dx (15.131)
i=l s i=1

Let us consider also the step function o (x) defined on [a, b] by a partition P, :=
{a = x¢, x1, ..., x, = b} such that @ (x) is a constant on each open subinterval (x;_;, x;)
and has jumps

Wi = (x+0)—a(x—0),k=2,...,n—1
= (x; +0) —a(x) (15.132)
Mn :Za(xn)_a(xn_o)

Then, using the Riemann—Stieltjes integral representation (15.12) with the integrator « (x)
of a step-function type, we can represent (15.131) as follows:

) b
$=3 s = /f(x)Zuia(x —x)dx = /f(x)da ) (15.133)
i=1 . i=1 y

So, symbolically, we can write

de (x) = b (x — x;) dx (15.134)
i=1
and
/ o 0 if x e (-1, xx)
o (x) = {Mf5 G —x) if X = (15.135)

associating « (x) with the “measure” of points x; € [a, x) supplied by the weights p;. In
fact, o (x) is the atomic measure concentrated in the isolated points {xy, ..., x,}.
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15.4 Summary

Based on the presentations above, we may conclude that any sum S (15.130) with finite
or infinite n (if it exists) can be represented by the Riemann-Stieltjes integral (15.133)
with the integrator « (x) as the step-function (15.132). The same sum S (15.130) can be
symbolically treated as the Lebesgue integral with the measure u (x) = « (x) referred to
as the “atomic” measure concentrated in the points {xi, ..., x,} with the corresponding
nonnegative weights {uq, ..., ©,}.
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16.1 Derivatives
16.1.1 Basic definitions and properties

16.1.1.1 Definition of a derivative
Definition 16.1. Ler f : S — R be defined as a closed interval S C R and assume that
f is continuous at the point ¢ € S. Then

(a) f is said to have a right-hand derivative at c if the right-hand limit

lim L&) = f©
m ——

x—c+0 X —cC

(16.1)

exists as a finite value, or if the limit is (+00) or (—00). This limit will be denoted

as fi(¢);
(b) f is said to have a left-hand derivative at c if the right-hand limit

fim L= f©
m ————

x—>c—0 X —C

(16.2)

exists as a finite value, or if the limit is (+00) or (—00). This limit will be denoted

as f’(c);
(c) f is said to have a derivative f' (c) (or be differentiable) at c if

fL@=f ()= f( (163)

and | ' (¢)| < oo; we say that ' (c) = +00 (or —o0) if both the right- and left-hand
derivatives at ¢ are +00 (or —00);
(d) f is said to be differentiable on S if it is differentiable at each point ¢ € S.

315
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16.1.1.2 Differentiability and continuity
Lemma 16.1. Let f be defined on [a, b]. If f is differentiable at a point ¢ € [a, b), then
f is continuous at c.

Proof. By the definition (16.3), for any ¢ > 0 there exists § = § (¢) such that the
inequality |x — ¢| < § implies

J ) —f©

X —C

—flo)<e
which is equivalent to the following inequalities

F=f@=lf'©+elx—o) =[If @l +e]lx —cl <[l f ()] + €]

Hence, |f (x) — f (¢)| < &, if take § := ¢/ [| f’ (c)| + €] which proves the lemma. O

Remark 16.1. The converse of Lemma 16.1 is not true. To see this it is sufficient to
construct the continuous function which fails to be differential at an isolated point. For
example, f (x) = |x| which is not differentiable at the point x = 0 since

—l=f () # [l (=1

The next claim describes the usual formulas for differentiation of the sum, difference,
product, quotient of two functions and function composition.

Claim 16.1. Suppose f and g are defined on [a, b] and are differentiable at a point
x € [a, b]. Then

(a) for any «, B

of @) £ Bg (0] = af' (x) + g ()| (16.4)

(b)

0] = g+ fme W] (16.5)

(c) fg(x) #0

[F (1)/g )] = S (x)g(x)z— g (x) fx) (16.6)
g* (x)

Proof.
(a) is evident by the property (16.3). For h = fg we have

h@) —h(x)=f@[g®)—g@®]+g®[f®)—fx)]
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If we divide by (r — x) and notice that f (r) — f (x) as t — x (b) follows. Taking
h = f/g, (c) follows from the identity

h(t) —hx) 1 (x)f(l)—f(X)_f(x)g(t)—g(X)
t—x _g(t)g(x) § t—x t—x
letting t — x. O

Claim 16.2. (The chain rule) Suppose f is defined on [a, b] and g is defined on an
interval, containing the range of f, and g is differentiable at the point f (x). Then, the
function h (x) = g (f (x)) is differentiable at the point x and

W) =g (f @) f @] (16.7)

Proof. Let y = f(x). By the derivative definition, we have

FO=F@ == ©+u®] u@®) >0
g —gM=06-NgMW+tvE]. v =0

which leads to the following identity

h(t) =h(x) =g (f®)—g(fx)
=L@ —=f®™IE G +vs)]
=0 —0)[f ) +u®]g ¥ +vs)]

or,if t #x
h(t)—h
POZED 1)+ um11g 0+ v )]
(t—x)
Letting t — x in view of the continuity of f (x) we obtain (16.7). O

16.1.1.3 Higher order derivatives

Definition 16.2. If f has a derivative on an interval, and if f’ is itself differentiable, we
denote the derivative of ' by f" and call f” the second derivative of f. Continuing in
this manner, namely,

fO =", n=1,2,... (16.8)
we obtain the functions f, f", ..., f@ D, £ each of which is the derivative of the pre-
vious one.

In order for £™ (x) to exist at a point x, £~V (¢) must exist in a neighborhood of x
(or in a one-side neighborhood, if x is an endpoint of the interval on which f is defined).
Sure, since £~ (¢) must exist in a neighborhood of x, f®~? (¢) must be differentiable
in that neighborhood.
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16.1.1.4 Rolle’s and generalized mean-value theorems

Theorem 16.1. (Rolle) Assume that f has a derivative (finite or infinite) at each point
of an open interval (a, b), and assume that f is continuous at both endpoints a and b.
If f (a) = f (b) then there exists at least one interior point ¢ at which f' (c¢) = 0.

Proof. Suppose that ' (x) # 0in (a, b) and show that we obtain a contradiction. Indeed,
since f is continuous on a compact set [a, b], it attains its maximum M and its minimum
m somewhere in [a, b]. But, by the assumption, neither extreme value attains an interior
point (otherwise f” would vanish there). Since f (a) = f (b) it follows that M = m, and
hence f is constant on [a, b] which contradicts the assumption that f’ (x) # 0 on (a, b).
Therefore, f’ (c) = 0 at least at one point in (a, b). O

This theorem serves as an instrument for proving the next important result.

Theorem 16.2. (The generalized mean-value theorem) Let f and g be two functions
each having a derivative (finite or infinite) at each point of an open interval (a, b) and
each is continuous at the endpoints a and b. Assume also that there is no interior point
x at which both f'(x) and g'(x) are infinite. Then for some interior point c € (a, b) the
following identity holds

[ S©@[8®) = g@] =@ [f®) - f@]] (16.9)

Proof. Let
h(x):= f(x)[gb) —g®B)] —gx) [f(b) — f(a)]

Then A’ (x) is finite if both f'(x) and g’(x) are finite and A’ (x) is infinite if one of f’(x)
or g'(x) is infinite. Also, & (x) is continuous at the endpoints so that

h(a) =h ) = f(a)g(b) — g(a) f(b)

By Rolle’s theorem 16.1 we have that 4’ (¢) for some interior point which proves the
assertion. ]

Corollary 16.1. (The mean-value theorem) Let f be a function having a derivative
(finite or infinite) at each point of an open interval (a,b) and is continuous at the
endpoints a and b. Then there exists a point ¢ € (a, b) such that

S = f@ =) b-a) (16.10)

Proof. 1t is sufficient to take g (x) = x in (16.9). ]

16.1.1.5 Taylor’s formula with remainder

Theorem 16.3. (Taylor) Suppose f is a real function on [a, b], n is a positive integer,
F@=Y is continuous on [a, b], f™ (¢) exists for every t € (a, b). Let x and c be distinct
points of [a, b], and define

n—1 (k)
P () :=Zf © (¢ _ oy (16.11)

— k!
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Then there exists a point 0 between x and c such that

(n)
f) =Pk )+f k( )(x—C)"
- " (16.12)
PO op s O oy
k=0
Proof. Let M be the number defined by
f) =P +Mx—o)f
and put
gy =fW)—P@)—M(¢—0)", te]a,b] (16.13)

We have to show that n!M = f® (9) for some § € (x,c). By (16.11) and (16.13) it
follows that

g ()= f (1) —niM

Hence to complete the proof we have to show that g™ (§) = 0 for some 6 € (x, c).
The choice of M, which we have done above, shows that g (x) = 0, so that g’ (x;) =0
for some x; € (x, ¢) by the mean-value theorem 16.1. Since g’ (¢) = 0, we may conclude
similarly that g” (x,) = O for some x, € (xj, ¢). After n steps we arrive at the conclu-
sion that g™ (x,) = O for some x, € (x,_;, c), that is, between x and c. Theorem is
proven. (I

Remark 16.2. For n = 1 Taylor’s formula (16.12) is just the mean-value theorem 16.1.

16.1.2 Derivative of multivariable functions

Definition 16.3. Let f : R" — R be a real function mapping an open set £ C R"
into R.

1. Iffore' :==10,0,...,0,1,0,...0 | € R" and some x € R" there exists the limit
—_———

f (x+tei) — f(x)

t—00 t

(16.14)

0
then — f (x) (sometimes denoted also as D; f (x)) is called the partial derivative of

the funcltion f (x) at the point x.
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0
2. If there exist the partial derivatives f (x) of the function f (x) at the point x for
Xi
alli =1, ...,n, then the vector
d 0 T
Vix)=(—f&),..., —fx) (16.15)
90X, ax,

d
(often denoted also as P f (x)) is called the gradient of the function f (x) at the
X

point x.
3. If for some u € R" and some x € R" there exists a vector a € R" such that

lim | LG = f &)
im -

t— 00 t

aTu| =0 (16.16)

then the number aTu (often denoted also as D, f (x)) is called the directional deriva-
tive of the function f (x) in the direction u.

Remark 16.3. In fact, the vector a in (16.16) is the gradient V f (x), that is, a = V f (x)
and, therefore,

[ Df () =VTf(x)u=(VfE)u] (16.17)

Indeed, any u € R" can be represented as u =Y _;_, u;e'. Taking u; = 8; ; we obtain

fotm—fo) o farm = f @

t t

i

i N f ) — f )
— u,-(a,e)— —a
i=1

t

a
which, according to the definition (16.14), implies the identity a; = 3 f (x) that

Xi
proves (16.17).

16.1.2.1 Mixed partial derivatives
Definition 16.4. We call the function

2

; f(x) (16.18)

0 0
D (D; f (x)) = I < fo(x)) =

8xk8x,«

the second order ik-partial derivative of the function f (x) at point x. Higher order
partial derivatives are similarly defined.

The following example shows that in general

2 2

fx) #

0Xx,0X; 0x;0x; "

f(x)
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Example 16.1. Let us consider the function

x2_y2 5 5
Fan=_Vayyy oty =0

0 if x=y=0
Then one has
Xt dx2y? oyt

0 y
Bixf(x’y) = (x2+y2)2
0 if x=y=0

if x>4+y2>0

0
Hence, — f (0,y) = —y and
ox

2

8yaxf 0,y)=-1

On the other hand,
Xt dxy? -y

d X ; 3
78yf(x’y)_ (x +y) .
0 if x=y=0

if x24+y2>0

2

ad
which implies 8—f (x,0) = x and f (x,0) = 1. So, we see that
y

dxady

2 2

d
-1 = 0,0
8y8xf( ) # dx0dy

f©0,0)=1

It is not so difficult to prove the following result (see Theorem 12.13 in Apostol
(1974)).

2 2

, d
8y3xf(x y) an dx0dy

neighborhood of the point (x, y) and both are continuous at this point, then

Theorem 16.4. If both partial derivatives

f(x,y) exist in a

2 2

8y8xf . y) = dxdy

fx,y)

ad
Corollary 16.2. A differential [P (x,y)dx + Q (x,y)dy], where a—P (x,y) and
y

d
—Q (x, y) exist and are continuous, can be represented as a complete differential of
some function f (x,y), namely,

[P (x,y)dx + Q (x,y)dy =df (x,y)] (16.19)
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if and only if

d ad
y dax

Proof.
(a) Necessity. If df (x,y) is a complete differential satisfying (16.19) then

9 9
df (x,y)= gf (x,y)dx + 5}‘ (x,y)dy

=P(x,y)dx+ Q(x,y)dy

and, hence,

ad ad
P(X’y)Z af(xvy)v Q(xvy) = 5f(x»)’)

0 d
But, by the condition of this corollary, both derivatives a—P (x, y) and PP 0 (x,y)
y X

exist and are continuous. So, by Theorem 16.4,

2 2

a
—P s = s =
oy (x,y) ayaxf(x y) 229y

3
fx,y) = o 0 (x,y) (16.21)
X

(b) Sufficiency. Suppose (16.20) holds and there exists a function f (x,y) such that
P(x,y)=—f(x,y)and Q (x,y) = — f (x, y). If so, one has
dx ay

0 2 0 2
7P N = N N —_— N = N
oy (x, ) ayaxf()C y) axQ(X y) axayf()c y)
which gives
2 P 9 2
N = 7P N = — > = N
Byaxf(x y) oy (x,y) 8xQ(x y) axayf(x y)

This means that any function f (x, y), for which (16.21) holds, exists which completes
the proof. |

16.1.2.2 Multivariable mean-value theorem

Theorem 16.5. Suppose that f : R" — R is differentiable at each point of an open
convex set £ C R". Denote by L (x, y) C & the line segment joining two points x, y € R",
namely,

Lx,y)={x+1—-0yltel0,1]} (16.22)
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Then for any x,y € R" there exists a point 7 € L (x, y) such that

FO) =0 =f@y=—x (16.23)

Proof. Letu := y — x. Since £ is open and L (x, y) C &, then there is a § > 0 such that
x+tu € & for some t € (—§, 1 + §). Define on (=8, 1 + §) the real function F(¢) by the
relation F(t) := f (x 4+ tu). Then F(¢) is differentiable on (—3§, 1 4+ §) and by (16.16)
for any t € (—§,1+6)

F (1) = (Vf (x 4 tuw), u)
By the usual mean-value theorem 16.1, we have
F(1)—F(0)=F®),0¢€(0,1)
or, equivalently,
fa+u)—f@)=Ff—fx)=Nf&+0u),u)
=(Vfxd=0)+0y),y—x)=(Vf(@),y—x)

which proves the theorem. O

16.1.2.3 Taylor’s formula

Theorem 16.6. Assume that f and all its partial (mixed) derivatives of order less than
m are differentiable at each point of an open set S C R". If x and y are two points
of S such that L (x,y) C S (L (x,y) is defined by (16.22)), then there exists a point
z € L(x,y) such that

FO=f&x)=Nf@),y—x)

!
B y
PYC)) m—1 (16.24)

1 n n
+(m—1)!i;'”z x, ... 0x f(x)H Yo %)

- l
im_1=1 m—1

2

0x;0x;

f @l

gim="D

(m)'z Z E)x,l...ax

i1=1 =

f(Z)H Yiy, — 'xl;

Im—1

Proof. Define g (t):=f (x +t(y —x)). Then f (y) — f (x)=g (1) — g (0). By applying
the one-dimensional Taylor formula (16.12) we obtain

m—1

1 1
g —gO =Y Eg(k) ) + ﬁg(m) ), 6¢€(,1)

k=1

Applying the chain rule (see Claim 16.2) we obtain the result. d
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16.1.2.4 Lemma on a finite increment
Lemma 16.2. (on a finite increment) If f is differentiable in open set S C R" and its
gradient V f (x) satisfies the Lipschitz condition on S, that is, for all x,y € S there
exists a positive constant Ly such that

IVF @) =VfWI =< Ly llx = yll

then for all x,y € S the following inequality holds

L
F ) = £ ) = (Vf @,y =0l < T =yl (16.25)

Proof. Tt follows from the identities

1

1
/<Vf<x+r<y—x>>,y—x>dt=/d[f(x+r(y—x>)]
=0

t=0
=fM-fOf»M-fe-NV7fx),y-x
1
= /(Vf(X+t(y—X)) — V@), y—x)dt
t=0
Taking the module of both parts and applying the Cauchy—Schwartz inequality, we get

lf ) = f &)= (Vf),y—x)l

1
= /(Vf(xH(y—X))—Vf(X),y—X)dt
t=0

1
=< / IVfx+1(=x) =VfOlly—xldr
=0

1
Le
< /Lvt Iy = xl?di = =% e = yI?

=0

Lemma is proven. O
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16.1.3 Inverse function theorem
Theorem 16.7. (on the inverse function) Suppose f is a continuously differentiable
a
mapping from an open set £ C R" into R, the matrix a—f x) = a—f, (x)
X Xk i

is invertible in a point x = a € £ and f (a) = b. Then

(a) there exist open sets U and V in R" such that a € U, b € V, f is one-to-one on
U and

(1626

(b) if f~! is the inverse of f (which exists by (a)), defined on'V by

ey =x, xel (16.27)

then f~'is continuously differentiable on V.

Proof. 5
(a) Denote A := EP f (a) and choose A so that
X

20 |jA7t | =1 (16.28)

where ||A7!]| := \/Amax (A-1(A-1)T). Since %f (x) is continuous in a, there

exists a ball 4 C &, with center in a, such that for all x €

Haaxf (x)— Al <A (16.29)

Let us associate to each point y € R” the function ¢, defined by

oy () =x+A"(y— f(x) (16.30)

Note that y = f (x) if and only if x is a fixed point of ¢,. (16.28) and (16.29) imply

a4
= (45 0)]

<[4 4= 5or
- ox

3
_ _ —1
_HI AT S )

a
a(py ()C)

<llar=2
2

Hence, by the mean-value theorem 16.5 it follows that

ley (x') =y (")

a / " l ’ "
= s ‘axf(e)H I —x < M -2 (63
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(b)
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which means, by Theorem 14.17, that ¢, (x) has at most one fixed point in . So,

y = f (x) for at most one point x € Y. And, since — f (x) is invertible in U, we
X
conclude that f is one-to-one in . Next, put f (/) = V and pick y, € V. Then

yo = f (xo) for some xo € U. Let B_ be an open ball with the center in x, and
radius r > 0, so small that its closure B lies in /. Let us show that y € V whenever
ly — yoll < Ar. Fix y such that ||y — yo|| < Ar. By (16.30) we have

@y (x0) = xo|| = [[A™" v = yo)|| < |A7"][ Iy = yoll < [|[A7"|| 2r = r/2
If x € B, then it follows from (16.31) that

oy @) = x0]| = [0y () = 0, o)1 + [y (x0) = xol[| < [loy (¥) — @y (o) |

1
+ley o) = xo| < 5l = xoll +r/2 <7

Hence, ¢, (x) € B. Note that (16.31) also holds if x’, x” € B. Thus @y (x) is a
contraction of B into B. Being a closed subset of R", B is complete. Then by the
fixed-point theorem 14.17 we conclude that ¢, (x) has a fixed point x € B. For this
x it follows that f (x) = y. Thus y € f (B) C f (U) =V which proves (a).
Pick y e V and y + z € V. Then there exist x e /{ and x + h € U so that y = f (x)
and y+z = f (x + h). So,

ot =) =h+ A [f) — fa+n]=h-AT"z
By (16.31) we have

|h—A7"z]| < ! A

2
which, by the inequality |la — b| > |la|| — ||b]|, implies
-1 -1 1

el = [[a72]| < [|n = a2 < 3 1l
and, therefore,

Ll < A

2

or, equivalently,

IRl <2 ||A” 2] <2||A7Y Izl = llzll /A (16.32)

0
Since P f (x) has an inverse on U, say T, we get
X

a
g+ —g-Te=h—-Tz=-T f(x-i-h)—f(x)—af(x)h
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which in view of (16.32) implies

ad
lg v+ —g () =Tzl _ I7] Hf(x +h) =~ f (@) - axf(x)hH

T A 12

As z — 0, (16.32) shows that 4 — 0 and therefore the right-hand side of the last
0

inequality tends to zero which is true of the left. This proves that P g(y)=T.But
X

ad d
T is chosen to be the inverse of a—f x) = a—f (g (). Thus
X X

B 3 -
P = L?xf (& (y))} (16.33)

a
for y € V. But both ¢ and — f (x) are locally continuous which together with

X
(16.33) implies that g is continuously differentiable on V.
Theorem is proven. ]

Summary 16.1. The inverse function theorem 16.7 states, roughly speaking, that a
continuous differentiable mapping f (x) is invertible in a neighborhood of any point x

0
at which the linear transformation P f (x) is invertible.
x

Corollary 16.3. The system of n equations
yi:ﬁ(xls'-~a-xn)y i=l,...,n

d
can be solved for (xi,...,x,) in terms of (y1,...,y,) if 8—f(x) is invertible in a
neighborhood of the point x = (xy, ..., X,). o

16.1.4 Implicit function theorem

For x € R" and y € R™ let us consider the extended vector z := (xT, yT)T € R*",
Then any linear transformation A : R"* — R" can be represented as

Az=[A A,] (;‘) = Ax+ Ay

Then the following result seems to be obvious.

Lemma 16.3. (A linear version) If A, is invertible, then for every y € R™ there exists
a unique x € R" such that

Ax+A,y=0 (16.34)
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This x can be calculated as

x=—(A)"" Ay (16.35)

The theorem given below represents the, so-called, implicit function theorem for nonlinear
mappings.

Theorem 16.8. (The implicit function theorem) Ler f be a continuously differentiable
mapping of an open set £ C R"™ into R" such that

(16.36)

0 0
for some point Z :== (X7, y7)T € £. Denote A := a—f (2) and assume that A, = a—f (2)
Z X

is invertible. Then there exist open sets U C R"*" and W C R™ with z € U and y € W,
having the following properties:

1. To every y € W there exists a unique x such that

=(;C> eU and f(x,y)=0 (16.37)

2. If x is defined to be g (y), then g is continuously differentiable on W, g (y) = x, for
anyy e W

[f (.0 =0 (16.38)
and
0 . .

0
where A, = @f 2).

Proof. For z € £ define

F(x,y) := <f§}x))

d
Then F is a continuously differentiable mapping of £ into R"*™". Show now that 8—F (2)
b4

is an invertible element in R"*". Indeed, since f (Z) = 0, we have

f()%+h,y°+k):A<Z>+r(h,k)
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0
where r (h, k) is a remainder that occurs in the definition of A = P f (2). Again, since
Z

k

(0] (%)

k

FG+h5+k—F &3 = (f(x+h’y+k)>

h
0
it follows that 8—F (2) is the linear operator on R"*™ that maps (Z) to A (k)
b4
k

It is seen that a—F (2) is one-to-one and hence it is invertible. So, the inverse function

Z
theorem can therefore be applied to F that proves (1). To prove (2) define g (y) for
y € W so that @ (y) := (g;y)> € U and (16.38) holds. Then F (g (y),y) = (‘;)

9

— k

ayg »
k

d
and 8—@ k= . In view of the identity f (® (y)) = 0 the chain rule
y

shows that
0 0
—f (@) —2()=0
0z ay

Thus

9
A—P () =0
dy

which gives
a . 0 o
Agg Nk +Ak=A—()) =0
dy dy
This completes the proof. O

Example 16.2. Let
S (X1, X2, Y1, ¥2, ¥5) = 2e" + 0y — 4y, +3=0
Ja (x1, X2, Y1, Y2, ¥5) = xp €08 xp — 6x; +2y; —4y; =0

andfé:(O I)T, j’l:(3 2 7). Then

2 3 1 -4 0
A":[—6 1}’ Ayz[z 0 —1]

Notice that det A, = 20 # 0 and hence A, is invertible and x in a neighborhood of X, y
can be represented as a function of y, that is, x = g (y).
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16.1.5 Vector and matrix differential calculus

16.1.5.1 Differentiation of scalar functions with respect to a vector

Assuming that x, y € R", P € R, A € R"™*", the direct calculation shows that

0 0

rTy) — — (vTx) —

p *Ty) i OTx)=y

] 0

— (Px)=PT, — (xTPy) =
0x 0x

a ]
— (TPx)=PTy, — xTPx)=(P+PT)x
ax ox

and P (xTPx) =2Px only when P =PT
X

ad

|| xl, = x#0
IxIl, ||2

a
a(x®y):e®y=(:01{[nxn®y}
e:=(1,1,..., )7

16.1.5.2 Differentiation of scalar fun!ctions with respect to a matrix
For the matrices A, B and C the direct calculation implies

9y (A) =
9A

0 a
—tr(BAC)=B7CT, —tr(BATC)=CB
d0A 0A

3 3
—tr(ABAT) = ABT+ AB, —tr(ABA)=ATBT + BTAT
g ( ) + s T (ABA) +

3
54 (BACA)=CTATBT + BTATCT

0
ﬁtr (BACAT)=BAC+ BTACT

(16.40)

(16.41)

(16.42)

(16.43)

(16.44)

(16.45)

(16.46)

(16.47)

(16.48)

(16.49)
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3
—tr(ATA) =24
IA

3
S 4 (BATAC)= ACB + ABTCT

3
S (BAATC) =CBA+BTCTA
3 3
54U (BATABT) =2ABTB, ——tr(BAATBT) =2BTBA

] 9
T(ATA)? — TAT T
aAtr (BT (ATA)’ B) 8Atr(B AT (AAT) AB)

=2A(ATA)BTB +2ABTB (ATA)

aiAtr (exp (A)) = exp (A)

]
1 det (BAC) = det (BAC) (A™")T

>~

i kK _ k—1\T i kY _ — i k—i—1\T
aAtr(A)_k(A )T aAtr(BA)_ (ATBAT)

Il
o

i

d _ - -
A" (BA™'C)=—(A"'cBA™)T

aiAlogdet (A) = —(AT)"!
9 det (AT) = 9 det (A) = (A7) ' det (A)
dA dA

O Ldet ()

9 k) —

0A

9
_ k=1
= k[det (A)] 1 det (A)

=k [det (A)]“"' (AT)"" det (A) = k (AT) ™" det (A*)
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(16.50)

(16.51)

(16.52)

(16.53)

(16.54)

(16.55)

(16.56)

(16.57)

(16.58)

(16.59)

(16.60)
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16.1.6 Nabla operator in three-dimensional space

Definition 16.5. Define

1. the differential nabla operator V or gradient, acting to a differentiable function
¢ : R — R, by the following formula

! ( )
—oX,y, 2
PP ACTER

ad
Vo(x,y,2) = I (x,y,2) (16.61)

( )
(p X, ¥, 2
a y

2. the differentiable operator div (divergence), acting to a differentiable function
f R — R3, by the following formula

a ) a
lef ()C, ya Z) = afv (.X, Ys Z) + @f) ()C, y’ Z) + aizfz ()C, y, Z) (1662)

3. the differentiable operator rot (rotor), acting to a differentiable function f : R — R3,
by the following formula

i j K
O R B A ]
rotf (x,y,2):= ™ 3 P

fHi(x,y,2) falx,y,2) f3(x,9,2)
0 0
=1 (ayf3 (x’ Yy, Z) - 87Zf2 (xv Yy, Z))

a ad
+j <8Zf1 (x7 Vs Z) - g.}% (X, Yy, Z))

a a
+k <f2 (.x, y, Z) - 7f] ()C, Y, Z))
ox dy

where (i, j, K) is the orthogonal basis in R>.

Remember some important properties of the scalar (a, ) and the vector product [a, b] of
the vectors a = (ay, ay,a,)" and b = (b,, by, b,)" in R® which are defined by

] (a,b) := a,b, +a,b, + a.b, \ (16.63)
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and

by by b. (16.64)

=i (aybZ - azby) +j(a,by —a,b,) +k (axby — aybx)

It is necessary to check that

(a,a) = ||al®

(a,b) = (b, a)

(a,b)=0ifa L b (16.65)
(a,b+c)=(a,b)+(a,c)
and
[a, b] = — [b, a]
[a, (b + ©)] = [a, b] + [a, c]
[a,b] =0 if a=2ab, AeR
(16.66)

(a, [b, c]) = (b, [c, a]) = (c, [a, b])
[a.[b.cll=b(a,c) —c(a,b)
[a. [b. c]] + [b. [¢, a]] + [c. [a. b]] = O

Notice also that the operators div and rot, using the definitions above, can be represented
in the following manner

div o = (V,9)
rot ¢ = [V ] (16.67)
Applying rules (16.65) and (16.66) one can prove that
div(ef +8g)=adiv f+Bdivg
w. B eR (16.68)
div grad ¢ = (V, Vg) = Ag
AP = 3 D Ay D s (5032 (1669)
= — x X, Y, ——=Jy Xy, —J Xy, :
LAY MRRIFIE R R e PN y<
where A is the Laplace operator
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divrot f = (V,[V, f])=(V.V], /) =0 (16.70)

rot rot f = [V, [V, f]]

(16.71)
=V(V, f) = (V,V) f =grad div f — Af

16.2 On Riemann-Stieltjes integrals
16.2.1 The necessary condition for existence of Riemann—Stieltjes integrals

Here we will examine the following statement: when o is of bounded variation on
[a, b], continuity of f is sufficient for the existence of the Riemann—Stieltjes inte-
gral th:a f (x)da (x)? We conclude that: continuity of f throughout [a, b] is by no
means necessary, however! The next theorem shows that common discontinuities (from
the right or from the left) should be avoided if the integral fx b:a f (x)da (x) is to exist.
Define

U (P fra) =Y M;Ax;
i=1

M; :=sup { f (x) : x € [xi1, 5]} (16.72)

L(P,. f.a):=)Y MAe
i=1

m; :=inf { f (x) : x € [x;_1, x;]}

which coincide with the upper and lower Darboux sums, respectively, (see (15.4) and
(15.5)) for the case o (x) = x.

Theorem 16.9. (The necessary condition) Assume that o 1 on [a,b] and ¢ € (a, D).
Assume further that both f and o are discontinuous simultaneously from the right at
X = ¢, that is, assume that there exists ¢ > 0 such that for every § > 0 there are values
of x and y within the interval (c, ¢ + 8) for which

lf ) —fWl=e and a(x)—a(y)|=e

Then the integral fx b=a f (x)da (x) cannot exist. The integral also fails to exist if f and
o are discontinuous simultaneously from the left at x = c.
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Proof. Let P, be a partition of [a, b] containing the point ¢ as a point of subdivision.
Then one has

U (P, fr@) = L(Py, fr@) =) (M; —my) Aay (16.73)
i=1

If the ith interval has c as its left endpoint then
U(Py, fro) = L(Py, fro) = (M; —m;) [ (x;) — et (0)]
since each term in (16.73) is nonnegative. If ¢ is a common discontinuity point from the

right, we may assume that the point x; is chosen in such a way that [o; (x;) — &; (¢)] > e.
Moreover, by the assumptions of the theorem (M; — m;) > ¢. So,

U (P, foa) = L(P,, foa) = & (16.74)

But by the definition (15.11) of the Riemann-Stieltjes integral there exists n such that

2 2
U (P, f.a) — S (P,. f.a)| < % IL(P,. f.a) — S(P,. f.)| < %

and, hence,

U(Pns f’a)_L(})m f7a):[U(Pns f’a)_S(Pns f,Ol)]
+ [S(Pn,f,Ol)—L(Pn,f,C()] S |U(anfaa)_S(Pnafva)|
+ |S(anfva)_L(anfva)| <82

which is in contradiction with (16.74). If ¢ is a common discontinuity from the left the
argument is similar. Theorem is proven. (]

16.2.2 The sufficient conditions for existence of Riemann—Stieltjes integrals

Theorem 16.10. (First sufficient (Riemann’s) condition) Assume that « 1 on [a, b].
If for any € > 0 there exists a partition P, of [a, b] such that P, is finer than P, implies

0<U@P. fr) —L(P. fra) <¢] (16.75)

then [ € Ry (@).
Proof. Since by « 1 on [a, b] we have
UPy, foa) =S (P, foa) <L (P, f,a)

In view of (16.75) this means that S (P,, f, «) has a limit when n — oo which, by the
definition (15.11), is the Riemann—Stieltjes integral. Theorem is proven. O
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Theorem 16.11. (Second sufficient condition) If f is continuous on [a, b] and « is of
bounded variation on [a, b], then f € R, ().

Proof. Since by (15.55) any « of bounded variation can be represented as « (x) =
at (x) —a” (x) (where @t 4 on [a,b] and «~ 4 on [a, b)), it suffices to prove the
theorem when « 1 on [a, b] with « (a) < « (b). Continuity of f on [a, b] implies
uniform continuity, so that if ¢ > 0 is given, we can find § = §(¢) > 0 such that
|[x —y| < & implies |f (x) — f (y)| < &/A where A = 2[a (D) —«a(a)]. If P. is
a partition with the biggest interval less than &, then any partition P, finer than P,
gives

M, —m; <g/A (16.76)
since

M; —m; =sup {f (x) = f (y) 1 x,y € [xi_1, %]}

Multiplying (16.76) by Ag¢; and summing, we obtain

n e
U(Pn,f,a)—L(Pn,f,a)EE/AZAOQ:E <e

i=1

So, Riemann’s condition (16.75) holds. Theorem is proven. ]

Corollary 16.4. For the special case of the Riemann integral when o (x) = x Theorem
16.11 together with (15.23) state that each of the following conditions is sufficient for
the existence of the Riemann integral L ,h:a f(x)dx:

1. f is continuous on [a, b];
2. f is of bounded variation on [a, b].

The following theorem represents the criterion (the necessary and sufficient condition)
for the Riemann integrability.

Theorem 16.12. (Lebesgue’s criterion for integrability) Letr f be defined and bounded
on [a, b]. Then it is the Riemann integrable on [a, b], which is f € R4 (x), if and only
if f is continuous almost everywhere on [a, b].

Proof. Necessity can be proven by contradiction assuming that the set of discontinuity
has a nonzero measure and demonstrating that in this case f is not integrable. Sufficiency
can be proven by demonstrating that Riemann’s condition (16.75) (when « (x) = x) is
satisfied assuming that the discontinuity points have measure zero. The detailed proof
can be found in Apostol (1974). ]
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16.2.3 Mean-value theorems

Although integrals occur in a wide variety of problems (including control), there
are relatively few cases when the explicit value of the integral can be obtained. How-
ever, it is often sufficient to have an estimate for the integral rather than its exact
value. The mean-value theorems of this subsection are especially useful in making such
estimates.

Theorem 16.13. (First mean-value theorem) Assume that f € Ry, (o) with o 1 on
[a, b]. Denote

M := sup f(x), m:= i?fb]f (x)

xé€la,b]

Then there exists a real number ¢ € [m, M| such that

b

b
/ fx)da(x)=c / da (x) =cla (b)) —a(a)] (16.77)

X=a

Proof. If a = b both sides of (16.77) are zero and the result holds trivially. Assume that
o (a) < o (b). By (16.72) we have

b
mla () —a(@]=<L (P, f o) < /f(X)dot(X)

<U(P, fia) < M[a (D) —a(a)]
which proves (16.77). Theorem is proven. d

Remark 16.4. Evidently, if f is continuous on [a, b] then there exists xo € [a, b] such
that ¢ = f (xo).

Theorem 16.14. (Second mean-value theorem) Assume that « (x) is continuous on
[a, D] and f 1 on [a, b]. Then there exists a point xy € [a, b] such that

b X0 a
/ f)da(x) = f(a) / do (x)+ f (b) / do (x) (16.78)

Proof. Integrating by parts (see (15.23)) implies

b

b
/ fx)da(x)=f®)a)— f@ala)— / o (x)df (x)

X=a
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Applying (16.77) to the integral on the right-hand side of the last identity we have
) )
[ 1w =rwav) - f@a@-c [darw
- = fBYa ) — f@a(@—aG)[f ) - f @]
= FB) o) —a ()] + f @ [a (x0) = @]

which is the statement we set out to prove. (]

Corollary 16.5. (The Riemann integrals case) Let g be continuous on [a, b] and f 4
on [a, b]. Then
1. there exists a point xq € [a, b] such that

b X0 b
/f(x)g(x)dx:A/g(x)dx+B/g(x)dx (16.79)

where A < f(a+0)and B > f (b —0),
2. Bonnet’s theorem holds, namely, if, in addition, f (x) > 0 on [a, D] then A = 0 in
(16.79) which gives

b

b
/ £ g () dx =B / ¢ () dx (16.80)

X=Xx0

16.2.4 The integral as a function of the interval

Theorem 16.15. Let o« : R — R be of bounded variation on [a, b] and f € Ry, ().
For any x € [a, b] define

F(x):= /f(s) do (s) (16.81)

Then

(a) F is of bounded variation on [a, b];

(b) Every point of continuity of « is also a point of continuity of F;

(c) If f 1 on [a, b] then the derivative F’' (x) exists at each point x € (a, b) where a’ (x)
exists and where f is continuous. For such x

] F'(x)=f (x)a (x) \ (16.82)
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Proof. Tt is sufficient to assume that « 1 on [a, b]. If x # y by (16.77) it follows that
y
F(y)—Fx)= / f)da(s)=cla(y) —a )]

where ¢ € [m, M]. So, statements (a) and (b) follow at once from this equation. To prove
(c) it is sufficient to divide both sides by (y — x) and observe that ¢ — f (x) when
y — x. Theorem is proven. ([

Corollary 16.6.
1. If f € Ry (@) then for any x € [a, b] and the functions F and G defined as

X

F (x) :=/f(s)ds and G (x) :=/g(s)ds

sS=a

we have
b b b
/f(S)g(S)dS =/f(S)dG (s) = /g(S)dF(S) (16.83)

2. In the Riemann case, when o (x) = x, from (16.82) we obtain the, so-called, first
Jfundamental theorem of integral calculus:

F'(x)=f(x) (16.84)

16.2.5 Derivative integration

Theorem 16.16. Assume f € Ry, (o) and g, defined on [a, b, has the derivative g’ in
(a, b) such that for each x € (a, b)

g ) =fx (16.85)
If in the endpoints
g@—ga+0)=g(®) —gk-0)

then the Newton—Leibniz formula (the second fundamental theorem of integral calculus)
holds, namely,

b b
/ f)dx = / g (x)dx = g (b) — g (@) (16.86)

X=a
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Proof. For every partition P, of [a, b] and in view of the mean-value theorem (16.77)
we have

gb)—g@=> [g()—gtiD]=> g @) Ax=> ft) Ax
i=1 i=1

i=1

where t; € [x;_1, x;]. But, since f is integrable, for any ¢ > O the partition P, can be
selected so fine that

b b
g(b)—g(a)—/f(x)dx = Zf(fi)Axi—/f(X)dX <e¢
x=a i=l x=a

which proves the theorem. U

16.2.6 Integrals depending on parameters and differentiation under integral sign

Theorem 16.17. Let f : R? — R be continuous at each point (x, y) € Q where
Q:={(x,y)la<x<b, c<y<=d} (16.87)

Assume that o is of bounded variation on [a, b] and F is the function defined on |c, d]
by the equation

b
Fy) = / f(x,y)da (x) (16.88)

X=a

Then F is continuous on [c, d], or, in other words, if yy € [c, d] then

b

b
iim [ f eda = [ tim £ (cy) deco

(16.89)

b
= /f(x,yo)da(X)

Proof. Assume « 1 on [a, b]. Since Q is a compact then f is uniformly continuous on
Q. Hence, for any ¢ > 0 there exists § = § (¢) such that for any pair of points z := (x, y)
and 7/ := (x', ) such that ||z — 7’| < § we have |f (x,y) — f (x/,y)| < &. So, if
|y — y'| <8 we have

b

|F(»)—F(y)] < / |fGy) = f(x,Y)|da(x) <ela®) —a()]

X=a

which establishes the continuity of F (y). (|
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Corollary 16.7. (The Riemann integral case) If f is continuous on Q and g € Ry
(x) then function F (y), defined by (16.88), is continuous on [c, d], that is, if yo € [c, d]
then

b b
lim / gx)f(x,y)dx= / g)lim f (x, y)dx
Y=o Y=o
x=a ra (16.90)
= /g(x)f (x, yo) dx

X=a

Proof. Define G (x) = f;a g(s)ds. Then by (16.83) F (y) may be represented as
F(y) = fxb:a f (x,y)dG(x). Now, applying Theorem 16.17, we obtained the desired
result. O

Theorem 16.17 permits to establish the following important result.

Theorem 16.18. Assume that « is of bounded variation on [a, b] and F defined on |c, d]
by the equation F (y) = fxb:a f (x,y)da (x) exists for every y € [c,d]. If the partial

ad
derivative a—f (x, y) is continuous on Q (16.87) then F’ (y) exists on [c,d] and it is
given by the formula

b
0
F'(y) = / 1 () da 1) (1691)

Proof. Assuming that y, € (c, d) then we have

b
F(y)—F (o) _ f(x,y)—f(x,yo)da
y—>Y Y=

X=a

(x)

b
3
=/8—f(x,}7)da(x), ¥ € [0, ¥]
y

a
Since a—f (x, y) is continuous on Q, taking yy, y — yo we obtain the validity of (16.91)

in the point y = yy. Theorem is proven. (]
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The following statement can be checked directly.

Proposition 16.1. If ¢, (t) and ¢, (t) are differentiable on [a, b], the function f (t, 1) €
Riap) (@) is differentiable on t and continuous on t for any fixed t € [a, b], then

@2(1)

d
7 / f@ )da(r)

=01 (1)

=@, () [t 2 () &' (92 (1)) (16.92)

(1)

0
—¢ () f @ o) a (o (1) + / gf(t,f)da(f)

=91 (1)
Particularly,
(1)
% / f@ vdr
=01 (1)
=@, (1) [t 92 (1)) (16.93)

@2(1)

a
o (O f @, 00 (0) + /Ef(l,f)da(f)

=91 (1)

16.3 On Lebesgue integrals
16.3.1 Lebesgue’s monotone convergence theorem

Theorem 16.19. (The monotone convergence theorem) Suppose £ € M and let {f,}
be a sequence of measurable nonnegative functions such that for all x € £

0<fik)<fpx)<---< (16.94)

Let f be defined by

fu) = f),xef (16.95)

Then

/ fodpw — / fdu (16.96)
£ £
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Proof. By (16.94) it evidently follows that

/ fodu — o< / fdu (16.97)
£ £

for some o > 0 since fg frndu < fg f du. Choose ¢ € (0, 1), and let s be a simple
measurable function (15.104) such that 0 < s < f. Put

Es=x| fitx) =es(x)}, n=1,2,...

By (16.94) & C & C - - - and by (16.95) it follows that & = |J-, &,. For every n we
have

/fnduz/fnduzc’/sdu
& o

En

Let now n — oo. By Theorem 15.15 we obtain @ > ¢ fgn s du. Letting ¢ — 1 we see that
o > [o s dpand (15.109) implies o« > [. f dp which together with (16.97) proves the
theorem. O

Corollary 16.8. Suppose f; (i = 1,2) are Lebesgue measurable, that is, f; € L (i) on
E.Then f=(fi+ fr) € L(n) on & and

/fdu:/fl d,u+/f2 du (16.98)
£ £ £

Proof.

(a) Suppose, first, that f; > 0 and f, > 0. Choose monotonically increasing sequences
{s,} and {5/} of nonnegative measurable simple functions which converge to f;
and f,, respectively. Since for simple functions (16.98) follows trivially, then for
sy = s, + s it follows that

/sndu:/s;du—i—/sl/l’du

£ £ £

Taking n — oo and applying Theorem 16.19 we obtain (16.98).
(b) If f{ >0and f, <0 let us put

A={x]|f(x)=>0}, B:={x]|fx) <0}

Then it follows that f, f; and (— f,) are nonnegative on .A. Hence, by the previous
consideration,

/fldu=/fdu+/(—fz) dM=/fdM—/f2dM (16.99)
A A A A A
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Similarly, — f, f; and (— f,) are nonnegative on B, so that
/(—fz) du=/f1 du+/(—f) du=/f1 du—/(f) du
B B B B B

Adding (16.99) and (16.100) implies (16.98).
(c) In the general case, £ can be discomposed into four sets & on each of which f; and
/> are of constant sign. By previous considerations we have proved that

/fd/L:/fld/'L"'/deﬂ(i:ls“')
E; E; &

and (16.98) follows by adding these four equations. O

(16.100)

Corollary 16.9. Suppose £ € M and let { f,} be a sequence of measurable nonnegative
functions such that

fO=> fit)xe€ (16.101)

n=I

Then

/f dp = zoo:/fn dup (16.102)
£ £

n=1

Proof. The partial sum of (16.101) forms a monotonically increasing sequence that
implies (16.102). ]

16.3.2 Comparison with the Riemann integral

Let the measurable space X be the interval [a, b] of the real line with the measure
u = m (the Lebesgue measure) and 90t be the family of Lebesgue-measurable subsets of
[a, b], that is, the Borel o -algebra.

Theorem 16.20.

(a) If f € Riap (m) then f € L () on [a, b], that is, each function which is Riemann
integrable on an interval is also Lebesgue integrable, and also both integrals are

equal, i.e.,
b
/f(x)dx: / fdu (16.103)
x=a E=[a,b]
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(b) Suppose f is bounded on [a, b]. Then f € Ry, (m) if and only if f is continuous
almost everywhere on [a, b).

Proof.
(a) follows from Theorem 16.12. To prove (b) suppose that {P,} is a sequence of
partitions of [a, b] such that P, is a refinement of P,. Using the definition (16.72)
for (x) = x, namely,

L(P,. f.x) =Y miAx;,  U(P,. f.x) = MAx;
i=1 i=1

m;:= inf f(x), M;:= sup f(x)

xe(i-1.xi] x€(xi—1,xi]

and defining

Us () =Y Mix (x € (xi1, x1])

i=l

Ly (x) =Y mix (x € (i1, x:])

i=1

such that U; (a) = L; (a) = f (a) we obtain
Lix)sL,x)<---=f@)=---=Uy(x) U (x) (16.104)
which leads to the existence of the limits
L (x) := kILI?oLk x), U (x):= ]{ILIEOUk (x)
for which for any x € [a, b]
L(x)=<fx)=U®

By (16.104) and Theorem 16.19 it follows that there exist the integrals

b
I = lim L(P,, f.x) = /L(x)dx,

b
Iy == klimU(Pn, f,x)= /U(x)dx

X=a

So far, nothing has been assumed about f except that it is bounded on [a, b]. To
complete the proof note that f € Ry, ;) (x) if and only if I; = Iy, or equivalently, if
andonly if [ L (x)dx = [_ U (x)dx.But, in view of the fact that L (x) < U (x),
this happens if and only if L (x) = U (x) for almost all x € [a, b]. This implies that
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L (x) = f(x) = U (x) for almost all x € [a, b], so faras f is measurable and (16.103)
follows. O
16.3.3 Fatou’s lemma

Lemma 16.4. Suppose £ € M and let {f,} be a sequence of measurable nonnegative
functions. Then

/ liminf f, dpu < lim inf / fodu
E

(16.105)
< hmsup/fn du < /hmsupf,, du

n— 00 n— 00

Proof. The intermediate inequality

n—00 n— o0

liminf/f,, du < limsup/fn du
£ £

trivially follows from the definitions of the upper and lower limits. Denote for all x € £

g () := inf fi (x). g (x) = sup fi (x)

f7 @)= liminf f, (1) = limg, (x) (16.106)
fT(x):= limsup f, (x) = lim g (x)

Then g, (x) and g (x) are measurable on &£ (see (15.12)) and

0<grx)<g x)=<---
& )= fulx), g, (x)—=> f(x)

>gr(x)>gf(x)=0
grx = fix), grx)— frx

The integration of the inequality g, (x) < f, (x) and the direct application of Theorem
16.19 for {gl’ (x)} leads to

/f_ du < liminf/fn du
£ £

Analogously, the integration of the inequality g (x) > f, (x) in view of Theorem 16.19
gives

limsup/fn dn < /f+ du
£ E

n— 00

Lemma is proven. ]
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Strict inequalities may hold in (16.105) (see the example in Exercise 5 in Chapter 11
of Rudin (1976)).

16.3.4 Lebesgue’s dominated convergence

Theorem 16.21. (on a dominate convergence) Suppose £ € M and let {f,} be a
sequence of measurable functions such that for all x € £

o (¥) = f (%) (16.107)

If there exists a function g € L () on € such that forn = 1,2, ...

|fn ()] < g (x) (16.108)

almost everywhere on &, then

lim fn dp = /fd,u (16.109)

that is, the operation of lim and the Lebesgue integration can be interchanged if (16.107)
and (16.108) are fulfilled.

Proof. The inequality (16.108) and Theorem 15.7 imply that f, € £ (n) and f € L (u)
on &. Since f, + g > 0 the Fatou’s lemma 16.4 shows that

/(f+g) du<hmlnf/(fn +g) du

Shmlnf/f,, du+hm1nf/(g) du

or, equivalently,

/f dp < liminf/fn du (16.110)
E

&

Similarly, since g — f, > 0 we have

/(g — dufligiogf/(g—ﬁz) du
E E

§1iminf/g du+liminf/(—f,,) du
£

£
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so that
—/fdusmmﬁ/eﬁwm
£ £
which is the same as

/fd,u zliminf/f,, du (16.111)
E E

Hence, (16.109) follows from (16.110) and (16.111). ]
One important application of Theorem 16.21 refers to a bounded interval.

Theorem 16.22. (Apostol 1974) Let T be a bounded interval. Assume that {f,} is a
sequence of measurable functions in L (i) on I which is boundedly convergent almost
everywhere on L. That is, assume there is a limit function f and positive constant M
such that

lim f, (x) = f(x) and |f, (x)| <M almost everywhere on T

Then f € L (u) and

gg/ﬁunm=/funm
T v

Proof. It follows from Theorem 16.21 if we take g (x) := M for all x € Z. Then
g € L(n) on Z, since Z is a bounded interval. Theorem is proven. O

16.3.5 Fubini’s reduction theorem

The Lebesgue integral defined on subsets in R and described in Chapter 15 can be
generalized to provide a theory of Lebesgue integration for the function defined on subsets
of n-dimensional space R”. A multiple integral in R" can be evaluated by calculating
a succession of n one-dimensional integrals. This result is referred to as the Fubini’s
theorem.

Definition 16.6.
(a) If I :=1, x I, X - - - X I, is a bounded interval in R", where I, := |ay, b;], then the
n-measure (L (I) of I may be defined by the equation

() =) - ()

(16.112)

where w (I},) is the one-dimensional measure, or length, of I.
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(b) Analogously to the single-dimensional case, a property is said to be of zero n-measure
or, to hold almost everywhere on a set S C R", if it holds everywhere on S except
for a subset of zero n-measure.

If P, is a partition of [, then the Cartesian product P := P; x - - - x P, is called a
partition of /. So that, if P, decomposes I, into m; one-dimensional subintervals, then P
decomposes [ into m = m, - - - m, n-dimensional subintervals, say J, ..., J,.

Definition 16.7.

(a) A function s defined on I is called a step function if a partition P of I exists such
that s is constant on the interior of each subinterval Ji, say,

s(x)=c¢ Iif xeJ

(b) The n-dimensional Lebesgue integral of s over I is defined by the relation

/s du = chu (Jo) (16.113)
k=1

1

Definition 16.8. A real-valued function f on I € R" is called an upper function on I,
and we write f € U (I), if there exists an increasing (nondecreasing) sequence {s,} of
step functions s, such that
(a) s, — f almost everywhere on I,
(b) lim [, du exists.

n—o0o I

The sequence {s,} is said to generate f and the integral f over I is defined by the
equation

/f dp:=1lim [ s,du (16.114)

1 1

The integral [, f du is also denoted by

/f(x) dxg/f(xl,...,xn) d(x,...,%,) (16.115)
I I

The notation

/f(xl,...,xn) dx, - - - dx,
1

is also used. Double integrals are often written with two integral signs, namely,

/ £ (x.y) dx dy

I
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Theorem 16.23. (Fubini’s theorem for step functions) Let s be a step function on R>.
Then for each fixed y € R the integral fR f (x,y) dx exists and, as a function of x, it
is Lebesgue integrable on R. Similarly, for each fixed x € R the integral fR f&x,y) dy
exists and, as a function of y, it is Lebesgue integrable on R. Moreover, we have

//f(m) dx dy

]RZ

:/ /f(x,y) dx dy=/ /f(x,y) dy|dy
R R

R R

(16.116)

Proof. There is a compact interval I = [a, b] X [c, d] such that s is a step function on /
and s (x,y) = 0if (x,y) ¢ I. There is a partition P of / into mn subrectangles I;; =
[xi—1, x;:] % [yi—1, y:] such that s is constant on I;;, say,

s(x,y)=c¢; if (x,y)eint];

Then

//f (x,y) dx dy = ¢;j (xi — xi—1) (¥i — Yi-1)

I;;

Yi X Xi Yi

= [ | [ e arar= [ | [ fedy|as
Yi—1 L Xi—1 Xi—1 L Yi-1
Summing on i and j we find
] 5 axay
1
d b b [d
= [|[row ax|ay=[ | [ o ay|ax
Since s vanishes outside [ this proves (16.116). |

The next theorem is the extension of the previous result to the general class of Lebesgue
integrable functions.

Theorem 16.24. (Fubini’s theorem for double integrals) Assume f is Lebesgue inte-
grable on R2. Then (16.116) holds.
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Proof.

(a) First, let us prove this result for upper functions. If f € U (Rz) then there exists an
increasing (nondecreasing) sequence {s,} of step functions s, such that s, (x, y) —
f(x,y) forall (x,y) € R — S (S is a set of measure zero). Hence, by (16.114)

//f(x,y) dx dy = lim//sn(x,y) dx dy
R2

R2

and (16.116) results from Theorem 16.23.
(b) To prove (16.116) for Lebesgue functions it is sufficient to notice that any f € £ (u)
can be represented as f = u — v where u € U (R?) and v € U (R?). Theorem is

proven.
]

Corollary 16.10. Assume that f is defined and bounded on a compact rectangle
I =[a, b]x[c, d], and also that f is continuous almost everywhere on I. Then f € L (1)
on I and

/ ) dx dy

I

d [h b [d
:/ /f(x,y)dx dy=/ /f(x,y)dy dx

(16.117)

Corollary 16.11. If f is Lebesgue integrable on R™** then the following extension of
the Fubini’s theorem 16.24 to high-dimensional integrals holds:

/fdu=/ /.f(x,y) dx | dy
Rm

Rm+k Rt L i

(16.118)

=/ /f(x,y) dy | dy
Rk

R L

16.3.5.1 Tonelli—-Hobson test for integrability in R?
Theorem 16.25. (The Tonelli-Hobson theorem) Assume that f is measurable on R?
and that at least one of two iterated integrals

/ /If(x,y)l dx| dy or / /If(x,y)l dy| dy
R R R R
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exists. Then
(a) f € L () on R
(b) The formula (16.116) holds.

Proof. Part (b) follows from (a) because of the Fubini’s theorem (16.24). To prove (a)
assume that the iterated integral

/ /If(x,y)l dx| dy
R

R

exists. Let {s,} be an increasing (nondecreasing) sequence of nonnegative step functions
defined by the formula

(r.y) = n if |x|<n and |y|<n
B Y=o if otherwise

Let also f, (x, y) := min{s, (x, y), | f (x, ¥)|}. Notice that both s, and | f| are measurable
on R%. So, f, is measurable and, since

0=<|fi G, I <8, (x,)

so f, is dominated by a Lebesgue integrable function. Therefore, by Theorem 16.21
f» € L () on R%. Hence, we can apply Fubini’s theorem 16.24 to f, along with the
inequality

0 < fuCx,y) = 1fu(x, )l

to obtain

/fndMZ/ /f,,(x,y) dx dys/ /|fn(x,y>| dx | dy
R2 R LR R LR

Since { f,} is increasing this shows that lim fR2 fndpexists. But { f,, (x, y)} = | fu (x, y)|

almost everywhere on R2. So, |f| € £(u) on R% Since f is measurable, it follows
that f € £ (u) on R? which proves (a). The proof is similar if the other integral exists.
Theorem is proven. O

16.3.6 Coordinate transformation in an integral

Definition 16.9. Letr T be an open set of R". A vector function g : T — R" is called

a coordinate transformation (or deffeomorphism) on T if it has the following three

properties:

(a) g € C' on T, that is, g is continuously differentiable (g has the first-order partials
which are continuous) on T';

(b) g is globally one-to-one on T
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(c) for all t € T the Jacobian determinant J, (t) of the transformation g is not equal to
zero, that is,

0
Jg (t) := det {g,- (t)] £0 (16.119)
oty

i,k=1,n

Remark 16.5. The properties of the coordinate transformation g mentioned above pro-
vide the existence of g~' which is also continuously differentiable on g (T).

Remark 16.6. (The Jacobian chain rule) Assume that g is a coordinate transformation
on T and that h is a coordinate transformation on the image g (7"). Then the composition

[k=hog:=h(g()] (16.120)

is also a deffeomorphism on 7" with the Jacobian determinant Ji (t) satisfying the equation

[ = g®) ()] (16.121)

Proof. It follows from the relations

[ah- (t)] = { ! h; (t)} [8 (t)]
atk l i.k:l,n_ agé l i,s=1,n atkgs s,k=1,n

B 0 B
det | —h; (t ] = det {h,- (g (t } det [ o (t ]
[3tk ) ik=1n 08s 8(®) is=ln 3tkg © sk=1,n

O

Theorem 16.26. Let T be an open subset of R", g be a coordinate transformation on
T and f be a real-valued function defined on the image g (T) such that the Lebesgue
integral fgm f (x) dx exists. Then

/f(x) dx =/f (g (1) |Jg ()] dt (16.122)

g(T) T

Proof. The proof is divided into three parts:

(a) Part 1 shows that (16.122) holds for every linear coordinate transformation
a : T — R" with the corollary that

|14 (o (A)) = |detar p (A) | (16.123)

for any subset A C T.
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(b) In Part 2 one needs to consider a general coordinate transformation g : 7 — R" and
show that (16.122) is valid when f is the characteristic function of a compact cube
K C g (T) that gives

mm:/ﬂmﬂm (16.124)

(9]

(c) In Part 3 equation (16.124) is used to deduce (16.122) in the general form. The details
of this proof can be found in Chapter 15.10 of Apostol (1974).
O

Example 16.3. (The spherical coordinates transformation) Let us take t := (p, 0, @)
and

T := {t:p>0, 0 € [0, 2r], 906[0»77]}

The coordinate transformation g maps each point t = (p,0,¢9) € T onto the point
(x,y,2) in g(T) given by the equations

X p cos O sin ¢
y| =1 psinfOsing
z 0 COS @

The Jacobian determinant is

rox ox 0Jx
dp 090 Jdo
dy dy 9y
Jyt) =det | = — —
ap 039 QJg
dz 0z 0z
Ldp 90 dg¢
[ cosfsing  sinfsing  cosg
=det | —psinfsing pcoshsing 0 = —p?sinf
| pcosfcosp psinfcosp —psind

So, for any f to be a real-valued function defined on the image g (T) we have

// f(x,y,2) dx dy dz

g(T)
= ///f (p cos @ sin g, psinf sing, p cos @) p*|sinb|dp db de

(p.0,9)€T
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16.4 Integral inequalities
16.4.1 Generalized Chebyshev inequality

Theorem 16.27. (The generalized Chebyshev inequality) Let ¢ : R — R be a non-
negative nondecreasing function defined on the interval [0, 00), i.e.,

]g(x) >0Vx €[0,00), g(x1) > g(x) Vx> xz\ (16.125)

and ¢ € L (u) on & C R such that g (|p|) € L (1) on &, that is,

/ ¢ (gl du < 0o (16.126)
£

Then for any nonnegative value a > 0 the following inequality holds:

/g (oD du = gla)u ({x | | (x)| = a}) (16.127)
£

Proof. By the additivity property of the Lebesgue integral for £ = £; U &, where

Eri={xlp®)|>a}
& i={xlp )| <a}

and in view of the assumptions of this theorem it follows that

/g(lwl) duz/g(lfpl) du+/g(|<p|) du

£ & &

z/g(lwl) dui/g(a) du =g (a) u (&)

51 51

which completes the proof. ]

16.4.2 Markov and Chebyshev inequalities

Using the generalized Chebyshev inequality (16.127) one can obtain the following impor-
tant and commonly used integral relations known as Markov and Chebyshev inequalities.

Theorem 16.28. (The Markov inequality) Put in (16.127)

g)=x", x€[0,00, r>0] (16.128)
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Then for any a > 0 the inequality (16.127) becomes

;uu|wuNzansaﬂ/ﬁw’mL (16.129)
E

Two partial cases corresponding to r = 1, 2 present a special interest.

Corollary 16.12. (The first Chebyshev inequality) For r = 1 the Markov inequality
(16.129) becomes

1
IMU|wunzansg/Wmdu (16.130)
£

Corollary 16.13. (The second Chebyshev inequality) For r = 2 the Markov inequality
(16.129) becomes

1
wx e ()| =a}) < ;/ ¢’ dp (16.131)
&

16.4.3 Holder inequality

Theorem 16.29. (The Holder inequality) Ler p and q be positive values such that

’P >1, g>1, pl'4+q'= 1‘ (16.132)

and ¢, n € L (1) on £ C R such that

[lol” € L), {Inl” € £(w)] (16.133)

Then the following inequality holds:

1/q

1/p
l/wmduf /MWdM /wmdu (16.134)
E E

&

Proof. If fg lp|? du = fg 7| die = 0on & then ¢ (x) = n (x) = 0 almost everywhere
on & and (16.134) looks trivial. Suppose that [. |¢|” du > 0 and [, |n|’ du > 0.
Since the function In(x) is concave for any x, y, a, b > 0 the following inequality holds:

] In(ax + by) > aln(x) + bln(y) \ (16.135)
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or, equivalently,

ax + by > x*y? (16.136)

Taking a :=1/p, b :=1/q and

A |<.0|p A |77|p
X = —_—, y =
/ ol dp / 0l du
E E
implies
lpl|” [n]” ol ]
1/17/ +1/q Et p g
ol? dps / Il du
p 14
A A / lol” du / Inl” du
E E

Integrating both sides of this inequality and using the assumption that p~! + g~!

=1
proves (16.134). ]

Corollary 16.14. In the case of the Borel measure when
nwxlx <ce(a,b)}) =c—a

on € = [a, b] we have

b b

/codM:/w(X)dx, /ndu=/n(X)dx

E x=a E x=a

and (16.134) becomes

b
/ 0 () n ()] dx

. o » (16.137)
< /|<P(X)|”dx /In(X)qux

Corollary 16.15. In the vector case when

w:z(wlv--‘awn)ERn’ 7732(771,~~7§0n)€Rn
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which corresponds to the “atomic” measure concentrated in the points x = {xy, ..., x,}

with the weights = (U1, ..., Un), Li =0 (@{ =1,...,n) we have

dp=Y 8(x—x)puidx. @ =), n=n(x)
i=1

/(ﬂdu=2¢iui, /ndpc:me
i=1 i=1

& - &

and (16.134) becomes

n n 1/p n 1/q
> lgimil < (Z Iwilpui> (Zlml"m)
i=1 i=1 i=1

For the “atomic” uniform measure when [; == po/n (g > 0) we have

n n 1/p n 1/q
Mo Mo Ho
— .| < ph P jhg 14
. ;:l lgini| = (n ;:1 i > (n [E:l [7; ] >

or, equivalently,

n n 1/p n 1/q
> gl < (Zw) (Zmir])
i=1 i=1 i=1

16.4.4 Cauchy-Bounyakovski—-Schwarz inequality

(16.138)

(16.139)

(16.140)

(16.141)

The following particular case p = g = 2 of (16.134) is the most common in use.

Corollary 16.16. (The CBS inequality)

/Iwnl dn < /w du /In|2 du
E E

&

and the equality in (16.142) is reached if

’ ¢ (x) = kn(x) forany real k ‘

and almost all x € £.

(16.142)

(16.143)

Proof. To prove (16.143) it is sufficient to substitute ¢ (x) = kn (x) into (16.142). O
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Corollary 16.17. 1. In the Borel measure case we have

b b b
/pr(x)n(X)lde /I(p(X)Izdx /IU(X)Izdx (16.144)
2. In the case of the “atomic” measure for any nonnegative u; > 0 (i=1,...,n)
we have

el < | el | D il (16.145)
i=1 i=1 i=1

which for the uniform measure when

Wi 2= o/n

becomes

Mo . Mo . 2 | Mo - 2
— inil < — i — i 16.146
n;wm n;w n;m ( )

or, equivalently,

Slgml = D el | Il (16.147)
i=1 i=1 i=1

16.4.5 Jensen inequality

Theorem 16.30. (The Jensen inequality) Ler g, : R — R and g, : R — R be convex
downward (or, simply, convex) and convex upward (or, simply, concave), respectively
(see Fig. 16.1) and ¢ : R — R be a measurable function such that ¢ € L (u) on € C R.
Let also [.du = 1. Then

8u /<p du | = /gu (p) du (16.148)
& &
and
8&n /w du | = /gm (p) du (16.149)
& &
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gy 9nx

Fig. 16.1. The convex gy (x) and concave gn (x) functions.

Proof. By the convexity (concavity) definition (see Fig. 16.1) we may conclude that
in both convexity and concavity cases there exists a number A(xp) such that for any
x, xo € R the following inequalities are fulfilled:

gu(x) = gulxo) + Alxo) (x — xo)
(16.150)
gn(x) < gn(xo) + Al(xo)(x — xo)

Taking x := ¢ (x), X := [ ¢ du in (16.150) we obtain

gu (e (x)) > gu /wdu + A /rpdu @(X)—/<pdu

£ £ 1

gn(p(x) < gn /wdu + A /sodur w(X)—/fpdu
£

& &

The application of the Lebesgue integration to both sides of these inequalities leads to
(16.148) and (16.149), respectively. Theorem is proven. |

d
Corollary 16.18. 1. In the Borel measure case <when du = bx> we have

b b
1 1

8u 7/<P(X) dx Si/gu(fﬂ(X)) dx
b—a b—a

(16.151)

v

b
1

h—a /gn (¢ (x)) dx
—a

b
1

8n b—/(p(x) dx
—a
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2. In the case of the “atomic” measure for any nonnegative u; >0 (i = 1,...,n) such
that ! w; = 1 we have

gu (Z gom;) <> g ()
i=1 i=1

(16.152)
&n (Z %‘N-i) = ng (@i) wi
i=1 i=1
which for the uniform measure when w; := 1/n becomes
1< 1<
gl =D 0] == g
i=1 i=1
(16.153)

v

1 n
8n (n ;%)

3. Foranyn=1,2,...,
(a) any evenk =2s (s =1,2,...) and any ¢; € R (i =1, ...n) it follows that

l n
n ;gm (@)

n k n
<Z w) <> (@)t (16.154)
i=1 i=1

(b) any odd k =2s — 1 (s =1,2,...) and any ¢; > 0 (i =1, ...n) the inequality
(16.154) also holds.

Proof. Indeed, by (16.153) we have

k
1 & 1 &
<n ;%) = N ;(%)k

which implies (16.154) for an even k, since the function x* is convex in all axis R. For
an even k this function is convex only at the semi-axis [0, co] which permits to use the
inequality (16.153) only within this region. d

Example 16.4. For gn(x) := In(|x]) we have

In / ol dye | = / In (lgl) dps (16.155)
E

&
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and

\

In (Z Igoilm> > " Inleil)
i=1 i=1

1 n
In (n ; |¢i|)

valid for any p; > 0 (i =0, 1,...,n) such that 3 ;_, u; = 1.

(16.156)

v

1 n
= In(ei
n i=1

Corollary 16.19. (The weighted norm case) [f ¢ : R — R" and P = PT > 0 then

b 2

b
1 1
E/QO(X) dx|| = m/”(ﬂ(x)ﬂi dx (16.157)

X=a P

Proof. By the definition of the weighted norm and using the matrix-root representation
we have

b 2 b b
/(p(x) dx|| = /(p(x) dx,P/(p(x) dx
x=a P x=a x=a
b b
= Pl/z/(p(x) dx, Pl/z/(p(x) dx
b b
= /z(x) dx, /z(x) dx

where z (x) := P'2¢ (x). Hence, it follows that

b 2 b 2
n

e [ewa] =3 (5 [aw e

i=1
x=a P x=a

Applying (16.151) for g, (s) = s? to each term in the sum on the right-hand side we have

n

b 2 b b
1 “ 1 1 “
E 2 2
— /Zi (x) dx < ;:1 T /Z[ (x) dx = 4b — / ; 1 Zi (x) dx

i=l1

X= x=a
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b b
1 1
= b—a / Iz ()C)”2 dx = b—a / HPI/ZQD (X)H2 dx

b b
1 1
=i [ ww. Powy dx= 1 [locol; ax

which proves (16.157).

16.4.6 Lyapunov inequality

The inequality below is a particular case of the Jensen inequality (16.148).

363

Corollary 16.20. (The Lyapunov inequality) For any measurable function ¢ : R — R
such that |p|" € L () on £ C R (¢t > 0) and when fs du =1 the following inequality

holds

1

/s
/w an| = /|¢|’ du
E E

1/t

where 0 < s <t.

t
Proof. Define r := —. Taking in (16.148) ¢ := |¢|® and g (x) := |x|" implies
s

t/s r
/w du| = /w du s/uw)" du=/|¢|’ du
E E E E

which completes the proof.

(16.158)

O

Corollary 16.21. For any measurable function ¢ : R — R such that |¢|* € L (n) (k > 2

is an integer) on £ C R the following

inequalities hold

1/2

/|¢| du < /w an| <
E E

< /w du
E

1/k

Corollary 16.22.

1. In the Borel measure case we have

1/s

b
1
bi/lfp(X)lsdx <
—a

b
1
m / lo ()| dx

1/t

(16.159)

(16.160)
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and

b b 12
1/|<>|d< 1/|()|2d
b_a (px X = b_a (px X
1/k

b
1 k
<=2l [ lp@)Idx
b—a

2. In the case of the “atomic” measure for any nonnegative u; >0 (i = 1,...,n) such
that Y, ;i = 1 we have

n 1/s n 1/t
(Z Iwilsul) < (Z Iwil’u,-) (16.161)
i=1 i=1

and
" ; 12 " 1/k
> il < (me,-) < < (Z mV‘m)
i=1 i=1 i=1
which for the uniform measure when w; := 1/n becomes

L 1/s L 1/t
- TR R N 16.162
(”;W') _<n§|wl> ( )

and

1 n 1 n 1/2 1 n 1/k
_ 1< | Z 12 <...< | 2 |k
n;|¢l|_<n;|¢,|> < _<";|¢’|>

16.4.7 Kulbac inequality

Theorem 16.31. (The continuous version) Suppose p : R — R and ¢ : R — R are
any positive function on € C R such that the Lebesgue integral

Ie(p,q) = /ln(@)p(x)dx (16.163)
A q(x)

is finite, that is, I¢(p, q) < oo and the following normalizing condition holds

/q(x)dx =1, /p(x)dx =1 (16.164)

£ £
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Then

Ie(p,q) =0 (16.165)

and Iz (p, q) = 0 if and only if p(x) = q(x) almost everywhere on &.

Proof. Notice that (—In(x)) is a convex function on (0, 00), i.e., —In(x) = gy (x). Hence,
by the Jensen inequality (16.151) we have

Ig(p,q)z/ln (p(x)) px)dx = /ln (— (q(x))) px)dx
A q(x) A px)

> —ln/ (CI(X)) px)dx = —ln/q(x)dx =—-In1=0
p(x) A

&

which proves (16.165). Evidently, I¢(p, g) = 0 if p(x) = g(x) almost everywhere on &.
Suppose I¢(p,q) = 0 and p(x) # q(x) for some x € & C & such that u (&) =
/. g, 4% > 0. Then the Jensen inequality (16.151) implies

0=1Is(p.q)=— /ln (Q(x)) p(x)dx > —In / <q(x)> p(x) | dx
J p(x) p(x)

0 &o

=—In /q(x)dx =—Ina >0
&o

where o = | g, 4(x)dx < 1 which can always be done selecting & small enough. The

last inequality represents a contradiction. So, u (&) = 0. Theorem is proven. (I
Theorem 16.32. (The discrete version) Suppose p = (pi,...,p,) and q =
(qi1,-..,qn) are any vectors with positive components such that

da=1. ) p=1 (16.166)

I(p.g):=>  piln (2) (16.167)
i=1

1

Then

(16.168)

and I(p,q) =0 ifand only if p; = q; foralli =1,...,n.
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Proof. 1t practically repeats the proof of the previous theorem where instead of (16.151)
we have the inequality (16.152) where gy () := —In(-), ¢; := kil and u; = p;. Theorem
i

1

is proven. ]

16.4.8 Minkovski inequality

Theorem 16.33. (The Minkovski inequality) Suppose ¢ : R — Rand n : R - R
are measurable functions such that |¢|” € L (u) and |n|” € L () on £ C R for some
p € [1, 00). Then the following inequality holds:

1/p

1/p 1/p
/|s0+n|”du < /I(pl”du + /Inl”du (16.169)
£ 1 &

Proof. Consider the following inequality

lp+n1” =lp+nlle+n"" <lolle+nl"" + nlle +n*"

which after integration becomes

/|<p+nl”duf/I<p||<p+nl”‘1du+/|n||¢+n|”_1du (16.170)
£ £ £

Applying the Holder inequality (16.134) to each term in the right-hand side of (16.170)
we derive:

1/p 1/q

/|(P| lo+n""dp < /|(p|l’ m /|(p+n|(/’71)q du

1/p 1/q
- /W du /I<ﬂ+n|”du
E £

since p = (p — 1)q, and

1/p 1/q
/Inl lo+n""dp < /|,7|p du /|<p+r/|(”’”q du
& £ c

1/p 1/q

= /Inlf’ du /|<0+n|”du
E E
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Using these inequalities for the right-hand side estimation in (16.170) we get

1/p
/|<p+n|”du§ /|<0|de
£ £
1/p 1/q
+{ [ ntedu [1o+ur du
£ £
which implies
1-1/q 1/p
/I<p+n|”du = /|¢+nl”du
£ £
r 1/p 1/p
< /le” dp + /Inl” du
L \¢ £
Theorem is proven. O

Corollary 16.23.

1. In the Borel measure case the inequality (16.134) becomes

I/p

b
/ lo (x) +n(x)|"dx

- , 1p , 1p (16.171)
<| fweorac) + | [meoras
2. In the case of the “atomic” measure for any nonnegative u; > 0 (i =1,...,n)
we have
n 1/p
<Z loi +mil” Mi)
i=1
(16.172)

n 1/p n 1/p
< (Z loi” m> + (Z Iml"m)
i=l i=1
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which for the uniform measure when w; := po/n (o > 0) becomes

n I/p
Ho R
(n > o+ il )

i=1

n l/p n
Mo Mo
=< - ip + | — ip
_<”,§_1|¢|> (n;_llnl)

or, equivalently,

(16.173)

1/p

n 1/p n 1/p n 1/p
<Z|wi +n,-|”> < (Z |<pi|"> + <Z|’7i|”> (16.174)
i=1 i=1 i=1

16.5 Numerical sequences
16.5.1 Infinite series

16.5.1.1 Partial sums and sums
Let {a,} be a sequence of real numbers. Form a new sequence {s,} where each term is
defined as follows:

Sii= Y a4 (16.175)
=1

Definition 16.10. The number s, is called the nth partial sum of the series. The series
is said to converge (or to diverge) accordingly as {s,} is convergent or divergent. If {s,}
converges to s, that is, there exists the limit lingC s, = s, then s is called the sum of series.
n—>

It is clear that every theorem about sequences {a,} can be stated in terms of series
putting a; := s; and a, := s, — 5,1 (for n > 1), and vice versa. But it is neverthe-
less useful to consider both concepts. So, the Cauchy criterion 14.8 can be restated as
follows.

16.5.1.2 Criterion for series convergence
Criterion 16.1. (The Cauchy criterion for series) The series s, = Y .,_, a, (16.175)
converges if and only if for every ¢ > 0 there is an integer ng (&) such that

<e¢ (16.176)

m
D a
t=n

ifm>n>ngy(e).
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Corollary 16.24. (The necessary condition of convergent) If the series s, = Y .\_ a,
(16.175) converges then

a, — 0 (16.177)
Proof. Taking in (16.176) m := n + 1 we obtain (16.177). O

Theorem 16.34. (The criterion for monotonic sequences) Suppose {a,} is monotonic.
Then {a,} converges if and only if it is bounded.

Proof.

(a) Necessity. Let {a,} converges. Then it is bounded by Theorem 14.5.

(b) Sufficiency. Let {a,} be bounded and suppose that a, < a, (the proof is analogous
in the other case). Let A be the range of {a,}. If {a,} is bounded, then there exist the
least upper bound a* on A and for all n = 1,2, ... it follows a, < a*. For every
& > 0 there exists an integer n, (¢) such that

at —e <aye <a’

for otherwise (a+ — 8) would be an upper bound. By monotonicity it follows that
at—e<a, <a’

for all n > ng (¢) which shows that {a,} converges to a™. O

16.5.1.3 Sum of series and telescopic series
Lemma 16.5.

1. Let {s,‘:} and {sn”} be convergent series, namely,

n n
a .__ a b .__ b
sn._ga,—>s, sn._gb,—>s
1 n—oo =1 n—0o0
1= =

Then for every pair of constants o and 8

D (a4 pb)=ad a+BY b =as'+ps’ (16.178)
t=1 t=1 =1

2. If {a,} and {b,} are two telescopic series such that

ap = bn+l —b,



370 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

n . P L .
then »"_, a, converges if and only if ’}erolo b, exists, in which case we have

> a,= limb, — b, (16.179)

t=1

Proof. The identity (16.178) results from

D (e +Bb)y=ad a+BY b
t=1 t=1 t=1

and (16.179) follows from the identity
Y a=Y (b —b)=by—b
=1 t=1

|
16.5.1.4 Series of nonnegative terms
Theorem 16.35. (The “partial sum” criterion) A series of nonnegative terms converges
if and only if its partial sums form a bounded sequence.

Proof. It follows directly from Theorem 16.34. ]

Theorem 16.36. (“2*-criterion”) Suppose a; > a, > --- > 0. The series > .- a,
converges if and only if the series >, | 2ay converges.

Proof. According to Theorem 16.34 it is sufficient to consider boundedness of the fol-
lowing partial sums

Sy =apt+a+...+a,
to=a; +2a, + ...+ 2kax
For n < 2% we have
Sp<ar+ (@ +a3)+...4+ (@x +...ax1_1)
<ay+2a+ ...+ 2%an =1,
On the other hand, for n > 2*

Sp>ar+ (a+a3)+ ...+ (ax +...ax+1_4)

> + + _’_2‘1 — 1
a a . .. drk =
_21 2 2 2k
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This means that the sequences {s,} and {z,} are either both bounded or unbounded. This
completes the proof. O

Corollary 16.25.

N <oo if p>1
Zn(logn)/’{zoo if p=<l1 (16.180)

n=1

Proof. Indeed, since the function logn is monotonically increasing it follows that the
function ———— is monotonically decreasing. Applying Theorem 16.36 we obtain
n (logn)”

o0 o0 o0 1
R — - —
Z 2k (log 2kyP Z (k log 2)P (log 2)P Z kr

k=1 k=1

which, in view of Corollary 16.30 to Lemma 16.12 (see below), implies the desired
result. O

Corollary 16.26. Continuing the same procedure one can prove that

- <oo if p>1
. 16.181
anogn(loglogn)” {=OO if p=1 ( )

n=1

16.5.1.5 Alternating series
Definition 16.11. [f a, > O for all n, then the series > oo, (—1)"*"a, is called an
alternating series.

Theorem 16.37. (on the convegence of alternating series) If {a,} is a non-increasing
sequence (a, > 0) converging to zero, then the alternating series .- | (=" a, con-
verges, that is,

5, =Z(—1)’<+1ak — s (16.182)

and foralln =1,2,...

]o < (=1)" (5 = 8,) < dups (16.183)
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Pl’OOf Define bk = dy_1 — Qo = 0. Then

sp=(a—a)+(@a—a)+...+ ((=D"a +(-D""a,)

Zbk if n=2l
k=1

= n—2 (12 1,2,)
Zbk+a,, if n=2-1

k=1

And, since a, — 0, the series s, converges if and only if B, := Y _;_, b, converges, that
is, s, — s if and only if 8, — s. But B, is the series with nonnegative terms. So, it is
monotonically nondecreasing and bounded because of the inequality

Br=a— (a2 —a3) — ... — (g — A2y_1) — A2y <

Hence, 8, converges. The inequality (16.183) is a consequence of the following relations:

D" =50 =Y (=D api =Y (@21 — duyzi) > 0

k=1 k=1

oo

D" (s —5,) = ayy1 — Z (@n2k — Aniks1) < Auyt
k=1

|
16.5.1.6 Absolutely convergent series
Definition 16.12. A series > . a, is called absolutely convergent if
> la| < 00 (16.184)
r=1
Lemma 16.6. Absolute convergence of Y -, a, implies convergence.
Proof. 1t is sufficient to apply the Cauchy criterion (16.1) to the inequality
n+p n+p
Sal <Y lal
|

16.5.1.7 The geometric series
Lemma 16.7. If |x| < 1 then the partial geometric series

S, i=14+x+x2+x>+...+x, (16.185)
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converges.

S, = (1—x)"! (16.186)

If |x| = 1, the series disconverges.
Proof. The result (16.186) follows from the identity

n

(1 _x)Sn:Z(xk_xk+l) =1 _xn+l

k=0

If |x| > 1, the general term does not tend to zero and, hence, series cannot converge. [

16.5.1.8 Some tests of convergence
Theorem 16.38. (Integral test) Ler f be a positive non-increasing function defined on
[1, 00) such that f (x) — 0. For integers n = 1,2, ... define

sii= ) f ), 4= / fdx, dy:i=s,—t (16.187)
k=1 x=1
Then
1.
[0<f@+D<dpi=d < Q)] (16.188)

2. there exists the limit

d = limd, (16.189)

n—0o0

3. the sequence {s,} converges if and only if the sequence {t,} converges;
4.

]OSdn—dgf(n)\ (16.190)
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Proof.

1. By monotonicity, one has

=Y [rwax =y [rada=Yrw=s
X k=1

This implies
f (}’l + 1) = Sn+1 — Sn S Sp+1 — tn+1 = Up+1
In addition, we have

dn - dn+1 = (tn+l - tn) - (sn+1 - Sn)

n+1

n+1
=/f(x)dx—f(n+1)z/f(n+1)dx—f(n+1)=0

n

which proves (1) since
dn+1 Sdnffdlzf(l)

2. But (1) implies (2);
3. And (2) implies (3) since by (1) {s,,} dominates {z,} and

lims, =d+ lim¢t,
n—oo

n—00

4. To prove (16.190) notice that

n+1

n+1
dn—dn+1=/f(x)dx—f(n+1)§/dx—f(n+1)

n

=fm)—fn+1)

Then summing these inequalities leads to the following inequality
di—dy =Y (d —d) <D [f ()= fr+1)]
=k r=k
=f—f+D=fk
and, hence, when n — oo we get

dp —d = f (k)

Theorem is proven.
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Theorem 16.39. (Dirichlet’s test) Let A, := Y |_, a; be a partial sum of a bounded
series, namely, for anyn = 1,2, ... let

A, =M < o0

and let {b,} be a non-increasing sequence of positive numbers converging to zero, i.e.,
b, | 0. Then the series ZZL ayby converges, that is,

n—oo

S, 1= debk — (16.191)
k=1

Proof. Notice that by the Abel formula (12.4)

n+p n+p n+p
Z arbe = byyp Z ax + Z (b1 — bp) Axy
k=n k=n k=n
and, hence,
n+p n+p n+p
D b < by D a|+ Y (e — b 1A
k=n k=n k=n
n+p
< buiyM + ) (it —b) M = Mb,,
k=n

Since b, | 0 for any ¢ > 0 there exists an integer n, (¢) such that for all n > ny (¢)

we have (’Sﬁfwbn < e. Taking in the previous inequality n := n, (¢) + 1 we obtain

n+p

Z akbk

k=n

= Mbm)(s) = Me

This means that the Cauchy criterion (16.1) holds which proves the theorem. (]
Corollary 16.27. (Abel’s test) The series Y .., axby convergesif Y -, a converges and
if {b,} is a monotonically convergent sequence.

Proof. Denote b := limb, and A := lim A,. Assume that {,} is monotonically nonin-

n—oo n—o0

creasing. Then we have

S, = debk = de (bk - b) +b2ak
k=1 k=1 k=1
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So, > i_axby if Y., ax (by — b) converges. But the last satisfies the condition of

Theorem 16.39 since > a; is bounded (it is convergent) and (b, —b) | 0. If {b,} is

k=1 n—00
monotonically nondecreasing then
Sy = Zakbk = —de (b — bk) +b2ak
k=1 k=1 k=1
and by the same arguments {— Siojar (b — bk)} converges. Corollary is proven. (]
16.5.1.9 Multiplication of series
Definition 16.13. Given two series Y - ar and Y ;- by. Define
=Y @by, n=012,.. (16.192)
k=0

The series Y -, cx is referred to as the Cauchy (or convoluting) product.

Lemma 16.8. (Mertens) If the series Y ..,a; converges absolutely and the series
> oo bi converges then Y, ci also converges and

i Cy = (i ak> (i bk> (16193)
k=0 k=0 k=0

Proof. Define the partial sums

C, = zn:ck, A, = zn:ak, B, = En:bk
k=0 k=0 k=0

and the series sums

=

n n n

k n
Cn = Z asbkfs = asbkstsfk = Z dg Z bkstsfk
s=0 k=0

k=0 s=0 k=0 s=0
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=
=

n

bk;: aZb —Zaan

s=0 k=s s=

|
£

=

asB + ias (Bn—s - B) = AnB + ias (Bn—s - B)

s=0 5s=0

(=]

5=

To complete the proof it is sufficient to show that

= ias (B,—s — B) = 0

s=0

Define S := > las| and select ¢ > 0. Let for all n > ng (¢) we have
=0

& nd &
B, —Bl= o and Y al<

s=ng(e)+1

where |B, — B| < M for all n. Then for n > 2n, (¢) we have

n no(e)
nl = s n—s = s n—s
len] < > las||B B| las| | B B
s=0 s=0

no(e)

+ > lallBi — B|SﬁZIaI+M S

s=no(e)+1 s=no(e)+1
8 o0
S
5=0
Hence, C,, - AB as n — oo which proves the lemma. [l

Remark 16.7. (Abel) The statement of this lemma remains valid if the series Y .-, ax
converges (not obligatory absolutely).

16.5.1.10 Cesaro summability
Definition 16.14. (Cesaro sum) Ler A, := > ,_ax be a partial sum of the series
Y oo ax and {s,} be the sequence of arithmetic means defined by

A 1 1 &
Sy :=T=;§Ak=222as (16.194)

k=0 s=0
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The series Z,fio a; is said to be Cesaro summable if {s,} converges. If lims, = S then
n—oo

S is called the Cesaro sum (or (C, 1)-sum) of E,fio a, and we write

da=S (C.1) (16.195)
k=0

Example 16.5. Let a, = x", 0 < x < 1. Then

1 — xn+l

A, =
1—x

1 u 1 x (1 —xt!
S S S S B 1 Gt )
1—x n(l—x)k:1 1—x n(l—x)

Therefore,
1
Sy —>
1—x

and, hence,

- 1

ﬁ:T—f (C, 1)
k=0 X

Claim 16.3. If >, ai is summable then it is also (C, 1)-summable.

Proof. 1t follows directly from (16.210) (see below). |

Example 16.6. Let a, = (—1)""' n. Then
Ap=1—-243—4+...(-D""'n
oy 2%
——= if n=
2
n
and, therefore,

1
limsup s, = > liminf s, =0

n— oo n—00

and, hence, Zflio (=)' n is not (C, 1)-summable.
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16.5.2 Infinite products

Definition 16.15. We say that an infinite product [],-, u, converges if there exists a
limit

= lim Hu,, (16.196)

n=1

finitely, that is, || < oo.

16.5.2.1 Cauchy criterion for a product

Theorem 16.40. (The Cauchy criterion for a product) The infinite product ]2, u,
converges if and only if for every ¢ > 0 there exists an integer ng (&) such that n > ng (€)
implies forallk = 1,2, ...

n+k

Hu,—l

t=n+1

<e€ (16.197)

Proof.

n

(a) Necessity. Denote w, := [])_, u, and suppose that there exists the limit limx, = 7.

Sure, we can assume that no u, = 0 (since if they are, the results beJJn?Cé trivial)
and, hence, we can assume that w # 0. Therefore there exists M > 0 such that
|7r,| > M. This means that {m,} satisfies the Cauchy criterion for convergence (see
Theorem 14.8). Hence, given ¢ > 0, there is ng (g) such that n > ng (g) implies for
allk=1,2,...

|7Tn+k - 7Tn| <eM

Dividing by |r,| we obtain (16.197).

(b) Sufficiency. Now assume that (16.197) holds. Denote g, := [] and take

?:no(s)ﬂ U;
1 3
& = 1/2 in (16.197). Then evidently 3 < lg.| < X So, if {g,} converges, it cannot

converge to 0. Let & now be arbitrary. Then we can rewrite (16.197) as follows:
qn+k

qn

— 1| < &, which gives

3
|qn+k _qn| <é& |Qn| < 85

Therefore, {g,} satisfies the Cauchy criterion (see Theorem 14.8) and, hence, is
convergent. This means that , converges too. Theorem is proven. 0
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16.5.2.2 Relation between a product and a sum
Theorem 16.41. Assume u, > 0 (n =1,2,...). Then the product Hf,ozl 1+ u,) con-
verges, that is,

H (1 +u,) < oo (16.198)

n=1

if and only if the series .- u, converges, that is,

>y < o0 (16.199)
n=1

Proof. Denote 7, :=[['_, (14+u,) and s, := >_"_, u,. Based on the inequality
l+x<eé (16.200)

valid for any x, we have m, < exp (s,). So, if {s,} converges, then {7,} converges too.

But, on the other hand, the following inequality seems to be obvious: m, > s, implies the

convergence of {s,} if {m,} is convergent. Theorem is proven. O

Theorem 16.42. Assume u, >0 (n=1,2,...). Then

[[Ta-uy=0 (16.201)
n=l1

if and only if the series

> u, =00 (16.202)
n=1

Proof. Again, by the inequality (16.200), the convergence of 7, := []/_, (1 — u,) to zero
follows from the fact that s, — oo. On the other hand, by the inequality

In(1 —u) > —u,

valid for u, > 0, we have

m, = exp (Inm,) = exp (Z In(1 — u,))

t=1

> exp <— Zu,) = exp (—s,)

t=1

So, if m, — 0, then s, — 0o which proves the theorem. U
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16.5.2.3 Some low estimates for a product
Lemma 16.9. (Nazin & Poznyak 1986) Ler a € [0, 1), B € (0, 1). Then the following
low estimates hold:

(a)
= ap ap
kl:[} 1+ ap* >exp<1_’3{1—2(1+5)}> (16.203)
(b)
[[a-ap)=a-ay-"* (16.204)
k=1
(c)
[T =ap")" = 1 —ayi-/meeims (16.205)
k=1
Proof.

(a) By the inequality
14+ x >exp (x —x2/2)

valid for any x > 0, we have

o0

ﬁ (1 + aﬂk) > exp (Z [aﬂk _ a2[32k/2}>

k=1

which implies (16.203).
(b) Applying the inequality

x
I —x >exp ( 1) (16.206)
X —

valid for any x € [0, 1), we have

> exp / aﬁ' dx — (l _ a)—l/ln/ﬁ
aBs — 1

which gives (16.204).
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c) In (16.206) take x := aB*~! which implies
p

[T —ap D= (1 —ayexp (Zkln (1—apt- 1))
k=1

k=2

— (1 —a)exp —/ ap dx—/ ap
1 —ap* 1 —ap*
x= x=0
Since
/ aF /ln(l—aﬂ)dx_ / ap
l—a,BX "B np Inp 1—aﬂ)‘
x=0
we derive
M k—1\k 1 ap”
H(l—aﬁ ) > (1 —a)exp _<1_lnﬁ)/1—aﬁxdx
k=1 2
In(l —a) o .
=(1— (1 - — = (1 — /InB+1/1n* B
( “)exp< < lnﬁ) Inp > (=
which proves (16.205). Lemma is proven. |

16.5.3 Teoplitz lemma

Lemma 16.10. (Teoplitz) Let {a,} (n =1,2,...) be a sequence of nonnegative real
numbers such that

n

by =Y a,— 0o when n— oo (16.207)

t=1

and {x,} (n =1,2,...) be a sequence of real numbers which converges to x*, that is,

x, — x* (16.208)

n—o0
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Then

(a) there exists an integer ny such that b, > 0 for all n > ng;

(D)
N * wh < 16.209
bT,Zatxr_)x wnen nyp<n-— o0 ( : )

t=1

Proof. The claim (a) results from (16.207). To prove (b) let us select ¢ > 0 and
ngy (¢) > ng such that for all n > nj, (¢) we have (in view of (16.208)) |x, — x*| < e. Then it
follows that

Zaxt bizaz(xt_X*)

1 n
*
== ) alx—x
bn =1
no(s) 1

= Z alx = x|+ - Zatlxz—x

n no(s)

no(e) 1
S*Zaﬂxt_x*l"‘ Z
n Vl ’
ngy(e)
const
< +&—>¢& when b, —> ©
n
Since this is true for any & > 0 we obtain the proof of the lemma. (]

Corollary 16.28. If x, — x* then

1 n
- g x, — x* (16.210)
n n—o00

=

Proof. To prove (16.210) it is sufficient in (16.209) to take a, = 1 for all
n=12,.... ([

Corollary 16.29. Let {a,} (n =1,2,...) be a sequence of nonnegative real numbers
such that

> a,— 00 when n— oo (16.211)

t=1

and for some numerical nonzero sequence {b,} of real numbers there exists the limit

limb,' > a4, = o (16.212)
t=
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Let also {x,} (n=1,2,...) be a sequence of real numbers which converges to x*,
that is,

x, — x* (16.213)
Then
lim b,' Y~ a,x, = ax* (16.214)
t=1

Proof. Directly applying the Tedplitz lemma (16.10) we derive

n n n -1 n
b;l E apx, = b;l E a; E a; E ax,| — ax*
(=1 (=1 r=1 r=1

16.5.4 Kronecker lemma

Lemma 16.11. (Kronecker) Let {a,} (n =1, 2,...) be a sequence of nonnegative non-
decreasing real numbers such that

[0<b, <b, > 00 when n— 0] (16.215)

and {x,} (n=1,2,...) be a sequence of real numbers such that the series Y | x,
converges, that is,

S, :=Zx, — 5% |s*] < 00 (16.216)
P n—o00
Then
(a) there exists an integer ny such that b, > 0 for all n > ny;
(b)
Ly b h 16.217
Fthz—)O when ng <n — 00 (16.217)
moy=1

Proof. Applying the Abel identity (12.4) for the scalar case, namely, using the identity

n n n t—1
Zatﬂr =0y Z,Bz - Z (o — o) Z,BS

1=nq 1=ngp 1=nq s=n(
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we derive
1 n 1 n n t—1
LS b=k [bn S =3 b zxs]
t=ngqy t=ngq t=ng s=ngo

n

1
=S8 — lT Z (by — bi—y) 514

" t—ng

Denote a, := b, — b,_;. Then

b, = ia, +b,, = ia,

t=ng t=ng

1 +bn0/ia,1

t=ng

and hence, by the Tedplitz Lemma 16.10, we have

n -1 n -1y
1+ bno/zat‘| (Z at) Zatst—l

1=ngp 1=ng 1=ng

bi Zb,x, =5, —

n 1=ngp

- s5sF—s5"=0

which proves (16.217). O

16.5.5 Abel-Dini lemma

Lemma 16.12. (Abel-Dini) For any nonnegative number sequence {u,},_, ,... such that

n

Si:=» u, —> 00 when n— oo (16.218)

t=1

the following properties hold:

(a) There exists an integer ny such that S, > 0 for all n > ngy,

(b) The series Z:’znu Slﬁp converges if p > 0 and it disconverges if p = 0, that is,
t
= u <oo if p>0
Z = {= o if p=0 (16.219)
—

Proof. (a) follows from (16.218). Evidently u, = S, — S,_1, so

n

u - S—S,1
Vp () ::Z Sliﬂ :Z tSl+Pt

=ny t 1=no t

To prove (b) for all positive S define the function R, (S) := S~!*” (see Fig. 16.2). The
dashed area corresponds exactly to the function V, (n).
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R, (s)

\ S
Sno sn0+ 1 Sn

Fig. 16.2. The function R, (S).

For p > 0 we have

Sn =9

V,(n) < /R,, (S)dS < /S—<1+ﬂ>ds

S)l(] Sn 0

_ _ A~ lg—p |o© _ A—1lg—p
=—p S |S=S’lo—p S, <00

Taking n — oo in the left-hand side of this inequality we obtain the result of this lemma
for the case p > 0. Consider now the case p = 0 and suppose that

Yo (16.220)
S
t=nq
S, — S, S;_
Then il — 0, or, equivalently, % = 1— 221 5 0. This means that for any

t 12

t A\l
& > 0 there exists an integer k (¢) such that for all # > k (&) we have el

> 1—e¢. In view

. t
of this we have

_ : St - St—l Sr—l - St - St—l St—l
v=3(5527) (%) = Z)( ) (%)

t=ng t=k(e

Sn

- S, —S,_
>(1-2) ) <S‘) z(l—a)/s-lds
1=k(e) =1 S
=(l—¢&)ln—— — oo since S, —» oo

k(e)

which contradicts (16.220). So, > = 00. Lemma is proven. |

U
t=ng Ef
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Corollary 16.30.

= 1 <oo if p>0
ZnH—p {:oo if p=0 (16'221)
=nog

Proof. Tt follows from Lemma 16.12 if we take u, = 1. (I

16.6 Recurrent inequalities
16.6.1 On the sum of a series estimation

Lemma 16.13. (Nazin & Poznyak 1986)' Let the numerical sequences {y,} and {g,}
satisfy the conditions

n

e

t=1

0 <91 <Vu, G:=sup < 00 (16.222)

n

Then the following upper estimate holds

<2Gy," (16.223)

Zgiy/_l

t=1

and, hence, for n — oo

n

1 n
N S ey =0 (16.224)
t=1

where {h,} is any sequence of positive real numbers such that

Yo > 0, h, > 0] (16.225)

Proof. Using the Abel identity (12.4) of the summation by part in the scalar form, namely,

n n n t—1
Zatﬂt =0, Z'Bt - Z (2 —oyy) Zﬂs
t=1 t=1 t=1 s=1

!'This lemma as well as Lemma 16.16 given below were first proven by A.V. Nazin (see the citations in
Nazin & Poznyak 1986).
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for o, ==y,

th%" =
t=1

and B, := g,, we have

n

n t—1
V;] th - Z (y;I - Vt_—ll) ng
t=1 s=1

t=1

Z gt‘
t=1

—1
< Y, Ssup
n

n

+> (v =vh) sup

t=1

t—1 n
D8 &
s=1 =1

which implies (16.223). Lemma is proven. ]

<2y 'sup

16.6.2 Linear recurrent inequalities

Lemma 16.14. (on linear recurrent inequalities) Let us consider a real numerical non-
negative sequence {u,} which satisfies the following recurrent inequality

0 <w <u,(1— ) + B, (16.226)
where {«,} and {B,} are numerical sequences such that
O<a, <1, o, = 00
2 16227
0< ﬂnv limsup(ﬂn/an) =p<x
Then
limsupu, < p (16.228)

Proof. By the definition of lim sup it follows that for any ¢ > O there exists an integer

ng (&) such that for any n > ng (¢) we have |sup (B,;/a;) — p| < &, which implies the

t>n

inequality

sup (B,/a,) < p+¢ (16.229)

t>n

Taking n > n( (¢) and making the recursion back up to ng (¢) we obtain

Upt =u, (1 - Ol,,) + ﬂn < Uy (1 - Oln) (1 - Olnfl)

+ [ﬁn + ﬁn—l (1 - an)] S st S uno(s) H (1 - at)

t=no(¢)
+ Z B H (I—a)

t=ng(e) t=t+1
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(here we accept that []/_, (1 —e,) :=1if m > n). Applying the inequality (16.229) to
the right-hand side we derive

Unt1 = Ung(e) H (I—a)+ Z B H (I—a)

t=np(e) t=np(e) t=t+1
n n n
B
=ty [] A=)+ D (=)o J[] 0 —a)
t=no(e) t=no(e) & =141

<ty [[ A=)+ 4+ D> o [] 0—a)

t=ng(&) t=ng(&) t=t+1

Using the Abel identity (12.5) (the scalar version)

n

f[ (I-a)+ > H (I-a)=1

t=ng(e) t=ng(e) t=t+1

X

and the inequality 1 — x < e™*, valid for any x, we get

- 1 (1—ar)]

t=ngp(e)

st S ey || (A=) + (p+8)

t=ng(¢)

=(p+e)+ (o —p—¢) [ —a)

t=no(e)

<(P+8) + (uney —p—¢) [[ exp(-a)

t=no(¢)

n

:(p+8)+(u,,0(8)—p—8)exp<— Z oe,) — (p+e)

t=ng(e)

since exp (— Z:’:no(g) (x,) — 0 by the property (16.227). Since ¢ > 0 may be selected
arbitrarily small the statement (16.228) follows. Lemma is proven. (]

Lemma 16.15. (Nazin & Poznyak 1986) Suppose that sequences {u,} and {w,} for all
n > ng satisfy the following recurrent inequalities

Upyr < Uy, (1 - cn_l) +dn~PtDh
(16.230)
Wyl = W, (1 - cn‘l) + dn=(P+D
where ¢ > p > 0. Then
. d .
lim sup (n”u,) < < liminf (n”w,) (16.231)
n—00 c—p n—o00

Moreover, there exist the sequences {u,} and {w,} for which the identities in (16.231)
are attained.



390 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

Proof. Without loss of generality we may accept that nyp > c. Let us introduce the
sequence {y,} generated by the recurrent relation

Yurt = yu (L—cn™') +dn~ %0 (16.232)
Show that
lim (n’y,) = —— (16.233)
n—>00 c—p
For all n > ny from (16.232) we have
Va1 = Vg kl:_[o (1 - %) +]§0 kil mg[H (1 - %) (16.234)

Since
nP—m+1)P=n"P—n"r (1 + n_l)fp =n"l—n" [1 —pn~ '+ 0 (n_2)]
— pn—(17+1) + 0 (n—(p+2))

we have

d d 1 1 1
— _ = - - O (n=»+»
e p TP (n <n+1)"> to )]

c—plmn+D? ar

d 1 1

c—p |l(n+ 17 ne

d 1
— 7_<1
c—p |l(n+ 1)

d [ 1 1c< n?

— (1= O (n=»+2»
pl’l/’ (n + 1)1)> + (n ):|

+— <1 = p% +0 (n2)> +0 (n<P+2>)]

pn?

n/ np

_ f) .o (n”’*”)]

Substitution of this identity into (16.234) implies

= I (1= 5) +

c—p

k=ng

n

+ Z O (k=#+2)

k=ngo m=k+1

Taking into account that

1 R
[<n+1)” _ngo(l )

I (-5)]

(16.235)

c
k) < constexp (—clnn) = O (n_c)
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and

n

ano (o) T (1)

k=ng m=k+1
n k _
:H(l——)ZO k”H(l—%)l
m=ng k=ng m=nq

- _ const ke
0 (1) 320 () 0 = SIS o ey KT o)

k=ngo k=no

(here ¢ € (0, ¢ — p)) from (16.235) it follows that

Yn+1 =

il . (n+1)7"+o0(n?) (16.236)

We also have y, > u, if y,, = u,, and y, < w, if y,, = w,, which together with (16.236)
leads to (16.231). O

Corollary 16.31. (Chung 1954) Let the sequence {u,} of nonnegative real numbers sat-
isfy the following recurrent equation:

Uy =ty (1 = cn™") +dun= PV, 0> ny (16.237)

where {c,} and {d,} are the sequences or real numbers such that

limc,=c>p>0, limd,=d>0 (16.238)
then
. d
limn?u, = —— (16.239)
n—00 c—p

Proof. By lim definition for any ¢ > 0 there exists a number 7, such that for all n > ng

lch —cl <&, |d,—d|l<¢

which implies

c—e¢<c,<c+e d—e=<d,<d+c¢



392 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

Using these inequalities in (16.237) gives

c—¢ d+e
un+1 5 Up 1 - n np_H
c+e d—c¢
S U AT

Applying Lemma 16.15 we obtain

d—c¢ . ) d+e
—— < liminf n’u, < limsup n’u, < ———
C.}-g-p n—o00 n— 00 c—&—Pp
Taking ¢ — +0 proves (16.239). O

16.6.3 Recurrent inequalities with root terms
The lemmas below seem to be extremely important for the Lyapunov-like stability

analysis for discrete time nonlinear systems.

Lemma 16.16. (Nazin & Poznyak 1986) Let the sequence {u,} of nonnegative real
numbers satisfy the following recurrent equation:

tnir <ty (=) + By +8uut, 0 =no| (16.240)

where r € (0, 1) and {o,}, {B.}, {8,} are sequences of real numbers such that

lim inf (nj’lan) >c¢, limsup(n'B,) <d, limsup(n's,) <a (16.241)

n—00 n—o0 n— 00

for some c,d and a satisfying

]azo, c>0, d>0, ac(0,1), t>a, s>a\ (16.242)

Then
(a) ifs >ra+ (1 —r)t and under « = 1, ¢ > t — 1, it follows that

H I—o d
tim sup (n"”*10,) = 75
cl@)=c—@t—Dyx@a=1) (16.243)

1 a=1
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(b) ifs=ra+ (1 —r)t and under o = 1, ¢ > t — 1, it follows that

lim sup (n"“u,,) <f (16.244)

n—00

where f > 0 is the root of the nonlinear equation

e f=d+af (16.245)
P14 @)d)\
(for r =1/2 we have f = at aA—i— @) )
2¢ (a)
(c) ifs<ra+{—r)tandundera =1,c > A = sl—a, it follows that
u 1/(1=r)
lim sup (n*un) <|—— (16.246)
00 c—Ax(ax=1)
Proof. Let us use the inequality
) r
X' < (1 =r)xy+ ——x (16.247)

0

valid for any x, xo > 0. Indeed (see Fig. 16.3),
x"<l(x)=c+kx

where the parameters of the linear function / (x) can be found from the following system
of linear equations

c—+ kxO = x6’ (xf)/ |x:xo= k

r—1

which gives k = rxy~, ¢ = (1 —r)x{ and, hence, x” < c+kx = (1 —r)x, + rxé’lx.
Taking

X :=u,, Xxo:=fn"’ (p:=min{t—a,r})
y I(x) = c+kx

y=x"

P fes

1+ Xo X

Fig. 16.3. Illustration of the inequality (16.247).
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and using the obtained inequality for u/, in (16.240), for all n > n, we obtain

_c—|—0(1)+ r(a—{-o(l)))

n fl—rns—(l—r)/p

Upti = Uy (1

Jrd+0(1) n (I-=ryta+o)f"

nt ns+rp

Now the results (16.243), (16.244) and (16.246) follow immediately if applied to
the last inequality Lemma 16.15 for the case « = 1 and Corollary 16.31 for the
case o < 1. |

Lemma 16.17. (Nazin & Poznyak 1986) Let the sequence {u,} of nonnegative real
numbers satisfy the following recurrent equation:

Up+1 5 Un (1 - 0[,,) + ,Bn + S,,u;, n 2 no (16248)

where r € (0, 1) and {a,}, {B.}, {8.} are sequences of nonnegative real numbers such
that

Z o, >c, limsup(B,/a,) =b, limsup (5,1/01,1) =d (16.249)

o a, € (0,1, B, =0, §,=>0
Then

11;1 SUp i, < inf u (c) (16.250)
where

u(c) = (1 — g)_l [b+ (1 — r) e /0-ng1a-n] (16.251)

Proof. Using the inequality (16.247) for x = u, and x, = ¢, /a,, ¢ > r in (16.248), we
derive

wpr <ty (1=, (1= )] + B (1= 1) (B fer), 75,
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or, equivalently,

un+1 S Uy [l - &n] + Bn

@y =y (1 - 5)» Bri=p+(1—r) (cS,l/an);/(l_r) 5,

c

Then applying Lemma 16.14 we obtain

lim sup u,, < limsup (,5,,/61,,) =u(c)

Taking inf of the right-hand side we get (16.250) and (16.251). Lemma is proven.
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17.1 Differentiation
17.1.1 Differentiability

Let f be a complex-valued function of a complex variable z. Any complex function
can be represented as follows

f@=ulx,y)+iv(x,y)
(17.1)
z=x+1iy
We refer to u and v as the real and imaginary parts of f and write
lu=Ref, v=Imf] (17.2)

Example 17.1.
f@) =22 =@+iy)’=x"—y" +i2xy
u(x,y) =x2—y2, v(x,y)=xy

Definition 17.1. If f is defined in some neighborhood of a finite point z and
. f@+Az) - f(2)
im

Az—0 Az

the point z. This limiting value is called the derivative of [ (z) at z and we write

exists finitely we say that the function f (z) is differentiable at

fG@+ A~ f2)
Az

(17.3)

/@)= Jim,

397
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17.1.2 Cauchy—Riemann conditions

The next theorem gives conditions which must be imposed on the functions u (x, y)
and v (x, y) in order that f (z) should be differentiable at the point z.

Theorem 17.1. (The necessary conditions of differentiability) Let f be defined in a
neighborhood of the point z € C and be differentiable at z. Then

(a) the partial derivatives

O uy), Sute ), vy, —vixy)
—u(x,y), —ulx,y), —vx,y), —uv(x,
ax Y ay Y ax Y dy Y

exist;
(b) and the following relations hold:

d d 0 d
—u(x,y)=—vxy), —u@xy)=——v{,y) (17.4)
ox ay ay ox

Proof. Since f'(z) exists then for any given ¢ > 0 there exists § = § (¢) > 0 such that

< (17.5)

'f(z+AAz)—f(z) @
Z

whenever 0 < |Az| < 8. Representing Az as Az = te'®, where t = |Az| and o = argz
(see (13.40)), we can see that (17.5) is fulfilled independently of @ when 0 < r < §. Let
us take o = 0. This means that Az = ¢ = Ax. This implies

. Jux+Ax,y) —ux,y)  v(x 4+ Ax,y) —v(x,y)
!’ :1
ro= i | Ar + Ax

Y ) +itv ()
= —ul(x, I—v (X,
0x Y 0x 4

(17.6)
Taking o = /2 we find that Az = it = i Ay and, therefore,
. ulx,y+ Ay) —u(x, v(x,y+ Ay) —v(x,
£ = lim (x,y .y) ( y)_H (x,y 'y) (x,y)
Ay—0 iAy iAy
10 0 .0 0
=-—u@x,y)+—vxy)=—i—ulxy)+—vx,y)
i dy dy ay dy
(17.7)
Comparing (17.6) with (17.7) we obtain (17.4). Theorem is proven. O

The conditions (17.4) are called the Cauchy—Riemann conditions. They are also
known as the d’Alembert-Euler conditions. The theorem given below shows that these
conditions are also sufficient to provide the differentiability.
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Theorem 17.2. (The sufficient conditions of differentiability) The Cauchy—Riemann
conditions (17.4) are also sufficient for the differentiability of f (z) provided the func-
tions u (x,y) and v (x, y) are totally differentiable (all partial derivatives exist) at the
considered point. The derivative f'(z) can be calculated as

d d .0
f'(@) = *u G, ) +i—v(x,y)=—vx,y) —i—u(x,y) (17.8)
dx dy dy
Proof. By the total differentiability it follows that
ou ou
Au=u(x+Ax,y+Ay) —u(x,y) = fo+a—Ay+0(|Az|)
v v
Av:i=v(x+ Ax,y+ Ay)—v(x,y) = —Ax+a—Ay+o(|Az|)
Therefore
f@+Az)— f(z)  Au+ilv
Az  Ax+iAy
du ou v v
—Ax+ —Ay | +i Ax+—Ay + o (|Az])
_\0x dy ax dy

Ax +iAy
Using now the Cauchy—Riemann conditions (17.4), the simple rearrangement gives

'8u+,8v'A 4 '8u+,8v Ay +o0(Az])

— 1 — X — 1 — o

fe+A)—f@  \lox  ox) ay ey Y ¢
Az B Ax +iAy

_3u+,8v_A N I ,8u+8v Ay +o(Az])
— +i—| Ax —— 4+ —i 0
| 0x ox | | dy dy Y ¢

[0u dv] [ v
| 0x lax_ _lax

814 Lov |

where o(1) — 0 whenever |Az| — 0. So that f’ (z) exists and is given by

£ = 8u+ av
DT ox Tlhax

which completes the proof.
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Example 17.2. For the same function f(z) = z* as in Example 17.1 we have

ou av u ov
—:—:2)(’ —:—:—2_)}
dx  0x ay  dy

f(2) = 2x — i2y

Definition 17.2. A function f(z), differentiable at each point of an open set D C C,
is called regular (or holomorphic) on D. Sure, here we assume that we deal with
a single-valued (or uniform) function since the notion of differentiability (17.3) has
been introduced only for single-valued functions. If a regular function f(z) possesses a
continuous derivative on D then it is called an analytic function.'

Below these definitions will be extensively used.

Example 17.3. It is easy to check that, as in real analysis,

d . . I
—et=¢*, —Inz=-
dz dz z
d d
—sinz =cosz, — cosz = —sin 17.9
dz . ¢ dz ¢ ¢ ( )
. 1 d . 1
—tanz = ———, —cotz=—
dz < cos?z  dz ¢ sin® z

17.1.3 Theorem on a constant complex function
An application of the Cauchy—Riemann equations (17.4) is given in the next lemma.

Lemma 17.1. Let f = u+iv be a function with a derivative everywhere in an open disc
D C C centered at the point 7 = (a, b).

1. If any of u, v or | f|* := u® + v? is constant on D, then f is constant on D.
2. Also, f is constant on D if f'(z) =0 for all 7z € D.

d 0
Proof. Suppose u is a constant on D. By (17.4) it follows that 8—U = a—v = 0. Therefore
X

y
v(x,y)=v(a,b)

So, v is a constant on D. By the same argument we show that u is a constant on D if v
is a constant. Now suppose that | f|* := u? 4+ v? is a constant. This, in view of (17.4),
implies

ou ov ou v v ou

0: — —_— = U— —_— = —U— —_—
”ax +v8x u8y +v3y ”ax +v3x

't can be shown that the existence of f’(z) on D automatically implies continuity of f'(z) on D (Goursat
1900). So, regularity and analyticity can be considered as two definitions having an identical mathematical
sense.
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and, hence,
ou u
2 2 2
—_— = —_— = 0
(u® +v?) P | f1 o

ou
If |f>=0,then u =v=0andso f =0.If [f|* # 0, then — = 0 and so u is
a constant. Hence, by the arguments above, v is also a constant that shows that f is a
v v
constant too. Finally, if f* = 0 on D, then both — and — are equal zero. So, v is a

ax ay
constant, and hence, u is a constant too. Lemma is proven. O

17.2 Integration
17.2.1 Paths and curves

Definition 17.3. A path (contour) in a complex plane is a complex-valued function

C = C (1), continuous on a compact interval [a,b] € R. The image of [a, b] under C

(the graph of C) is said to be a curve described by C and it is said to join the points

C (a) and C (b). If

(a) C (a) # C (b), the curve is called an arc with the endpoints C (a) and C (b);

(b) C () is one-to-one on [a, b), the curve is called a simple (or Jordan) arc;

(c¢) C(a) = C (b), the curve is a closed curve;

(d) C(a) = C (b) and C (t) is one-to-one on [a, b], the curve is called a simple (or
Jordan) closed curve.

These types of curves are shown in Fig. 17.1.

Definition 17.4.
(a) A path C is called rectifiable if it has a finite arc length.

w0

<

an arc a Jordan arc
a closed curve a Jordan closed
curve

Fig. 17.1. Types of curves in the complex plane.
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(b) A path C is called piecewise smooth if it has a bounded derivative C’' which is
continuous everywhere on [a, b] except (possibly) a finite number of points for which
it is required that both right- and left-hand derivatives exist.

(c) A piecewise smooth closed path is called a circuit.

(d) The arc length Ac (a, b) of a path C on [a, b] is defined by

Ac(a,b):= sup{A§ (a,b): P, € P(a,b)}
Py

" 17.10
AS (a.b):=)_|C (1) = C (1)l (1710

i=l

where P (a, b) is the set of all possible partitions of [a, b].

Lemma 17.2. A path C is rectifiable if and only if C (t) is of bounded variation on [a, b].

Proof. f P, :={ty =a, t, t, ..., t, = b}isapartition of [a, b], and if C (¢) is a function
of bounded variation on [a, b], that is, foralla <, <t, <b

IC@)—C @Dl < M@ —tioy)

then
Ac(a,b) = sup {Z IC(@t)—C (ri_1>|}
" i=1
<sup< M t—ti_ =M(®b—a) <o
< Pmp{ ;< 1)} (b—a)
which proves this lemma. ]

Corollary 17.1. The arc length Ac (a, b) may be calculated as the Lebesgue integral

b
Ac (a,b)=/|C’(t)|dt (17.11)
and
[Ac(@,b) = Ac(a,e) + Ac (e, b)] (17.12)

Definition 17.5. Ifa € C, r > 0 and the path C is defined by the equation

(C():=a+re', 1€[0,27]] (17.13)
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then this path is called a positively (counterclockwise) oriented circle (or a sphere in
C) with the center at a and the radius r. It is denoted by B (a, r) and is referred to as
C =B(a,r).

17.2.2 Contour integrals

Let C be a path in the complex plane C with domain [a, b], and f : C— C be a
complex-valued function

fF@=ul,y) +ivix,y), z=x4+iy

defined on the graph of C.

Definition 17.6. The contour integral of f along C, denoted by fc f(@dz, is
defined by

b
/f(z)dz :=/f(C(z))dC(t)= lim sups(Pm,é‘k(m))
m—0o0 Pm
C t=a

s (Pm, §k(m)> = Z J (&) (2 — zi-1) (17.14)
k=1

% €C, z0=C(a), zx =C (&), 2 = C(b)

A(P,):= max |zz —zx—i] — O
k=1,....m m—o00

whenever the Riemann—Stieltjes integral j;b:a f(C (1))dC (t) on the right-hand side of
(17.14) exists. If the contour C is closed, that is, C(a) = C(b) (see Fig. 17.2), then the
integral (17.14) is denoted by

b=a
f F@dz = / F(C 1)dC (1) (17.15)
C t=a

Remark 17.1. If f(z) is a partially continuous bounded function, the integral (17.14)
always exists.
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Lemma 17.3. The calculation of the contour integral f ¢ f(2)dz (17.14) can be realized
by the calculation of four real integrals according to the following formula:

/f(z)dz=/[u(x,y)dx—v(x,y)dy]
C C

(17.16)
+i/[u (x,y)dy +v(x,y)dx]
fa
Proof. Tt follows from the presentation
Z f &) (e — zi—1) = Z [ueAxy — veAye] + i Z [ Ay + vi Axi ]
k=1 k=1 k=1
wp = u(xe, ye), vk = (X, V)
Axp =X — X1, Ay =Y — Yi—t, U =X Hiyp = C (&)
O

Denote by C~ the same contour C but passed in the clockwise direction (see Fig. 17.2).
Then the following properties seem to be evident.

Proposition 17.1.
1.

/f(z) dz = —/f(z) dz (17.17)
c Cc-

Fig. 17.2. The closed contour C = C; + C, within the region D.
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b
/f(z)dz= /f(C t)C' () dt (17.18)
C t=a

3. Forany a,B € C

/[af(z)+ﬁg (z)]dz=a/f(z)dz+ﬂ/g(z)dz (17.19)
C C C
4.
/ f(z)dz=/f(z)dz+/f(z)dz (17.20)
C1+C Ci C,

17.2.3 Cauchy’s integral law

We investigate the conditions under which the integral fc f(z)dz along a path C
joining any two given points a and b in a domain D is independent of the particular path
C (in D), but depends on a and b only.

Lemma 17.4. It is necessary and sufficient that the integral of f(z) along a path joining
any two given points a and b in a domain D is independent of the particular path C
(in D) in that the integral of the same function f(z) around a closed path C in D (see
Fig. 17.2) should vanish, that is,

j{f(z)dz=0 (17.21)
C

Proof.

(a) Necessity. Suppose that the integral Jc f(2) dz along any path C in D depends only
on the endpoints a and b, i.e., fc f(z)dz = ¢ (a, b). Let us choose two distinct arcs
C; and C; of C joining a and b (see Fig. 17.2). Then we have

]{f(z)dz=/f(z) dz+/f(z) dz
C Cy C

=/f(z) dz—/f(z) dz
Ca Ccr

=¢(a,b)—¢(a,b)=0
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(b) Sufficiency. Suppose now that (17.21) holds for a domain D. Suppose a, b € D and
select any two paths C; and C, in D joining a to b. Since C = C| 4+ C, and (17.21)
holds, we get

0=ff(z) dz=C[f(z)dz+C]/f(z)dz

z/f(z)dz—/f(z)dz
Ca cr

Hence, ch f(x)dz = fc- f(2)dz for any paths C, and C;. This means that
fc f(z)dz = ¢ (a, b) exactly. The lemma is proven. 0

17.2.3.1 Simply-connected domains
Now we are ready to formulate the following fundamental integral theorem.

Theorem 17.3. (Cauchy’s integral law) If f (z) is a regular function in a simply-
connected domain® D, then the integral of f (z) along any path C in D depends only on
the endpoints of this path, or in other words, if C is any closed contour in D then

]{f(z)dzzo
C

Proof. By (17.16) it suffices to show that each of the real line integrals
f[u (x,y)dx — v (x, y)dyl, ]{[u (x,y)dy + v (x,y)dx]
c c

vanishes. By Corollary 16.2 (from the Real Analysis chapter) it follows that
frranart o nal=o
c

along any closed contour in a simply-connected domain D if and only if the partial
derivative of the real functions P (x, y) and Q (x, y) exist and are continuous in D and

ad ad
y ax

2 We are reminded that a domain D in an open plane is simply connected if and only if any closed Jordan
contour C in D is reducible in D, that is, can be continuously shrunk to a point in D without leaving D.
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at each point of D. Indeed,

P(x,y)dx+ Q(x,y)dy =do (x,y)

and

j{[P (x,y)dx + Q (x,y)dy] = ]{dw (x,)
C

C
= ¢ (x(a),y(a)) —¢ (x(©),y () =0

since a = b. But, in our case,

ux,y)=Pkx,y), vx,y)=-0(x,y)

for the first integral, and

v(x,y)=P(x,y), ulx,y)=0(x,y)

So, (17.22) coincides exactly with the Cauchy—Riemann conditions (17.4) which proves
the theorem. (]

Remark 17.2. The converse of Theorem 17.3 is also true, namely, if f (z) is continuous
in a simply-connected domain D and fc f (@) dz = 0 for every closed contour C in D,
then f (z) is regular in D. The proof can be found in Fuchs & Shabat (1964).

As it follows from the consideration above, Theorem 17.3 enables us to give an
equivalent alternative definition of a regular function: a single-valued function f{(z) is
regular in D if it is continuous in D and its integral around any closed contour C in
D is equal to zero.

17.2.3.2 Multiply-connected domains

The Cauchy theorem 17.3 can be generalized so as to apply to multiply-connected
domains. Let D be an (n + 1)-ply connected bounded domain whose frontier consists
of (n + 1) disjoint contours C (the external boundary component), Cy, ..., C,, and let
f (z) be regular at each point of the closed region D (see Fig. 17.3 showing a case in
which n = 3).

By taking suitable (disjoint) cuts yi, ¥», ...y, we form from D a simply-connected
domain D’ whose boundary we denote by C. We will consider each cut y; (i =1, ..., n)
as two-edged as in Fig. 17.3.

Theorem 17.4. If f (z) is regular at each point of the closed region D whose frontier C
consists of a finite number of disjoint contours C; (i =0, 1,...,n), that is, C = U?:o C;,
then the integral fc f(2)dz of f(z) around the boundary of D (taken so that each
component of the boundary is traversed in a sense such that the interior D of D remains
on the left) is equal to zero.
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Fig. 17.3. Multiply-connected domains (n = 3).

Proof. As C is piecewise smooth and f (z) is regular in the domain D* containing D it
follows by Theorem 17.3 that fc f (@) dz = 0. So, Cy is traversed in the anti-clockwise
(positive) sense and C; (i = 1,...,n) in the clockwise (negative) sense. Each of cuts
Y1, Va2, - - - Vu 18 traversed twice: first, in one sense and then in the opposite sense. As the
integrals along the two edges of each cut conceal each other, it follows by the standard
properties of the contour integral (17.1) that

?{f(z)dz_?{f(z)dz—zj[f(z)dz

thk

=ff(z)dz+zx](f(z)dz=o
Co =

(17.23)

Theorem is proven. ]

Corollary 17.2. Assuming that the conditions under which (17.23) holds are satisfied,
we have

f{ f(@dz= Z f f(@dz (17.24)

tlck

which for n =1 gives

]{f (x)dz= ?{f(z) dz (17.25)
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17.2.4 Singular points and Cauchy’s residue theorem

17.2.4.1 Types of singularities

Definition 17.7. Consider a function f (z) which is regular (analytic) everywhere on
an open set D bounded by a closed contour C (here we are writing C for Cy), except
at a finite number of isolated points a,, a,, ..., a,. These exceptional points are called
singular points (singularities) of f (z).

Isolated singularities are divided into three types according to the behavior of the
function in a deleted neighborhood of the point concerned.

Definition 17.8. An isolated singularity a of the function f (z) is said to be

1. a removable singularity, if lim f () exists finitely;
2. apole, iflimf (z) = +o0;
3. an essential singularity, f (z) does not tend to a limit (finite or infinite) as z — a.

Remark 17.3. All of these notions are closely connected with the, so-called, Laurent
expansion of the function f (z) which will be discussed below. There will be shown that

. . . c ..
® a removable singularity cannot contain the term 7),1 for any finite n > 1 (for
—a

: (z
. SIng . . .
example, the function —— at the point 7 = a = 0 has a removable singularity);

® evidently, that a functioﬁ f (z) defined in some deleted neighborhood of z = a has a

pole at z = a if and only if the function g (2) := is regular at a and has zero at

)
z=a, ie., g(a) =0 (while g (z) is not identical/§ equal to zero);
® in the case of isolated essential singularity there exist (the Sokhotsky—Cazoratti theorem,
1868) at least two sequences {Z;} and {zg } each converging to a, such that the

corresponding sequences { f (z,/l)} and { f (z:{)} tend to different limits as n — 00
(for example, the function e'/* at the point 7 = a = 0 has an essential singularity and
is regular for all other z).

Definition 17.9. A function f (z) is called meromorphic (ratio type) if its singularities
are only poles.

From this definition it immediately follows that in any bounded closed domain of the
complex plane a meromorphic function may have only a finite number of poles: for,
otherwise, there would exist a sequence of distinct poles converging to a (finite) point in
the region; such point would necessarily be a nonisolated singularity that contradicts our
hypothesis that any finite singular point of this function must be a pole.

Example 17.4. Meromorphic functions are 1/sinz, tan z, cot z.

17.2.4.2 Cauchy’s residue theorem
We enclose the @, by mutually disjoint circles C; in D such that each circle Cy
enclosing no singular points other than the corresponding point ag,. It follows readily
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from (17.25) that the integral of f (z) around C; is equal to the integral around any other
contour C; in D which also encloses ay, but does not enclose or pass through any other
singular point of f (z). Thus the value of this integral is a characteristic of f (z) and the
singular point a;.

Definition 17.10. The residue of f (z) at the singular point a; is denoted by res f (a;)
and is defined by

1
resf (ay) := %7{]‘ () dz (17.26)
Ck

Formula (17.24) leads immediately to the following result.

Theorem 17.5. (Cauchy’s residue theorem) Let D be an open domain bounded by a
closed contour C and let f (z) be regular (analytic) at all points of D with the exception
of a finite number of singular points ay, a,, ..., a, contained in the domain D. Then the
integral of f (z) around C is 2mi times the sum of its residues at the singular points,
that is,

f f@dz=2mi) resf (a) (17.27)
C k=1

Corollary 17.3. The residue of f (z) at a removable singularity is equal to zero.

The next subsection deals with method of residues calculating without integration.

17.2.5 Cauchy’s integral formula

17.2.5.1 Representation of an analytic function through its contour integral

The theorem below reveals a remarkable property of analytical functions: it relates the
value of an analytical function at a point with the value on a closed curve not containing
the point.

Theorem 17.6. (Cauchy’s integral formula) Assume f is regular (analytic) on an open
set D, and let C be any contour (circuit) in D which encloses a point z € D but does
not cross it. Then

w —

f{ IAC). f(z)j{;dw (17.28)
z Z z w—2z
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Proof. Define a new function g on D as follows:

fw)—f@ .
gwy={ w_, T wFI
f (@ if w=z

Then g (w) is regular (analytic) at each point w # z in D and at the point z itself it is
continuous. Applying the Cauchy theorem 17.3 to g gives

f(w)dw 7{f(w> f@ 7{f(w) —f()j{idw

C

which proves (17.28). O

Example 17.5. If C = B (z, r) is a positively (counterclockwise) oriented circle (17.13)
with the center at a and the radius r, that is,

C=C(t):=z+re", tel0,2n]
then
C'(t)=ire" =i[C(t) —z]

and by (17.18) we derive that

2 2
1 C’ (¢
f dw =/idt = /i dr =2mi (17.29)
w—z C(t)—z
C t=0 t=0

In this case (17.28) becomes

(17.30)

(9}

Corollary 17.4. (Mean-value theorem) For C = B (z, r) it follows that

2
1 it
f@= g/f(z+re ) dt (17.31)
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Proof. By (17.18) and (17.30) we have

2rif (z) = % i(_wid
c

C t)—z
2
= /f(z—l—re”)idt
=0
which proves (17.31). O

The next theorem shows that formula (17.30) holds not only for positively oriented
circles (17.13) but for any circuit containing z as an internal point.

Theorem 17.7. If f is regular (analytic) on an open set D, and let C be any contour
(circuit) in D (not obligatory C = B (z,r)) which encloses a point z € D but does not
cross it, then

1
]{ dw =2min (C, z) (17.32)
w—z
c

where n (C, 7) is an integer called the winding number (or index) of C with respect to z
which is the number of times the point C (t) “winds around” the point z as t varies over
the interval [a, D).

Proof. By (17.18) it follows that

b
flaum [ S0,
J w—z C@t)—z

t=a

Define the complex-valued function F(x) by the equation

a0
F(x) := / O —2 B _Zdt, t € [a,b]

t=a

To prove the theorem we must show/ that F (b) = 2min for some integer n. Notice that

F(x) is continuous and F'(x) = % at each point where C’ (¢) exists, and, hence,
X)—2z

the function G (x) defined by

Gx):=e "™ [C(x)—7]
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is also continuous on [a, b] and, moreover, at each point, where C’ (¢) exists, we have
G (x)=e TWC (x) — F'(x)e ™™ [C (x) — 7]

C' (x)

= "CW - G

e FO[C(x)—2z]=0

Therefore, G’ (x) = 0 for each ¢ in [a, b] except (possibly) for a finite number of points.
By continuity of G (x) on [a, b] we conclude that G (x) is a constant throughout [a, b]
that implies G (a) = G (b) or, equivalently,

G)=e"V[CHh)—z]=CG@=e""[Ca)—z]=C(a) -z
Since C (a) = C (b) # z we find e F® = 1 that gives F(b) = 2min exactly where n
is an integer and corresponds to the number of times the point C (¢) “winds around” the

point z as ¢ varies over the interval [a, b]. This completes the proof. (]

Corollary 17.5. Cauchy’s integral formula (17.28) can now be restated in the form

LI —nc s f (17.33)
2 w—z
C

Example 17.6. Let C be any contour enclosing the point a € C. We need to calculate

J = fc (z —a)" dz for every integern = ..., —1,0,1,... By (17.25) it follows that
J =j{(z—a)”dz = j{ (z—a)"dz
C B(a,r)
Letting z — a = re'* we get dz = re'?i do, and hence,
27 27
J = % (z—a)'dz = / rre"reide = ir"t! / et dy
B(a,r) 9=0 ©=0

Since

1
/ek‘”d<p=%ek‘p+K, k#0, K = const

one gets
n +1
n _
J = irn-H ei(n+l)</1 d(ﬂ — r ei(n+l)<p Y = 0
n+1 ¢ =2n
=0
rn+l

=n+1 (eiZn(n+l)_1) lf l’l;ﬁ—l
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and J =2mi ifn = —1. So,

J:]{(z—a)”dz:{ 0 for n# -1 (17.34)
C

2ni for n=—1

Notice that case n = —1 follows directly from (17.30) if we take f (z) = 1.

17.2.5.2 High-order derivatives integral representation

By definition, the analytical function is a function of a complex-variable differentiable at
any point of a domain D. The next theorem shows that an analytical function automatically
has a derivative of any order which in turn is analytical too.

Theorem 17.8. (The bounds for high-order derivatives) If f(z) is regular (analytical)
in an open domain D and is continuous in D, then it possesses the derivatives of all
orders at each point z € D and the derivative of the order n can be calculated as

f(w)
(n)
() = 3 ]{(w (17.35)

Z)n+1

where C is the boundary of D, that is, C = D~ D.

Proof. By the derivative definition and using (17.32) for n (C, z) = 1, we have

Fi() = llqi_r)%f(z—i_h) - f(@)

h
_ 11. 1 1 1 d
_Mh‘f%hi’{f(“’)Lw—z—h)‘(w—m} v
c
=L.1imjl§ f ) dw=i. f(iw)zdw
2wih—0 ) (w—2z—h)(w—2) 2mi (w—12)
c

So, for n = 1 the theorem is proven. Let us use now the induction method, namely,
supposing that it is true for some fixed n and using the same calculations as before, we
can easily show that it is true also for (n + 1) which completes the proof. |

Remark 17.4. Formula (17.35) may be obtained by the formal direct differentiation of
Cauchy’s formula (17.28) by z.

Remark 17.5. If the function ¢ (z) is continuous on the boundary C of an open domain
D, then the function

¥ (w) dw

*@ = 27i (w—2)
C

is regular (analytical) in D.
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Example 17.7.

1 sin (w) 2! sin (w) .
— ¢ ——Sdw=— ¢ ————dw =sin?(z) = —sinz
(w—2) 2mc (w—2)

17.2.5.3 Cauchy’s inequalities

Formula (17.35) leads directly to the following important inequalities known as
the Cauchy’s inequalities for the module of the nth derivative. Indeed, from (17.35) it
follows that

|f™()] = f{ S oM (17.36)
2 (w—

Z)nJrl 27 rn+1

where r is the distance between the point z and the boundary C, i.e., r := mf lz — wll,
M is the supremum of the module of f (w) in D, ie., M = sup | f ()] and [ is the

length of C, ie., [ := |5§C dw|. In particular, if f (w) is analytical in the disc D =
{weC:|w-—z| <r}, thenl = 27r and we obtain

Mn!
’f(")(z)’ < 7’7 (17.37)

17.2.5.4 Liouville’s theorem
Definition 17.11. A function analytical everywhere on C is called an entire function.

Example 17.8. Entire functions are polynomials, sin z and cos z, and e°.
Theorem 17.9. (Liouville) Every bounded entire function is constant.

Proof. Suppose | f(z)| < M for all z € C. Then by (17.37) applied for n = 1 it follows

M
that | f®(z)| < — for every r > 0. Letting r — oo implies f'(z) = 0 for every z € C
r

which completes the proof. (]

17.2.6 Maximum modulus principle and Schwarz’s lemma

Theorem 17.10. (Maximum modulus principle) If a function f(z) is analytic and not
constant on an open region D and is continuous on D, then its module |f(z)| cannot
achieve its maxima in any point D, that is, every contour

C=B(a,r)={zeC||z—al=r}CD

contains points z such that

f @1 > 1f @]] (17.38)
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Proof. By continuity of | f (z)| it achieves its maximum M on D. Denote by & the set of
all extrema points, i.e.,

E:={zeDl||f @) =M}

Suppose that £ = D. This means that |f (z)] = M for all points z € D and, by
Lemma 17.1, it follows that f (z) = const on D that contradicts with the assumptions
of the theorem. Suppose now that £ C D, namely, there exists a boundary point zy € £
such that it is an internal point of D. Let us construct a circuit C = B (zo, ) which
contains a point z; € D such that z; ¢ & (this can always be done since z, is a
boundary point). Then |f (z)| < M, and for any small enough ¢ > 0, by continuity
of f (z), there exists a set Cy, which is a part of C where |f (z)|] < M — e. Denote
C, := C\C,. Evidently that for any z € C; one has | f (z)| < M. Then by Theorem 17.4 it
follows that

27
1 s—r 1
f(zo>=2—/f<z>d¢"‘=d‘”— /f(z)dz+/f(z)dz
T 27r
=0 C Cy

which implies

el
|f(ZO)|=M§%([M—8]ZI+MZZ)=M_;lr
llzz/dz, 15 1=/f(z)dz
C Cy

But the last inequality is impossible which leads to the contradiction. Theorem is
proven. U

Corollary 17.6. (Minimum modulus principle) If a function f(z) is analytical and not

constant on D, and it is continuous and nonequal to zero on D, then the minimum of
| f(2)| cannot be achieved on D.

Proof. It can be easily done if we apply Theorem 17.10 to the function g (z) =
1/f (). a

Using the maximum modulus principle it is possibly easy to state the following useful
result.

Lemma 17.5. (Schwartz, around 1875) If function f(z) is analytical in the open
domain |z| < 1, it is continuous on |z| < 1, and, in the addition,

fO)=0, |f@l=1
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then
|f @] = Izl (17.39)
If at least in one internal point of the domain |z| < 1 the exact equality | f (2)| = |z|

holds, then this equality takes place at any point of this domain and, besides,
(17.40)
where « is a real constant.

Proof. To prove this result it is sufficient to consider the function

1@ if z#0

@ (z) = z
f O if z=0

which is analytical on the set 0 < |z| < 1 and continuous in |z| < 1. Applying to this

function the maximum modulus principle 17.10 we derive that on the circle |z] = 1
we have
f @)
lp ()| = ‘z =1

and by this principle, |¢ (z)| < 1 everywhere on |z| < 1, which gives | f (z)| < |z|. So,
the first part of the lemma is proven. If in some internal point zo we have | f (zo)| = |zol,
then in this point |¢ (z)| = 1 and, again by maximum modulus principle 17.10, it follows
that |¢ (z)| = 1 everywhere on |z|] < 1. By Lemma 17.1 we have that ¢ (z) = const
which can be represented as ¢/® which implies (17.40). t

17.2.7 Calculation of integrals and Jordan lemma

17.2.7.1 Real integral calculation using the Cauchy’s residue theorem

The main idea of integral calculus using Cauchy’s residue theorem consists of the
following. Assume we must calculate the usual (Riemann) integral fx b:a f(x)dx of the
real function f (x) over the given interval (finite or infinite) (a, b) € R. Let us complete
this interval with some curve C’ which together with (a, b) contains a domain D. Let us
then extend (analytically) our given function f (x) up to a function f (z) defined on D.
Hence, by Cauchy’s residue theorem (17.27)

b n
f(z)dz=/f(x)dx—i—ff(z)dz=2m’Zresf(ak)
x=a c’ k=1

C'U(a,b)

which gives

b
/f(x)dx =27y _resf (a) —}{f(z) dz (17.41)
Y=a k=1 c
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If the integral over C’ can be calculated or expressed as a function of the integral
fx b:a f(x)dx, then the problem of the integral calculus might be solved! This technique
clearly shows that the integral of a real function f(x) can be calculated as the sum
of residues in its singular points that is significantly simpler especially in the case of
poles.

Remark 17.6. Usually to simplify calculations, the extended function f(z) is selected
in such a manner that on (a, b) it would be its real or imaginary part that permits to
calculate [* f(x)dx by simple separation of real and imaginary parts.

X=a

17.2.7.2 Improper integrals and Jordan lemma
If the interval is infinite, then one may be considered an extended family of the contours

Ci U (ax, b) C Cp U (arqr, biyyr) such that (ar, by) — (a, b) as k — oo. In this case

it is not obligatory to calculate the integral fck, f (z)dz but it is sufficient only to find

its limit. Very often it turns out that this limit is equal to zero. This fact may be shown
using the lemma given below.

Lemma 17.6. (Jordan) If on some sequence {C ,’(} of contours cuts
C, = {z eC|lzl =Ry, Imz > —a, Ry 2, 00 d isﬁxed}

the function g (z) tends to zero uniformly on arg z, then for any A > 0

klim j{g () e*dz=0 (17.42)
Ci
Proof. Denote z = x + iy = re'?, M; := max|g (z)| and o = arcsin%. By the
C; k

k
lemma assumption, M; — O and o4 — O such that 4R, — a. Let a > 0
k— 00 k—o00 k—o00
(see Fig. 17.4).

Fig. 17.4. The contour C; with cuts AB and CD.
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On the cuts AB and CD we have ‘e"“‘ = e < ¢**, therefore

g (2) e dz| < Mye* oy R, k—) 0
—00

ABUCD
. . L 2 .
Applying the inequality sin¢ > —¢ valid® for ¢ € [0, 27] we get
7

2AR,

| eiAz| Ze—ARksinw <e T

12

at the cut BE which implies

72 2MRy
/g(z) e*dz| < MR, / e T 'dg=M-(1-e?) = 0
BE 9=0
Analogously, | [, g (z) e dz| v 0 which proves the lemma for the case a > O.
If a < 0, the proof is significantly simpler since there does not need to calculate integrals
over the cuts AB and CD. Lemma is proven. O
. ~ COSt
Example 17.9. Let us calculate the, so-called, Laplace integral fr:o mdt. Select
the auxiliary function f (z) = oy and the contour Cy,as in Fig. 17.4 with a = 0.
Z
1 1
Since the function g (z) := ) satisfies on Cy the inequality |g (z)| < W

then it converges uniformly to zero as R, — oo and hence, by the Jordan lemma (17.6),
fC}e f)dz = ka g (@) e dz k—) 0. Then, for any R, > |b| by Cauchy’s residue
k k —00

theorem (17.27) it follows that

ol e~ 1bl
S —T dz = 2mis—
/ et [T @d=my

t=—Ry C;ek

cos ¢
PE

sing\’
3To prove this inequality it is sufficient to notice that (J) = (p —tang) < 0 at (0,27) and,
[
sin

hence, the function 14 decreases at this interval.
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since f (2) inside the joint contour has the unique singular point (pole of the multiplicity
one) 7 = |b|i. Separating the real and imaginary parts and using that the function f (z)
is even, we finally conclude that

2+ b2 Ib|

= bl
/ ST g =n (17.43)
=0

t

17.3 Series expansions

In this section we will consider the problem of the representation of analytical functions
by power-series expansions and their generalizations (“negative power”). More exactly,
we will deal with a series given by

(o)

Z Gz—a)'=...+c,G—a)". ... +c 1iz—a)"

n=—00

+c+taz—a)+...+c,z—a)" +... (17.44)
where z is a complex variable, and ¢, and a are constants named coefficients and the
center of the series, respectively.

17.3.1 Taylor (power) series

Theorem 17.11. (O. Cauchy, 1831) A function f (z) can be represented by the corre-
sponding Taylor series

f'(a) f™(a)

f@=fl@+ T z—a)+...+ ’
! n!

f™(a) are given by (17.35)
_ n+l

R, = « a? % S w) Tdw
2 J (w—2)(w—a)"

in any open domain circle with a boundary C = B (a, r) where this function is analytical.
In any closed domain R, belonging to this circle, this Taylor series converges uniformly,
that is, R, — 0 when n — oo independently of z € R.

(Z _a)n + Rn

(17.45)

Proof. Let us use the known formula of the geometric progression
1 — n+l
ﬁ:l—i—q—qu—k...—i—q”

valid not only for real, but for complex variables ¢ € C (g # 1), rewriting it as

n+1

1
—=1+q+q2+...+q”+q (17.46)

1—g¢g 1—g¢q
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Fixing some point a € D (D is the open domain where f (z) is analytical) and using
(17.46) we may write

o 1 1
w—-2) (w—a) |- *—4
L w—a
N 1+Z_a+...(z_a)n+ ! (Z_a>n+l
(w—a) w—a w—a "% \w—a
L w—a

1
Multiplying both sides by i f (w) and integrating along the contour C = B (a,r),
i

lying in D and containing both points z and «, and applying Cauchy’s formula (17.28),
we obtain (17.45). Let us now consider any positive 7’ such that 0 < r’ < r, where r is
the radius of the circle C = B (a, r), and the circle |z — a| < kr’ with any k satisfying
0 < k < 1. Let z belong to this last circle and C' = B (a, r’). Then |w — a| = r/, and
hence,

lw—z| =[(w—a)+ (a —2)|

>|lw—al—lz—a|l>r —kr' =0 =k’

Applying this inequality to (17.45) we have

|- a)"t! f(w)
Rl == % w—2) w—ay T
C

- kn+1 (r/)n+1 M271r/ _ Mkn+1
- 2 A=k )™ 1—k
where M = sup |f (z)| (the function f (z) is analytical within this circle and, hence,
zi|z—al<r’

it is bounded). Since k < 1, we obtain R, — 0 when n — oo for every z satisfying
|z — a| < kr'. Theorem is proven. [l

Claim 17.1. (The Cauchy—Adhamar formula) Every power (Taylor) series has a defi-
nite radius of convergence
- oo}

Z ch(z—a)"

n=0

R:={Z€<C||Z—a|<R,

which is finite or +00 and may be calculated as

1
R=——
lim sup+/|c, |

n—oo

(17.47)
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Proof. To prove this result it is sufficient to show that for any z, for which |z — a| < kR,
0 < k < 1, the series Zf:c:o ¢, (z — a)" converges, and for any z, for which |z — a| > R,
this series disconverges. By the upper limit definition, for any & > 0 there exists1 no (&)

h that </ — for all n > . Selecti h that — —
such that /|c,| < R—i—e or all n > ny (¢). Selecting ¢ suc tatR+8< R<k+1>,
2

we obtain
e ( 1 k"R" 2k \" ;
n\& ™ < n = =
iz —d <k+1> k+ 1 1
Rn
2
0 P
<g=1—— <
= T Tk

for any n > ng (¢) and z satisfying |z — a| < kR. So, we get

= Zlcn z—a)"| = Zq

n=0

(z—a)

To prove the rest of the theorem, again notice that by the definition of the upper limit, for

. 1 .
any ¢ > 0 there exists a subsequence n = n; such that ¥ ’an| > e &, or, equivalently,

|Gl

1
But if |z — a| > R we can always select ¢ such that <R — 8) |z — a| > 1. This means

| cn (2 —a)™

that the term c,, (z —a)™ will tend to co and, hence, Y - ¢, (z —a)" disconverges.
Claim is proven. ]

Example 17.10.

(a) The following series converge for any z € C

1 1
=1 — o
et +z+2'z +3 4+

_ 1 1 . _ 1 1 14
sin z —gz +§z —...; COSZ _EZ +4 — ...

1 1 1 1
Slnhz—z—lrfz +§z +. .;coshz_1+51 +EZ +.
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(b) The following series converge for any z such that |z| < 1

In (1 = Logla
Il( +Z)—Z_EZ +§Z +...

(a—1)Z2+a(a—1)(a—2)z3+“.

a __ a
I+2)=1+4az+ 5 3l

Remark 17.7. If f (2) is regular at z = a and f (a) = 0 (f (2) is not zero identically),
then by Taylor’s theorem it may be presented by the power series (17.44) as follows

(o)

f@= )Y aG-a'=wG-a"+.. (17.48)

n=N(f,a)

where cy # 0 and N (f,a) > 1. The number N (f, a), appearing in (17.48), is called
the order of the zero of f (2) at 7 = a.

Lemma 17.7. (Parseval’s identity) For any function analytical on the disk |z —a| < R
and any r € [0, R) the following identity holds

27 00
i / f (atre®)[do =" leP r™ (17.49)
=0 n=0

Proof. By the direct calculation of the circuit integral of | f (z)|* over the |z —a| = r
using the Taylor expansion f (z) =Y - ¢, (z —a)" gives (17.49). O

17.3.2 Laurent series

Suppose f(z) is regular in the annulus K defined by r < [z—a| < R, 0 <r <
R < oco. We construct the annular domains K’ and K” defined by ' < |z —a| < R’ and
" < |z—al < R" wherer <r <r” < R" < R < R so that K contains K’ and K’
contains K” (see Fig. 17.5).

As f(z) is regular on K’, by the Cauchy integral formula (17.30) it can be
represented as

f@Q=@+f£ @

1 f© 1 f©) (17.50)
fl(Z)—% ﬁd@ fz(Z)——% {_de
¢

R W
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where Cg and C, denote circles of the respective radii R’ and r’ with centers at the point
R//
<
R/
So, the fraction 1/(¢ — z) can be expended as a geometric series uniformly convergent
on ¢ on Cg, that is,

1 =( 1 )/<1_Z—a>
¢ -2 -z . —a

1 z—a (z—a)"

e T

a (see Fig. 17.5). Then for all points ¢ on Cg it follows that Ta

=q <1

Substitution of this expansion in (17.50) gives

(o)

1 f© n
1(2) = T j{ CTzdg = ch (z—a) (17.51)
Cpr

n=0

where

f @
=5 f{ oo (17.52)

Fig. 17.5. The annular domains.



Notice that, in general, ¢, cannot be represented in the form
—a

Z—a

Complex analysis

regular at z = a. Analogously, for any ¢ on C, we have
1 1 —
- (E(-52)
(C - Z) Z—a Z—a
__ ' tma o Goam
z—a (z—a) (z—a)
and, as the result,
1 ©)
@) =-5—= f_; d¢ —Zcfn @—a)™"
n=0

with

1
e = g ff(;)(z —aylds
Tl
¢,

Combining (17.52) and (17.54) in (17.50) we obtain the following result.

-

r

r//

425

since f (z) is not

< — = ¢, < 1. Hence,

(17.53)

(17.54)

Theorem 17.12. (Laurent, 1843) Every function f (z) which is regular in the annulus
K :={z€ C|r < |z—a| < R} can be represented in this annulus by its Laurent series

)‘l

f@ =

oo

Y al—a)"=H@+ L@

n=—00

fi @) —ch @—a), fLh@=Y cE—a)

n=-—1

f©)
27”]{({ ang (n=0,%+1,4£2,..)

(17.55)

The term f1(2) is called the regular part of the Laurent series and the term f5 (2) is

called the principal part of the Laurent series, respectively.

Corollary 17.7. Cauchy’s inequalities for the Laurent series are as

leal < M/p"

if the function f (z) is bounded on the circle |z —a| = p € (r, R), i.e.,

(17.56)

lf @I =M.
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Example 17.11. The function
1 1 1

G-D@-2 z-2 z-1

f@)=
is regular in the annulus (“rings”)

K ={zeC|0<]|zl <1}
K, ={zeC|1<|z] <2}
Ky:={zeC|2<|z]}

So, in K,
11 1 LN SO
=2 2\1-z/2) 2 2 4 T
1 1
=— =—(1+z+2*...
p— T (1+z+2"..))
=t (143450 V(e
z) = ) ) 2 Z ...
S
—2 4Z 82
Ii’lK2
11 1 R N U S
7—2  2\1-z/2) 2 2 4
1 11 1

1 z  Z?
——_ (1 e > _ -1 -2
f @ 2(+2+4+ > (z'+27..)
1 _1( 1 )—1(1+2+4+ )
=2 z\1-2/z) z z z2
1 11 1

1 2 4
[ @)= <Z+Z2+Z3+...) — (27" ) =437+

w  Sin .
Example 17.12. Let us calculate Euler’s integral fxzoo xdx. Evidently,
- X
00 . 0 . o0 .
sin sint sin
IE:/ 2l + / b dt:2/ 2L dx
X X X

x=0 Xx=—00 x=0
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iz

e
Introduce the auxiliary function f (z) = — and select the contour
Z

C:=C,U[r,RJUCRU[—R, —r]

as it is shown in Fig. 17.6. Within this contour the function f (z) is regular and, hence,
by Cauchy’s residue theorem (17.27) it follows that

Osz(z)dz
C

R —r
=/f(z)dz+/f(z)dz+/f(z)dz+/f(z)dz
C, r Cgr —R

By Jordan’s lemma (17.6) Rlim fCR f (2)dz = 0. To estimate fc f (z) dz let us consider

(17.57)

the Laurent expansion (17.55) of f (z) in the neighborhood of the point 7 = 0:

- \2
1+iz+%+... 1
f@)= ; =;+P(z)

where P(z) is a function continuous in z = 0. Thus, using representation 7 = re'¢, we
also have

/f(z)dz=/%dz
C, C,
1
:/gdz+/P(z)dz
C, C,
0

1 .
- / reiv (re”"id(p) +0(r)
o=r

=—in+ 0 (r)

Cr

N x

-R -r r R

Fig. 17.6. The contour C.
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So, (17.57) can be rewritten as

R —r
0:—in+/f(z)dz+/f(z)dz+0(Ile)+0(r) (17.58)
r —R

where, in view of 7 = x + iy,

R —r R . —r
/f(z)dz+/f(z)dz=/%dx+/%dx
r —“R " "R

. . oo SINX T .
Taking R — oo and r — 0 from (17.58) we obtain fo —dx = B} and, finally
X

/ MY i =n (17.59)
X

X=—00

17.3.3 Fourier series
Let function f (z) be analytical in annulus
K={zeC|l—e<|zl <1+¢}

Thus within this annulus it may be represented by the Laurent expansion (17.55)

f@=)
. (17.60)
1 f (&) 1 / 0 ,—ind
n = T ' de = — i iné g
¢ 2mi gr+l 3 27 f (e )e
|zl=1 6=0

In particular, for the points z = ¢’ of the unitary circle we obtain

p@):=f (e”) = Z c,e™ = co+ Z (cnei”’ + c,,,e‘“”)
B "= (17.61)

= % + Z [a, cos (nt) + b, sin (nt)]

n=1
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where ay := 2¢y, a, := ¢, +c_,, b, :=i (¢, — c_,), and, hence, by (17.60),

2

2
ap = 1 / f (eie) do, a, = 1 / f (eie) cos (nt) do

T T
0=0 0=0 (17.62)

2
1 .
bn:—/f(e’g)sin (nt) do
T
6=0

The series (17.60) is known as the Fourier series of the function ¢ (f) written in
complex form.

17.3.4 Principle of argument

Theorem 17.13. (The principle of the argument) Letr D be the interior domain
bounded by a contour C and f (z) be a function having a finite number of multi-poles b,
by, ..., bp with the respective orders py, pa, ..., pp and a finite number of multi-zeros
ai, ay, ..., ay with the respective orders ny, n,, ..., ny. Then the logarithmic derivative
'@/ f (2) is regular on C, and has in D at most a finite number of singularities such
that the following identity holds

/(@) . .
dz =2mi (N; — P;) =i Acarg f (2)
§ =2 (= e =i
Ny=ni+n+...+ny, Ppi=p1+pr+...+pp (17.63)

1
Acarg f (2) = o (N; = Py)

Proof. Considering the multi-connected domain D, , (with the “joint” boundary C. ),
obtained from D by excluding (deleting) all singularity points (in this case zeros and
poles), we conclude that the logarithmic derivative f’(z)/f (z) is regular on D, ,, and,
hence, by (17.23) the integral §,. J}((Z))

Z

individual integrals taken over the contours

dz can be represented as a finite sum of the

G ={zeCllz—al=& >0}, k=1,....N
Cspole ::{Z€C||Z_bs|:/'l’s>0}’s:1""’P

Indeed, by (17.23)

1 @)
/@
Ce
f' @) . /@) - f' @)
= dz — dz — dz
S ro” ;C To 2 P To®

0= dz

b CA{mle
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which implies

@ 1 ?{f/ (2)
dz = d
Jro® ;C o

»
f'(2)
2 (17.64)
; j{ /@

Cspole

f @

“——dz and §_p S @ dz
z

So, it is sufficient to consider the individual integrals fckm

f @)
for each fixed k and s. For the zero a; by (17.48) it follows that
f@=cy@—a)+cpum(z—a) ™ +... (cu #0)
and hence,

@ =me,, —a)" "+ e+ Dyt @—a)™ + ...

f@  me G=a)" T+ e+ Doy @—a)™ +...
f@ Cn (Z— @)™+ Cppr (2 —a@)" T

I mcy, + (e + Dy (z—a)+...
zZ—a Cop +Cyp1 (2 —a) +...

1 ~ ~ 2
:Z P [nk+c0(z—a)+c1(z—a) —}—]

g ~ ~
= +é+ci(z—a)+...

Z—a

in some neighborhood of the point a. Thus, the logarithmic residue of a regular function
at a zero is equal to the order n; of that zero. Analogously, for the pole b; in some of its
deleted neighborhood we have

f@)= (ziz)pk * (ZSZ;;k_I o (a2 0)

and, hence,
’ PkC—p; C_pr+1
(R et S - 1) —— 4+ ...
@ (z —a)*! (P ) (z — a)™ +
f@ 1 prcp+ (o —Depri(@—b) +...

f@ i=b oyt pm@—bot...

=—Zp_ka+50(Z_bk)+él(z_bk)2+~--

Thus, the logarithmic residue of f (z) at a pole is equal to the order p, of that pole
with the sign reversed. Combining these two logarithmic residues in (17.64) we derive
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the relation §,. / ((Z)) dz =2mi (N; — Py). To complete the proof it is sufficient to notice
b4
that fc 7 ((Z)) dz = Acln f(z) where In f(z) denotes a value of the logarithm which
z

varies continuously as z makes one complete circuit of C (starting from some fixed point,
20, say) and Ac In f(z) denotes the corresponding variation of In f(z). Since

AcIn f(z) = AcIn|f(2)| +iAcarg f(z)

Acln|f ()] =In[f(zo0)| —In[f(z0)] =0

@
f(@)

we have §,. dz = iAc arg f(z) which completes the proof. O
17.3.5 Rouché theorem

One of the important applications of the principle of the argument is the following
theorem.

Theorem 17.14. (Rouché) Let D be the interior domain bounded by a contour C. If
functions f(z) and g (z) are analytical on D, continuous on D and satisfy the inequality

|f (@] > g (@] (17.65)

at each point 7 on C, then the functions f(z) and [f (z) + g (2)] have the same number
of zeros in D, each zero being counted according to its multiplicity.

Proof. Notice that by the assumption of this theorem | f (z)| > 0 on C and

lf@D+g@I=1f@I-Ig)]>0

Hence, the functions f (z) and [f (z) + g (z)] have no zeros on C and the principle of
the arguments is applicable to both. Based on the identity

arg [f () +¢g (Z)] = arg f (z) + arg (] + g(z))
f @

we derive

Acarg[f (z) + g ()] = Acarg f (2) + Ac arg <1+j’c(é)))



432 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

g (2) . . 8 (2)
But Acarg (1 + > = 0 since the point w = 1 +
‘ f@ f@
circle lw — 1| < 1. So, Acarg[f (z) + g (z)] = Ac arg f (z) and to complete the proof

one needs to apply the formula (17.63), namely, since Py = Py, = 0 we have

_ I
_Znic f ()

always remains inside the

N;=N;—P; dz

1
= —Acarg f (z)
2

1
= 2—AC arg[f (2) + g (2)]
T

_ 1 f’(z)+g’(z)d
_27ric f@+¢@

=Ny = Prig = Nyyg

Theorem is proven. ]

17.3.6 Fundamental algebra theorem

Theorem 17.15. (The fundamental theorem of algebra) Any polynomial of degree
n > 1 has a zero (root), that is, for any n > 1 there exists a point zo € C such that

(17.66)

where

’ Pa (@) i =ap" a7+t aniz+a,, ag#0 (17.67)

Corollary 17.8. Every polynomial p, (z) (17.67) of degree n > 1 has exactly n zeros
(roots), that is, for any z € C the polynomial p, (z) can be represented as

Pa@=ay[[z—2) (17.68)

i=1

First proof. (based on Liouville’s theorem) Assume that p, (z) (17.67) has no zero
and prove that p, (z) is a constant. Let f (z) = 1/p, (z). Then f is analytic everywhere
on C since, by the assumption, p, (z) # 0 in C. Since

Pa@=2"[ag+aiz” +...+ a7 + a2 = 00
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as |z] = 00, 80 |f (z)] — 0 as |z] — oo. Therefore, f (z) is bounded on C, and so, by
Liouville’s theorem 17.9, f (z) and hence p, (z) is a constant on C that is possible if
and only if ¢; = 0 fori =0, 1,...,n — 1. This contradicts with the condition a, # O.
Theorem is proven. (]

Second proof. (based on the Rouché theorem) Let us put g (z) := a;z" ' +... +
a,—1Z + a, and select R large enough such that on the circle |z|] = R there would be
|f ()] > |g(2)| (this always may be done since |f (z)| = |ag| R" and |g (z)| < |ai]
R"' +...4 |a,_i| R + |a,|). Then by the Rouché theorem (17.14) these two functions
f (2) and [ f (z) 4+ g (z)] have the same number of roots. But f (z) := aoz" has exactly
n roots which completes the proof. (I

Example 17.13. Let us define how many roots the polynomial
PaR)=2"—42+2" -1

has in the disc |z| < 1. Define f (2) :=z® — 4z’ and g (z) := 7> — 1. Notice that on the
circle |z| = 1 we have | f (2)| = |2° — 4| = 4—|2*| =3 and |g (2)| < |?|+1 = 2. Thus,
by the Rouché theorem (17.14) the number of roots of p, (z) is equal to the number of
roots of f(z) = 2% —4z> = 2° (2 — 4) in the disc |z| < 1 which is equal 1o 5 (since
73 — 4 % 0 within the disc).

17.4 Integral transformations

In this section we will consider the class of the, so-called, integral transformations
of an original complex function f (#) of a real argument (defined on R") into the
corresponding function F (p), called the image, defined on the complex plane C. This
class of transformations is given by the relation

F(p):= /f(t)K (t, p)dt (17.69)
t=0

where the function K : Rt x C — C is called the kernel of the integral transformation

(17.69). Such sorts of transformations are actively applied in theory of differential equa-

tions and many other fields of physics and engineering practice. Let us briefly present

the most important of them. In any case, we will assume that the original function f ()

satisfies the following conditions:

Al It satisfies Holder’s condition, i.e., for any t € R™ (maybe with the exception of
some exclusive points) there exists positive constants L, iy and o < 1 such that for
all b : |h| < hg

If &+ —FWI<LI"

(17.70)
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A2

[f@wy=0ifr <0] (17.71)

A3 There exist such constants M > 0 and sy > 0 such that
If @ < Me™ (17.72)

(the constant s, is called the increment index of the function f).*

17.4.1 Laplace transformation (K (t,p) = e“")

17.4.1.1 Direct Laplace transformation

Definition 17.12. The Laplace image of the function f (t) satisfying assumptions AI1-A3
is called the complex function F : C — C of the complex variable p := s + io defined
by the relation

F(p) = / @) ePdt (17.73)

t=0

where the integral is taken over the positive semi-axis.> We will write

F(p)=L{f} (17.74)

Theorem 17.16. For any original function f (t) satisfying assumptions AI-A3 its
Laplace image F(p) is correctly defined within the semi-plane Rep = s > sy, where s
is the increment index of f, and F (p) is analytical (regular) within this semi-plane.

Proof. Indeed, for any p such that Rep = s > s, the integral (17.73) converges
absolutely since by A3 (17.72) it is estimated from above by a convergent integral,
that is,

< o0
S — 8

/f(t)e*’” dt §/|f(t)|e*’” dt < /Me*(H“)’ dt =
=0 =0 =0

(17.75)

4 More exactly,

so = inf {s >0:limsup|f ()] e < M}

1—00

31t is known also as the, so-called, double-side Laplace transformation defined by

F(p) := / f@)e dt

t=—00
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Then, for any p within the semi-plane Rep > s; > sy we have

d oo
[F'(»| = |- / feyear
p
t=0

= /f(t)te_p’dt < /|f(t)|te"”dt < /Mte‘(HO)r dt
=0 t=0 t=0

M
= < (17.76)

(51— 80)°

which exactly means that the function F(p) possesses its derivative and, hence, is
analytical in any point of the semi-plane Rep > s,. Theorem is proven. (]

Corollary 17.9. If p — o0 such that Rep = s — oo, then F(p) tends to zero, i.e.,

lim F(p) =0 (17.77)
Proof. 1t follows directly from (17.75). O

17.4.1.2 Inverse Laplace transformation
To obtain the main result on the inverse Laplace transformation we need the following
simple lemma.

Lemma 17.8. For any function ¢ (x) integrable (in Riemann sense) on the interval [«, B],
we have

B
lim /¢(x) sin (bx)dx = 0 (17.78)

X=u

Proof. If ¢ (x) is continuously differentiable then the integration by parts implies

cos (bx)dx =0

b b—00

B B
/qs(x)sin(bx)dx:—qs(x)“’sbﬂ |§+/¢>/<x>

If ¢ (x) is an integrable function then for any & > O there exists a conti-
nuously differentiable function ¢, (x) and the constant b, > 0 such that



436 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

7o) — ¢ (0)dx < g and Therefore.

xﬁ=a¢£ ()C) Sin(bx)dx‘ < %
rﬁ:a‘ﬁ(x)sin(bx)dx‘ < xﬁ:a ¢ (x) — ¢ (x)|dx + Xﬂ:aqbs (x)sin (bx)dx| < e.

Lemma is proven. ]

The next theorem presents the main result on the inverse Laplace transformation.

Theorem 17.17. (on the inverse transformation) If f (¢) is an original function satis-
fying assumptions A1-A3 and F (p) is its image, then in any point t > 0 where it satisfies
Holder’s condition (17.70) the following representation holds

a—+ioo
fy == / F(p)er dp = L (F) (17.79)
2mi

a—ioo

Here the integral is taken over any line Rep = a > sy and is understood in the main-
valued sense, that is, as the limit of the integral along the interval [a —ib,a + ib]
when b — oo.

Proof. Let us consider the integral

1 a+ib 1 a+ib o]
£ ) :=—./F(p>eﬂfdp=—./ew /f(f)e“”dr dp
2mi 2mi
a—ib a—ib 0

Since by (17.75) the integral f;oo f (r) e P" dt converges uniformly on p in the semi-
plane Rep > a, we may change the order of the integration which gives

a+ib

Jo (t)zi./f(f) /ep(’_’)dp dt
2mi J

a—ib

t—l’

=0

sin bx

/ f(-x +t) —a(x+t) dx
X

T=—1

Denote g (t) := f(t)e* and notice that by A2 g (t) = 0 for ¢t < 0. Therefore,

00 B . o .
(@) = ef / g +1)—gl) (x + f) g @ e~ gin b dx + & sin bx dx
i X

T=—00
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The second integral for any b > 0 is exactly the Euler’s integral (17.59) and, hence, it is
equal to 7w which leads to the following expression

17 H—glt
£ (1) = —e” / Me*a(uwf) sinbx dx + f(t)
T x

The first integral by Lemma 17.8 tends to zero as b — oo which completes the proof. []

Corollary 17.10. The original function f (t) is completely defined by its image F(p)
(see formula (17.79)) with the exception of the points of discontinuity.

17.4.1.3 Some properties of the Laplace transformation
1. By direct calculation using (17.73) it follows that

L{l}=%, Llem)=— Lsa—t)=er (17.80)

P — Do

2. Denoting G (p) := f:o g (¢t) e P dt, for any complex numbers o and 8 we have

| Liaf () + Bg ()} =aF (p) + BG (p)] (17.81)
3.
E{sin(wt)}:E{M}
21
(17.82)
. i < 1 3 1 ) o
T 2i\p—io pHio) p+o?
4.
E{cos(wt)}:ﬁ{ewzem}
(17.83)
_1( L1 >_ P
" 2\p—-iw pHio) p*+o?
5.
£ {sinh (@)} = ———., £ {cosh (1)} = ——— (17.84)
pPP-o Pr—ow
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6. For any o > 0

1
Lif(at)) = —F (g) (17.85)

o

7. Differentiation of original functions: If a function f (¢) is continuous for ¢+ > 0 and
f'(t) or, in general, f™ (¢) is an original function too, then

(LU O} =pF(p)—f O] (17.86)
or,
L{f™®)}=p"F(p)—p" ' f(0)
_pn—Zf/ (O) - = f(n—1) (0) (1787)

Indeed, integrating by part we derive

cirwy=[rwera=lroery+p [ e
=0

t=0 t

and, since Rep = s > sy, it follows that | f@)er ‘ < Me~6=%0" Therefore

[f@e ] =—f(0)

which implies (17.86). Applying (17.86) n times we obtain (17.87).
8. Differentiation of images:

(F® (p)=L{=1"1"f 1)} (17.88)

This can be obtained by the direct differentiation (since F (p) is analytical in Rep =
s > §g), that is,

oo

F'(p) =—/tf (e ?dt, F'(p)= [ *f@t)e " dt

L—02¢

t=0 t

F® (p)=(—1)"/t"f(t)67”’dt
=0

t



10.

11.

12.

13.

Complex analysis

Example 17.14.

n! n!
LiM) = —, Lit"er) = ——
prt! (p — po)"*"!
2
L {tsin (1)) = —P2
(p* +?)
22
LA{tcos (wt)} = piwz
(P* +?)

. Integration of original functions:

L /f(l’)d‘t =¥
=0

439

(17.89)

(17.90)

It follows from (17.86) that if we take g (¢) := f;zo f (t)dt and calculate F(p)

F
= L{f () = L{g' (1)} = pG (p) that gives G (p) = %

Integration of images: If the integral fpoc F(p) dp (the path of integrations completely

belongs to the semi-plane Rep > a > s;) converges, then

/F(p)dp=£{f[(t)}

p

It follows from changing the order of integration:

oo oo

/ F(pydp = / £) / e dp | di = / @e—wdt
t=0 =0

P p '

Theorem on delay effect: For any positive T

(L{f@—D)=e"F(p)]

Theorem on shifting effect:

[L{em f @) =F(p—po)]

(17.91)

(17.92)

(17.93)

Multiplication (Borel) theorem: Denoting the convolution ( f * g) of two functions by

(f%g) :=/f(r)g(t—r)dr
=0

(17.94)
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we have
[LA(f * )} = F(p)G(p) (17.95)
Indeed,
E{(f*g)}=/e_’” /f(t)g(t—t)dr)dt
t=0 =0

:/e”” /f(‘r)g(t—l’)d‘t) dt
t=0 =0

= /f(r) /e‘p’g(t—t)dt) dt
=0 t=0

= /f(r) /e"”g (t — r)dt) dt
=0 1=t

= / f (@) / e P (1) dr' | de
=0 t'=0

= / f (@ e dr / e g (1) dt' | = F(p)G(p)
=0 t'=0

Corollary 17.11. (Duhammel’s integral)
[LLf02®) + (f )} = pF(PG(p)] (17.96)

14. Theorem on the inverse transformation: Let f (t) and g (¢) have the increment indices
sy and s,, correspondingly. Then

a+ioo

1
LUfWs®) =5 - / F(q)G(p - q)dq (17.97)

a—ioo

where a > s; and Rep > s, +a.
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Indeed,

LUf(g0) = / Fhg (1) e di

a+ioo

a+ioo

a—ioo

a+ioo

= L/ / F(q)e'dg| gt e dt

- L / F(q) / g0 e P dr| dg

t=0

1
- L / F(q)G(p —q)dg

2mi

a—ioo
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15. First theorem on the expansion: If in a neighborhood of a point p such that |p| > R
(R is large enough) the function F(p) may be presented by the Laurent series

c
)4

F(p)=Y_ —
k=1

then its original f (t) = £L~' {F(p)} can be represented as

- Ci k-1
f@= —t
; (k—1)!

This can be obtained using formulas

(17.89).

(17.98)

(17.99)

16. Second theorem on the expansion: Let the function F'(p) be a meromorphic in a semi-

plane Rep > s, for any a > s, the integral [

a+ioo
a—i

i F(p)dp converges absolutely

and there exists a system of circles C, (|p| = R, — 00, R < R, < ... ) such that
F(p) — 0 uniformly respectively arg p. Then F(p) is the image of the function

f@0) =) resF(pe

(pr)

(17.100)

where the sum is taken over all singular points py. This result may be proven using

Cauchy’s residue theorem (17.27) and the Jordan lemma (17.6).

Alp
Corollary 17.12. If F(p) =
B(p)

) . .
is rational such that

NP
deg A(p) < deg B(p) =Y m
k=1
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with py is a pole of F (p) and ny is its multiplicity, then

N
L4 l dnk—l
1= li F — p)"e” 17.101
S kz:;(nk—l)!pirﬂlkdpnw[ (P) (P = p)™ "] (17.101)

17.4.2 Other transformations

17.4.2.1 Heavyside transformation
It is given by (17.69) with

K (t, p) = pe™”" (17.102)

1 .
17.4.2.2 Fourier transformation K (t,iw) = e 't

V2r

Main definitions

If in the double-side Laplace transformations [(in the direct one (17.73) put the incre-
ment index (17.72) so = 0 and in the inverse transformation (17.79)) put a = 0] such
that the integration is done over the imaginary axis (p = iw), we obtain the, so-called,
Fourier transformation:

F () := / f @) e “dt

oo

f@ = \/;_n / F () e“dw

w=—00

8-
S

(17.103)

In physics the function F (w) is called the spectral function of the “oscillations” f (¢).

Remark 17.8. The range of the application of the Fourier transformation (17.103) is
significantly narrower than one for the Laplace transformation (17.73) since the corre-
sponding first nonproper integral in (17.103) converges if the function f (t) is absolutely
integrable, i.e., fzﬁm |f ()| dt < oo. In the case of the Laplace transformation (17.73)
such condition becomes as f;:ﬁoo |f (1) e“”| dt < oo (s > so) which significantly extends
the class of the original functions. From a physical point of view the Fourier transfor-
mation (17.103) is more natural than the Laplace transformation (17.73) since formulas
(17.103) coincide (maybe some constants are different) with those of the representation
of the original function f (t) as the Fourier series (17.62)

00 T
f(t) = Z Gnein(Zﬂ/T)17 G, = % / f (1) e~/ Tt gy
t=0

n=—00
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valid for periodical (with the period T ) functions f (t) treated as “oscillations”.

The auxiliary function h; (w)
According to Rudin (1973) put

H@t):=e ", e (—00,00)
and notice that
O<H@) <1, HMM —1 as r1—0

Define also the following parametric family of functions

17 ‘
]’l)L (a)) :ZE / H()\t)ellwdt, )\.>0, welR

A simple computation gives

I (@) = 2 A
)= T A2+ w?
and, therefore,
/ h (w)dw =21 (17.104)

Proposition 17.2. If a function g : R, — R is absolutely integrable on [0, 00), that is,
/|g(t)|dt <oo, g)=0 for t <0
=0

and its Laplace transformation is G (p), then

1 o0
(g®hy) ()= o / g(w—y)h, (y)dy

(17.105)

17 .
- / H (1) G (i) ' dt
2

t=—00
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Proof. The simple application of Fubini’s reduction theorem 16.24 gives

| 00 00 - T
(g ®hy) (w)= - / g(w—y) / H (M) e™dt| dy
y=—00 t=—00 |
17 T ,
= — / H (At) / g(w—y)edy| dt
2w
t=—00 L y=—00 i
1 o0 o0 . B
= — / H (A1) / g (y) gy dt
2w
t=—00 L y=—00 |
=127 / H (M) €™ /g (y) e dy| dt
t=—00 y=0 |

17 .
= — / H (A1) €'°G (it) dt
2m

1=—00
]

Proposition 17.3. If a function g : R — R is bounded almost everywhere, that is, ess sup
|g (w)| < oo, and it is continuous at a point w, then

1

(& *h) () = —=
VI

g(@—=y)h, (y)dy — g (o) (17.106)

\8

=—00

as A — 0.

Proof. In view of (17.104) and by the dominated convergence theorem we have

(g *h) () — g (w)= / [g(@—y)—g(@)]h, (y)dy

X=—00

5~
=

1 [o]
== [ g@-»-s@lxha (F)dy
=\/12_7T / [g (w—As) — g (w)]hi=1 (s)ds > 0 as L — 0

O
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Corollary 17.13. For any p € [1, 00)

(g ®h) —gll, >0asr—0

The Plancherel theorem

445

One of the most important results of the Fourier transformation theory is the next

theorem.

Theorem 17.18. (Plancherel, around 1800) If f (t) € L, [0, oo) and its Laplace trans-
formation (17.73) is F (p) € H,,° then the following identity (known as Parseval’s

identity) holds:

oS 1/2
7= | [ 1f P
t=0
o0 1/2
1
= 1Flle, = | 7~ / F(jo)F~ (jo)dw
T
where F~ (s) := F (—s)

Proof. Recalling that f () = 0 for ¢ < 0, define the function
g = (reof)w

where f(x) := f (—x). Then

' 17
0= = / f(t—y)f(—y)dy=m/of(ﬂry)f(y)dy

y=-00

and, in view of (17.95), its Laplace transformation is

1
G(p) = ﬁF (p) F (=p)

®The exact definitions of the functional spaces L, [0, co) and H}, are given in Chapter 18.

(17.107)
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Indeed,

1 o0
_ pt
Lig)= _/Oe = /f(t+y)f(y)dy di

/e’p’f (t+y)det | dy
2o

t

1 7 T
== [ror| [err@yar|ay
\/Ey:() =0
= [rwer | [err@ar)a
\/2_): =0

1
= F(p)F (—
N (p) F (—p)

It is easy to see that g (x) is a continuous function. But it is also bounded since

1 o0 o0
lg ()| < —— / fP(x+ydy / 2 (»dy
\/E y=—00 y=—00

< 2(y)dy < 00
= 7 / S dy
Therefore, by Propositions 17.2 and 17.3, it follows that

1 o0
(85 h) O = 5 / H 00) G (i) de

w=—00

But

: _ _ 1 i 2 _ 1 2
lim (g % h,) (0) = g (0) = m/o 70y = 2= IfIE,



Complex analysis 447

and

17 7
lim — / H (\w) G (iv)dw = — / G(iw)dw
)L~>027'[ 27T

= w=—00

1 7 { 1 ) . ] 1 2
7/ ——F (i) F (—io) | do = — || F|1%,

2z 27 27
which completes the proof. (]

Corollary 17.14. If f(1), g (t) € L, [0, 00) and their Laplace transformation (17.73)
are F(p), G(p) € H,, then the following identity holds:

0 172
(f. &), = /f (g @)dt
t=0
LT 172 (17.108)
= (F, Gy, := 7 / F(jo)G™ (jo)dw
b4
where G~ (s) := G (—s)
Proof. It completely repeats the proof of the previous theorem. (I

17.4.2.3 Two-dimensional Fourier transformation
It is given by

l o0 o0 .
G(o,1) = > / / g (x,y)e O dx dy

3

y=-—

(17.109)

77 _
gx,y)=— / / G (o, 1) "™ do dt
2

O=—00 T=—00
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17.4.2.4 Both-side Laplace transformation

If we refuse assumption A2 (17.71) and in the Fourier transformation (17.103) make
the integration in the range (—oo, 00), we obtain the, so-called, both-side Laplace trans-
formation given by

oo a+ioco
1
F(p) = / f@e?dt, f@)= ey / F(p)edp (17.110)

17.4.2.5 Melline transformation
In (17.110) if we change p with (—p) and ¢ with In T, we get

< a+ioo
d 1
F(=p):= / f(lnr)e”l‘”—r, f(nt) = — / F(—p)e " dp
T 2mi
1==00 a—ioo

Defining g (r) := f (Int) and G(p) := F (—p) we obtain the, so-called, Melline trans-
Sformation:

oo a+ioo
1
G(p) = / cmyerdr, g(r) = —— [ EPy4, (17.111)
2ri ) TP

Denote this transformation by G(p) := M {g (7)}.
Claim 17.2. It is easy to check that
1.

Mg (7)) = G(f), @ >0 (17.112)

o

2.

[(M{z%g (1)} = G(p+ ) (17.113)
3.

a+ioco
M{f (@) g} = / F(g)G(p—q)dq (17.114)
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Mg@®}=-(p-DHG(p-1)

MAzg' (1)} = —pG(p) (17.115)

Mg (@} =(p+1)pGp)

This transformation turns out to be very useful for the solution of partial differential
equations of a heating type.

17.4.2.6 Hankel (Fourier—Bessel) transformation
Let us in (17.109) make the transformation to the polar coordinates, i.e., y = r sin ¢,
o = pcosf, T = psin6 which gives

7 T |
Gp.0)=5- | r / g (r, @) e 4o | iy
2
r=—00 p=—00
1 o) 2
g(rg)= - / o / G (p,0) "9 qg | dp
T
p=—00 6=0

Represent}rng g(r,p) as g(r,9) = e"g (r) (where n is an integer) and (¢ — 6) as
0 —0= E—i—t, we derive

9] 2
1 ) o
G (,O, 9) — 7eftn(0+7r/2) /g (r)r /ez(rpsmt—m) d[ dr
2
r=0 t=0
I o . :
Defining J, (z) := Ef’io cos (nt — zsint)dt, G, (p) = "G (p,H), we may
write
2
G, (p) = /g(r) Jo (rp)rdr (17.116)
=0

e s .
and, hence, substituting 6 — ¢ =t — — we obtain

00 2
g (r) = L / G, (p)p / ellno=0—m/2)+rpcos(p=0)] 19 dp
T

p=—00 6=0
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which, finally, implies

o0

g(r)= / G, (p) J, (rp) pdp (17.117)

p=—00

Formulas (17.116) and (17.117) are called the Hankel (Fourier—Bessel) transformation. It
is frequently used for the solution of the partial differential equation describing potential
electric two-dimensional fields.
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In Chapter 14 important concepts were introduced such as

1. Lineality of a space of elements;

2. Metric (or norm) in a space;

3. Compactness, convergence of a sequence of elements and Cauchy sequences;
4. Contraction principle.

As examples we have considered in detail the finite dimensional spaces R* and C”
of real and complex vectors (numbers). But the same definitions of lineality and norms
remain true if we consider as another example a functional space (where an element is
a function) or a space of sequences (where an element is a sequence of real or complex
vectors). The specific feature of such spaces is that they are all infinite dimensional. This
chapter deals with the analysis of such spaces which is called “functional analysis”.

Let us introduce two important additional concepts which we will use below.

Definition 18.1. The subset V of a linear normed space X is said to be dense in X if its
closure is equal to X.

This property means that every element x € X may be approximated as closely as we
like by some element v € V, that is, for any x € X and any ¢ > 0 there exists an element
v € V such that ||x —v|| < &.

All normed linear spaces have dense subsets, but they need not be obligatory countable
subsets.

Definition 18.2. A normed linear space X is said to be separable if it contains at least
one dense subset which is countable.

The separable spaces have special properties that are important in different applications.
In particular, denoting the elements of such countable subsets by {e;},_; . it is possible
to represent each element x € X as the convergent series

451
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=3 te (18.1)
i=1

where the scalars & € R are called the coordinates of the element x in the basis {e;};—; . .

18.1 Linear and normed spaces of functions
Below we will introduce examples of some functional spaces with the corresponding

norm within. The lineality and main properties of a norm (metric) can be easily verified
that is why we leave this for the reader as an exercise.

18.1.1 Space m,, of all bounded complex numbers

Let us consider a set m of sequences x := {x;};2, such that

x; € C"  and sup x| < o0 (18.2)

where || x;|| := \/Zle X;sX;s and introduce the norm in m as

llxl := sup [lx:l (18.3)

18.1.2 Space I}, of all summable complex sequences

By definition

00 1/p
Io= S x={x) [ xeC, xly = (Z ||x,-||"> < o0 (18.4)
i=1

18.1.3 Space C [a, b] of continuous functions

It is defined as follows

Cla,b]:= {f ()| f  is continuous for all ¢t € [a, b],

(18.5)
f@®| < oo}

= max
I Wl .y refa.b]

18.1.4 Space C* [a, b] of continuously differentiable functions

It contains all functions which are k-times differentiable and the kth derivative is
continuous, that is,
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C*la, b] := {f (1) | f®  exists and is continuous
(18.6)

k
forall 1 €f[a,b], |fllcean = Ztrergnz] |f(i) (t)| < oo}
i=0 '

18.1.5 Lebesgue spaces L, [a,b] (1 < p < 00)

For each 1 < p < oo it is defined by the following way:

b
Lyla.b] =14 f():[a,b] > C]| /If(t)l”dt <0
1=a
(here the integral is understood in the Lebesgue sense),

(18.7)

1/p

b
1A, = /If(t)l”dt

Remark 18.1. Sure, here functions f (t) are not obligatory continuous.

18.1.6 Lebesgue spaces Lo, [a, b]

It contains all measurable functions from [a, b] to C, namely,

Ly la,b] = {f(t):[a,b]—>(C|
(18.8)
| flle :=esssup |f (2)] < oo}

tela,b)

18.1.7 Sobolev spaces SL (G)

It consists of all functions (for simplicity, real valued) f (¢) defined on G which have
p-integrable continuous derivatives f@ (t) (i = 1,...,[), that is,

S,(G)=qf®):G->Rl<oco (i=1,...,])

(the integral is understood in the Lebesgue sense), (18.9)
; I/p
i p
Il i= | [1rora+y [1roo) a
teG =licG

More exactly, the Sobolev space is the completion (see definition below) of (18.9).
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18.1.8 Frequency domain spaces I*¥, R Lk apd R

By definition
1. The Lebesgue space ]L'I';X" is the space of all p-integrable complex matrices, i.e.,

Lnk = JF :C— C"* |

l/p

00 (18.10)
1

e / (r{F (jo) F~ (jo))"'do | < o0

Ww=—00

(here F~ (jw):=FT(—jw))

2. The Lebesgue space RL’;’”‘ is the subspace of IL/I’}X" containing only complex matrices
with rational elements, i.e., in

F= [P o

i=1,m;

each element F; ; (s) represents the polynomial ratio

a?j—ka,.lfs—}— —}—ap"p"

Si >J

Fij(s) =
j() b?1+b,1]s+ b?’/ lqu/ (1811)

pi,j and g¢;; are positive integers

Remark 18.2. If p; ; < q; ; for each element F;; of (18.11), then F (s) can be inter-
preted as a matrix transfer function of a linear (finite-dimensional) system.

3. The Lebesgue space L"** is the space of all complex matrices bounded (almost
everywhere) on the imaginary axis elements, i.e.,

Lmxk .= {F :C — Cmrh

| Fllpma == ess sup A2 LF () F~ (s)}} (18.12)

max
s:Res>0

= esssup A2 {F (jo) F~ (jw)} < 00

max
we(—00,00)

(the last equality may be regarded as the generalization of the maximum modulus
principle 17.10 for matrix functions).

4. The Lebesgue space R]LZ’OX]‘ is the subspace of L”** containing only complex matrices
with rational elements given in the form (18.11).

18.1.9 Hardy spaces HI*, RH"*, H* and RH*

The Hardy spaces H’”Xk RH"’X" H”*k and RH">* are subspaces of the corresponding
Lebesgue spaces IL’]’,’X" RL';}X" ]L’"Xk and RLW" containing complex matrices with only
regular (holomorphic) (see Def1n1t10n 17.2) elements on the open half-plane Re s > 0.
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Remark 18.3. If p; ; < q;; for each element F;; of, then F (s) € RHZ‘X" can be inter-
preted as a matrix transfer function of a stable linear (finite-dimensional) system.

Example 18.1.

1 1-—
€ RL, := RL!*, Y € RL, := RLY!
2—5 — S
1 1x1 l—s I1x1
€ HL, := HL,"", € RH,, := RH_]
245 245
e*S e*.?
cl, := ]L,IXI, € H, := H*!
2—5 ? 2 245 : 2
1-— 1-—
e €Ly = L, e S eH, = H X!
2—3s 245

18.2 Banach spaces
18.2.1 Basic definition

Remember that a linear normed (topological) space X is said to be complete (see
Definition 14.14) if every Cauchy (fundamental) sequence has a limit in the same space X
The concept of a complete space is very important since even without evaluating the limit
one can determine whether a sequence is convergent or not. So, if a metric (topological)
space is not complete it is impossible to talk about a convergence, limits, differentiation
and so on.

Definition 18.3. A linear, normed and complete space is called a Banach space.

18.2.2 Examples of incomplete metric spaces

Sure, not all linear normed (metric) spaces are complete. The example given below
illustrates this fact.

Example 18.2. (of a noncomplete normed space) Let us consider the space CL [0, 1]
of all continuous functions f : [0, 1] — R which are absolutely integrable (in this case,
in the Riemann sense) on [0, 1], that is, for which

1
I fllerpoqy == / |f @®)|dt < oo (18.13)

t=—1

Consider the sequence { f,,} of the continuous functions

__Jnr if te]0,1/n]
=01 i ey ]
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Then for n > m

1
1y = Fulleson = / o () = fuOldi

t=0

1/n 1/m 1
=/|nt—mt|dt~|— / [1 —mt|dt + / [1—1|dt

=0 t=1/n t=1/m

(n—m) (A—m/n)> 1,1 1
T om —2<m‘n)*°

as n,m — 0. So, {f,} is a Cauchy sequence. However, its pointwise limit is

1 if 0<t<1
I‘lt
EO= 00y o

In other words, the limit is a discontinuous function and, hence, it is not in CL [0, 1].
This means that the functional space CL [0, 1] is not complete.

Example 18.3. By the same reason, the spaces CL, [0, 1] (the space of continuous and
p-integrable functions) are not complete.

18.2.3 Completion of metric spaces

There exist two possibilities to correct the situation and to provide the completeness
property for a linear normed space if initially some is not complete:

e try to change the definition of a norm;
e try to extend the class of considered functions (it was suggested by Cauchy).

18.2.3.1 Changing of a norm

To illustrate the first approach related to changing of a norm let us consider again the
space of all functions continuous at the interval [0, 1], but instead of the Lebesgue norm
(18.13) we consider the Chebyshev type norm || fll¢(, s as in (18.5). This means that
instead of the space CL [0, 1] we will consider the space C [a, b] (18.5). Evidently, that
this space is complete, since it is known that uniform convergent sequences of continuous
functions converge to a continuous function. Hence, C [a, b] is a Banach space under
this norm.

Claim 18.1. By the same reasons it is not difficult to show that all spaces C* [a, b] (18.6)
are Banach.

Claim 18.2. The spaces L,[a,b] (1 < p < 00) (18.7), Lo [a, b] (18.8), }L'["‘Xk (23.19)
and L"** (18.12) are Banach too.
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18.2.3.2 Completion

Theorem 18.1. Any linear normed space X with a norm | x||x can be considered

as a linear manifold which is complete in some Banach space X. This space X is called
the completion of X.

Proof. Consider two fundamental sequences {x,} and {x;} with elements from X'. We
say that they are equivalent if ||x, —x,|| — 0 as n — oo and we will write {x,} ~ {x]}.
The set of all fundamental sequences may be separated ( factorized) at noncrossed classes:
{x,} and {x} are included in the same class if and only if {x,} ~ {x,}. The set of all

such classes &; we denoted by X. So,

X=|]x, xnx =0
U izj

Let us make the space X a normed space. To do that, define the operation of summing of
the classes X; by the following manner: if {x,} € &; and {y,} € X then class (X,« + X j)
may be defined as the class containing {x, + y,}. The operation of the multiplication by
a constant may be introduced as follows: we denoted by AX; the class containing {Ax,}
if {x,} € A&;. It is evident that X is a linear space. Define now the norm in X as

11 := Hm flx,lly (fxa} € A7)

It easy to check the norm axioms for such norm and to show that

(a) X may be considered as a linear manifold in X

(b) X is dense in &, i.e., there exists {x,} € X such that ||x, — X;||x, — 0 asn — oo
fgr some X; € X;

(c) X is complete (Banach).

This completes the proof. O

This theorem can be interpreted as the following statement.

Corollary 18.1. For any linear norm space X there exists a Banach space X and a
linear, injective map T : X — X such that T (X) is dense in X and forallx e X

ITxlx = llxllx

18.3 Hilbert spaces
18.3.1 Definition and examples

Definition 18.4. A Hilbert space H is an inner (scalar) product space that is complete
as a linear normed space under the induced norm

]IIzIIH = m\ (18.14)
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Example 18.4. The following spaces are Hilbert

1. The space I} of all summable complex sequences (see (18.4) for p = 2) under the
inner product

(X, )y =D xidi (18.15)
i=1

2. The Lebesgue space L, [a, b] of all integrable (in Lebesgue sense) complex functions
(see (18.7) for p = 2) under the inner product

b

6 V) Lyfan) = /x(t)&(t) dt (18.16)

t=a

3. The Sobolev’s space S (G) of all | times differentiable on G quadratically integrable
(in Lebesgue sense) complex functions (see (18.9) for p = 2) under the inner product

Lydd
(x, Vs ) = <Ax,Ay> (18.17)
Sl’(G) Z dtl dtt Lola.b]

i=0

4. The frequency domain space 1.;* of all p-integrable complex matrices (23.19) under
the inner product

[0

o, Y 1= /tr{X(jw)Y”(jw)}dw (18.18)

w=—00

5. The Hardy spaces Hy>** (the subspace of 12>* containing only holomorphic in the

right-hand semi-plan C* := {s € C |Res > 0} functions) under the inner product
(18.18).

18.3.2 Orthogonal complement

Definition 18.5. Let M be a subset of a Hilbert space H, i.e., M C H. Then the
distance between a point x € ‘H and M is defined by

px, M) = ylen/l; lx — vl (18.19)

The following claim seems to be evident.

Claim 18.3. If x € M, then p(x, M) = 0. If x ¢ M and M is a closed set (see
Definition 14.7), then p (x, M) > 0.
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Corollary 18.2. If M C H is a closed convex set and x ¢ M, then there exists a unique
element y € M such that p (x, M) = |lx — y].

Proof. Indeed, suppose that there exists another element y* € M such that
px, M)y=lx=yll=lx—yI:=d

Then

4> =2x = yI> + 2 lIx — y*I°

2

> llx = y*I? +4inf [lx =y

. y+y
=llx—y > +4 X

> |lx — y*I* + 4d®
which gives [|x — y*||2 < 0, or, equivalently, y = y*. O
Corollary 18.3. If M C H is a subspace of H (this means that it is a closed convex

linear manifold in H) then for any x € H there exists a unique element x, € M such
that

p(r, M) = inf flx — yll = [lx — xdl (18.20)
yeM

This element xq € M is called the orthogonal projection of the element x € H onto
the subspace M C H.

Lemma 18.1. Let p (x, M) = ||x — x| where M is a subspace of a Hilbert space H
with the inner product (x,y),,. Then (x —xaq) L M, that is, for any y € M

[ (r =X, )3 =0 (18.21)

Proof. By the definition (18.20) for any A € C (here xp, + Ay € M) we have
lx = Gt + A0 = lx — xpmql

which implies
(=X Vg A (3, X = )y + AR YIP 2 0

2
w one has _M > 0 which leads to the equality

Iyl? Iyl?
(* —xan, ¥)y = 0. Lemma is proven. (I

Taking A = —
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Definition 18.6. If M is a subspace of a Hilbert space H then the orthogonal comple-
ment M* is defined by

L= {x e H(x, )y =0 forall yeM} (18.22)

It is easy to show that M is a closed linear subspace of # and that H can be uniquely
decomposed as the direct sum

H=Meo M (18.23)

This means that any element x € H has the unique representation

X =X+ XL (18.24)

where x s € M and x . € M* such that ||x|* = [lxall® + x|’

Theorem 18.2. Let M be a subspace of a Hilbert space H. M is dense in H if and only
if M+ ={0}.

Proof.

(a) Necessity. Let M be dense in H. This means that M = 7{. Assume that there exists
Xo € H such that xo L M. Let {y,} C M and y, — y € H. Then 0 = (y,, xo) —
(y, xo) = 0 since M is dense in H. Taking y = x, we get that (xg, xo) = 0 which
gives xo = 0.

(b) Sufficiency. Let M+ = {0}, that is, if (y,x,) = 0 for any y € M, then x, = 0.
Suppose that M is not dense in . This means that there exists xo ¢ M. Then by
the orthogonal decomposition xy = y, + zo where y, € M and z, € (/\/l) = M*.
Here zy # 0 for which (zo, y),, =0 forany y € M. By the assumption such element
zo = 0. We get the contradiction. Theorem is proven. N

18.3.3 Fourier series in Hilbert spaces

Definition 18.7. An orthonormal system (set) {¢,} of functions in a Hilbert space H is
a nonempty subset {¢p, | n > 1} of H such that

1 if n=m

<¢n’ ¢m>’}-[ = 8}1,m = {0 l](‘ n 75 m (1825)

1. The series Zzil ¢, is called the series in H with respect to the system {¢,} (18.25);
2. For any x € H the representation (if it exists)

X)) =Y, (©) (18.26)

n=1

is called the Fourier expansion of x with respect to {¢,}.
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Lemma 18.2. In (18.26)

(18.27)

Proof. Pre-multiplying (18.26) by ¢, and using (18.25) we find

(6, Bda = D o (Dis )y = Y Ubin =

n=1 k=1

which proves (18.27). Lemma is proven. d

Corollary 18.4. (The Parseval equality)

el = e, du)gel? (18.28)

n=1

Proof. It follows from the relation

i
[M]e

T m

D 0 D)3 O B (Dus D)

I
[M]e

)C ¢n X ¢m> n.m — Z |<X, ¢n>7—[|2
n=1

n=1l m

Example 18.5.

1. Classical Fourier expansion. In H = L, [0, 1] the corresponding orthogonal basis

{pn} is

{6} = {1, V2sin 2rnt), ~2cos 2rnt), n > 1}

which implies

x(t) =ag+ \/QZ a, sin 2mnt) + \/EZ b, cos 2mnt)

n=1 n=1

where

ap= [ x(@)dt, a, = x(t)\/zcos (2mnt) dt

L0 _
L0 _

t

1
b, = /x(t)fzsin (nt) dt

=0
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2. Legendre expansion. In H =L, [0, 1] the corresponding orthogonal basis {¢,} is
{#u} = {pu} where

1 d*

o k

18.3.4 Linear n-manifold approximation

Definition 18.8. The collection of the elements

w,=Y apeM, ¢eC (k=1 (18.29)

k=1

is called the linear n-manifold generated by the system of functions {¢y};_1.

Theorem 18.3. The best L,-approximation of any elements x € H by the element u,
from the n-manifold (18.29) is given by the Fourier coefficients c;, = ay (18.27), namely,

n 2 n 2
inf |x =Y ad| =|x=) ah (18.30)
ckk=1,n =1 L, =1 L,
Proof. Tt follows from the identity
n 2
Ix — w7, = ||x = > a
k=1 L,
o0 n 2
=Dt ()=
n=1 k=1 L,
o0 n
2 2 2 2
= > ol lgell7, + D low — el lgill7,
k=n+1 k=1
which reaches the minimum if ¢; = o (cx : k = 1, n). Theorem is proven. O

18.4 Linear operators and functionals in Banach spaces
18.4.1 Operators and functionals

Definition 18.9.

1. Let X and Y be linear normed spaces (usually either Banach or Hilbert spaces)
and T : D — Y be a transformation (or operator) from a subset D C X to ).
D =D (T) is called the domain (image) of the operator T and values T (D) constitute
the range (the set of possible values) R (T) of T. If the range of the operator T is
finite-dimensional then we say that the operator has finite range.
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[\S)

. If Y is a scalar field F (usually R) then the transformations T are called functionals.
3. A functional T is linear if it is additive, i.e., for any x,y € D

]T(x+y)=Tx+Ty\

and homogeneous, i.e., for any x € D and any . € F

T (Ax) =ATx

4. Operators for which the domain D and the range T (D) are in one-to-one correspon-
dence are called invertible. The inverse operator is denoted by T™' : T (D) — D, so
that

D 2T (T (D))

Example 18.6.
1. The shift operator Ty, : I') — I} defined by

Topxi = Xiq

foranyi=1,2,....
2. The integral operator T, : L, [a, b] — R defined by

b
T, f = /f(t)g(t)dt

forany f, g € L, [a, b].
3. The differential operator T, : D (T) = C![a, b] — C [a, b] defined by

d
T.f = Ef(t)

forany f € C'[a,b) and any t € [a, b].

It is evident in the following claim.

Claim 18.4.

1. T is invertible if and only if it is injective, that is, Tx = 0 implies x = 0. The set
{x € D | Tx = 0} is called the kernel of the operator and denoted by

’kerT::{xeDlTx:O}‘

So, T is injective if and only if ker T = {0}.
2. If T is linear and invertible then T~ is also linear.
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18.4.2 Continuity and boundedness

18.4.2.1 Continuity
Definition 18.10.

1. Let T : D(T) — Y be a map (operator) between two linear normed spaces X (with
a norm |||l x) and Y (with a norm |-||y,). It is said to be continuous at x, € X if,
given € > 0, there exists a § = 6 (¢) > 0 such that |T (x) — T (xo)lly < & whenever
lx —xollx <.

2. T is semi-continuous at a point x, € X if it transforms any convergent sequence
{x.} € D(T), x, = x9, n = o0 into a sequence {T (x,)} C R (T) weakly convergent
to T (xg), ie, |T (x,) = T (x0)]| = 0 when n — o0.

3. T is continuous (or semi-continuous) on D (T) if it is continuous (or semi-continuous)
at every point in D (T).

Lemma 18.3. Ler X and Y be Banach spaces and A be a linear operator defined at X.
If A is continuous at the point 0 € X, then A is continuous at any point xy € X.

Proof. This result follows from the identity Ax — Axg = A (x — xp). If x — Xxp, then
z:=x — xo — 0. By continuity at zero Az — 0 that implies Ax — Axo, — 0. Lemma is
proven. (]

So, a linear operator A may be called continuous if it is continuous at the point
Xo = 0.
18.4.2.2 Boundedness
Definition 18.11.

1. A linear operator A : D (A) C X — Y between two linear normed spaces X (with
a norm |-\ x) and Y (with a norm ||-|ly,)) is said to be bounded if there exists a real
number ¢ > 0 such that for all x € D (A)

lAx]ly < clixllx (18.31)

The set of all bounded linear operators A : D (A) C X — Y is usually denoted by
LX,)).

2. A linear operator A : D(A) C X — )Y is called a compact operator if it maps any
bounded subset of X onto a compact set of ).

3. The induced norm of a linear bounded operator A : D(A) C X — Y may be
introduced as follows

| Ax||
|All ;= sup Y=  sup  [Axly (18.32)

xeDA), x£0 Xl xeD(A), Ixlx=1

(here it is assumed that if D (A) = {0} then by definition ||A|| = 0 since A0 = 0).

It seems to be evident that the continuity and boundedness for linear operators are
equivalent concepts.
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Claim 18.5. A linear operator A : D(A) C X — Y is continuous if and only if it is
bounded.

Example 18.7.

1. If B = (Z
ij=1

1/q
a;j q) < 00 (g > 1), then the “weighting” operator A defined by

y=Ax = ayx; (18.33)

making from I, to I, (p~' +q~' =1) is linear and bounded since by the Hélder

inequality (16.134)
00 00 o) q/p
=3 (Shr) (1)

j=1

A} = Z

i=1

00 q/p
=p (Z |xj|”> =B lIxIlf

j=1

E :a,ij

2. IfB = th:a f:’:a |K (x,s)|?ds dx < oo, then the integral operator A : X = L, [a, ]
— YV =L,[a.b]=Y (p~' +q7' = 1) defined by

b

y=Af:= / K (x,5) f(s)ds (18.34)

sS=a

is linear and bounded since by the Holder inequality (16.134)

b b 9

VAL oy = / / K (x,5) f (5)ds| dx

X=a |s=a

b b b q/p
5/ /|K<x,s)|qu /If(s)l”ds dx = BII o

3. If B := max fo:o lay (t)] < oo, then the differential operator A : D C X = C*[a, b]
teD
— Y = Cla, b] = Y defined by

1
Y=Af =) a, (1) £ (1) (18.35)

a=0
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is linear and bounded since

||Af||c[g,b] ‘= max
teD

!
> aw () £ )
a=0

l /
5?%<§]%anz]ﬂ”m0§ﬁwmﬂm
€ a=0

a=0

18.4.2.3 Sequence of linear operators and uniform convergence
It is possible to introduce several different notions of a convergence in the space of
linear bounded operators £ (X, ))) acting from A" to ).

Definition 18.12. Ler {A,} C L(X,)) be a sequence of operators.

1. We say that
e A, uniformly converges to A € L(X,)) if |A, — Al = 0 whenever n — .
Here the norm |A,, — A|| is understood as in (18.32);
o A, strongly converges to A € L(X,)) if |A,f — Aflly — 0 whenever n — oo
forany f € X.
2. If the operator A is dependent on the parameter a € A, then
e A (@) is uniformly continuous at o € A, if

A@ = A@)| >0 as o> a]

e A () is strongly continuous at ay € A, if forall f € X

1A @) f—A@) flly >0 as a— )

In view of this definition the following claim seems to be evident.

Claim 18.6. A, uniformly convergesto A € L (X,)) ifand only if A, f — Af uniformly
on feXintheball ||f|l, < 1.

Theorem 18.4. If X is a linear normed space and Y is a Banach space, then L (X,)))
is a Banach space too.

Proof. Let {A,} be a fundamental sequence in the metric of £ (X, )), that is, for any
& > 0 there exists a number ny = ng (¢) such that for any n > ny and any natural p we
have HA,,Jr »— AH < ¢&. Then the sequence {A,, f} is also fundamental. But ) is complete,
and, hence, {A, f} converges. Denote y := lim A, f. By this formula any element f € X
is mapped into an element of ), and, heﬁgeio it defines the operator y = Af. Let us
prove that the linear operator A is bounded (continuous). First, notice that {||A,]|} is also
fundamental. This follows from the inequality ||| A, 1, — [|A.ll | < [|Assp — A,ll. But it
means that {||A, ]|} is bounded, that is, there exists ¢ > 0 such that ||A,| < c for every
n > 1. Hence, ||A, f|l < c| fll. Taking the limit in the right-hand side we obtain ||Af ||
< c || f || which shows that A is bounded. Theorem is proven. O
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18.4.2.4 Extension of linear bounded operators
Bounded linear operators that map into a Banach space always have a unique extension
to the closure of their domain without changing of its norm value.

Theorem 18.5. Let A : D(A) C X — Y be a linear bounded operator (functional)
mapping the linear normed space X into a Banach space Y. Then it has a unique bounded
extension A : D (A) — Y such that

1. Af = Af for any f € D (A);

2. | Al = IIAlL

Proof. If f € D (A), put Af = Af. Let f € X, but x ¢ D (A). By the density of
D (A) in X, there exists the sequence {f,} C D (A) converging to x. Put Af = lim Af,.
Let us show that this definition is correct, namely, that the limit exists and it ’Zl_o);os not
depend on the selection of the convergent sequence {f,}. The existence follows from
the completeness property of Y since ||Af, — Afull < Al Il f» — full . Hence, V}LrgoAﬁl
exists. Supposing that there exists another sequence { fn’} C D (A) converging to f we
may denote a := lim Af, and b := lirrolo Af;. Then we get

n—oo

la =bll < lla — Afl + [|Af. — Af;

+[laf; =5l = 0

But [|Af,ll < IIAIlll £l that for n — oo implies ||Af|| < IIAll || £]l or, equivalently,

||/1H < ||A]l. We also have ||A~H = sup ||A~fH > sup ||A~fH = ||A]l. So, we
B IAle<t" FEDA), Ifllx =1

have HAH = ||A||. The linearity property of A follows from the linearity of A. Theorem

is proven. (]

Definition 18.13. The operator A constructed in Theorem 18.5 is called the extension
of A to the closure D (A) of its domain D (A) without increasing its norm.

The principally more complex case arises when D (A) = X. The following important
theorem says that any linear bounded functional (operator) can be extended to the whole
space X without increasing into a norm. A consequence of this result is the existence of
nontrivial linear bounded functionals on any normed linear space.

Theorem 18.6. (The Hahn—-Banach theorem) Any linear bounded functional A : D (A)
C X — Y defined on a linear subspace D (A) of a linear normed space X can be
extended to a linear bounded functional A defined on the whole X with the preservation
of the norm, i.e., Af = Af for any f € D (A) such that ||AH = | A].

Proof. Here we present only the main idea of the proof.
(a) If X is separable, then the proof is based on Theorem 18.5 using the following

lemma.

Lemma 18.4. Let X be a real normed space and L a linear manifold in X where there
is defined a linear functional A. If fo ¢ Land L1 :={f +tfo | f € L, t € R} is a linear
manifold containing all elements f + tf,, then there exists a linear bounded functional
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A defined on Ly such that it coincides with A on L and preserving the norm on L,
namely, [|A]l = ||A]l.

Then, since A’ is separable, there exists a basis {f,},.; such that we can construct the
sequence of s-manifolds

;Cszl = {Z)\.,ﬁ | ﬁ S X, A‘i ER}

i=1

connected by L1 = L + {fus1}, Lo := . Then we make the extension of A to each
of the subspaces L~ based on the lemma above. Finally we apply Theorem 18.5 to the
space X =<U1£S using the density property of X.

(b) In general, the proof is based on Zorn’s lemma (see Yoshida (1979)). ]

Corollary 18.5. Let X be a normed (topological) space and x € X, x # 0. Then there
exists a linear bounded functional f, defined on X, such that its value at any point x is
equal to

[f @)= f) = lIxl] (18.36)
and
Ifll:== sup (x,f)=1 (18.37)
xeD(f),lxlI=1
Proof. Consider the linear manifold £ := {rx}, t € R where we define f as follows:
(tx, f) = t|x]||. So, we have (x, f) = ||x]|. Then for any y = tx it follows |(y, )| =
[t] - |lx|l = lltx|| = ||yll. This means that || f|| = 1 and completes the proof. O

Corollary 18.6. Let in a normed space X there be defined a linear manifold L and the
element xy ¢ L having the distance d up to this manifold, that is, d = }1612 [[x — xoll.
Then there exists a linear functional f defined on the whole X such that

1. (x, f)=0forany x € L

2. {xo, f) =1

3o Afl=1/d

Proof. Take L, := L + {x¢}. Then any element y € L, is uniquely defined by
y = x + txo where x € £ and ¢t € R. Define on £; the functional f :=¢. Now, if y €
L, then t = 0 and (y, f) = 0. So, statement 1 holds. If y = x,, then # = 1 and, hence,
(x0, f) = 1 which verifies statement 2. Finally,

L Y B
D E ]
t

Ky, il = ltl =
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which gives || f|| < 1/d. On the other hand, by the “inf” definition, there exists a sequence
{x,} € L such that d = lim ||x, — x¢||. This implies

I = (xo—xu, ) = llxu —x0ll - I £l

Taking limit in the last inequality we obtain 1 < d || f|| which gives || f| > 1/d.
Combining both inequalities we conclude the statement 3. Corollary is proven. (]

Corollary 18.7. A linear manifold L is not dense in a Banach space X if and
only if there exists a linear bounded functional f # 0 such that {(x, f) = 0 for
any x € L.

Proof.

(a) Necessity. Let £ # X. Then there exists a point xo, € X such that the distance
between x, and L is positive, namely, p (xg, £) = d > 0. By Corollary 18.6 there
exists f such that (xq, f) = 1, thatis, f # 0 but (x, f) = 0 for any x € L.

(b) Sufficiency. Let now £ = X. Then for any x € X, in view of the density property,
there exists {x,} € £ such that x, — x when n — oo. By the condition that there
exists f # 0, = 0 for any x € L, we have (x, f) = lim (x,, f) = 0. Since x is
arbitrary, it follows that f = 0. Contradiction. Corollar; Tswproven.

O

Corollary 18.8. Let {x;}] be a system of linearly independent elements in a normed
space X. Then there exists a system of linear bounded functionals { f}|, defined on the
whole X, such that

(G i) =8u Gk l=1,....m)] (18.38)

These two systems {x;}| and { fi}| are called bi-orthogonal.

Proof. Take x; and denote by L, the linear span of the elements x,, ..., x,. By linear
independency, it follows that p (x;, L;) > 0. By Corollary 18.6 we can find the linear
bounded functional f; such that (x, f1) = 1, (x, fi) = 0 on L,. Iterating this process
we construct the desired system { f;}7. O

18.4.3 Compact operators

In this subsection we will consider a special subclass of bounded linear operators
having properties rather similar to those enjoyed by operators on finite-dimensional
spaces.

Definition 18.14. Let X and Y be normed linear spaces. An operator A € L(X,)) is
said to be a compact operator if A maps a bounded set of X onto relative compact sets
of Y, that is, A is linear and for any bounded sequence {x,} in X the sequence {Ax,}
has a convergence subsequence in ).
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Claim 18.7. Let X and ) be normed linear spaces and A : X — Y be a linear operator.

Then the following assertions holds:

(a) If A is bounded, that is, A € L(X,)) and dim (Ax) < oo, then the operator A is
compact.

(b) If dim (X) < oo, then A is compact.

(c) The range of A is separable if A is compact.

(d) If{A,} is a sequence of compact operators from X to Banach space ) that converges
uniformly to A, then A is a compact operator.

(e) The identity operator I on the Banach space X is compact if and only if dim (X) < oo.

(f) If A is a compact operator in L (X, )) whose range is a closed subspace of Y, then
the range of A is finite-dimensional.

Proof. 1t can be found in Rudin (1976) and Yoshida (1979). ]

Example 18.8.
X2 X3

I. Let X =1, and A : I, — I, be defined by Ax = (xl, TRER

.. ) Then A is compact.
Indeed, defining A, by

Ax = (x L b all 0,0 )
n . 1’2’3’.”’71’ s Uy oee
we have
= 1 flx1?
|Ax — A,x|* = — |x|* <
kg;l k2 (n+1)*

and, hence, |A — A,|| < (n + 1)"". This means that A, converges uniformly to A and,
by the previous claim (d), A is compact.

2. Let k(t,s) € L, ([a,b] x [a,b]). Then the integral operator K : L ([a,b]) —

L, ([a, b]) defined by (Ku) (1) = ff:ak(t, s)u (s)ds is a compact operator (see
Yoshida (1979)).

Theorem 18.7. (Approximation theorem) Let ® : M C X' — ) be a compact operator
where X, Y are Banach spaces and M is a bounded nonempty subset of X. Then for
everyn = 1,2, ... there exists a continuous operator ®, : M — Y such that

sup |® (x) — @, (x)|| <n~' and dim (span &, (M)) < oo (18.39)
xeM

as well as ®, (M) C co ® (M) — the convex hull of ® (M).

Proof. (see Zeidler (1995)). For every n there exists a finite (2n)'-net for A (M) and
elements u; € ® (M) (j =1, ..., J) such that for all x € M

lrsr}inj @ (x) —u;|| < @n)~"
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Define for all x € M the, so-called, Schauder operator A, by

J J -1
D, (x) =Y a; (X)u; <Zaj (x))
j=1 j=1

where

a; (x) :=max {n~" —||® (x)

are continuous functions. In view of this A, is also continuous and, moreover,

J -1
o)
j=1

J J -1
Z () [[ (= 0 0) | (Zaju))

j=1

||CD(X)—CDn (x)”:q)n (x) = Zaj (X) _q:)n ()C)

J J -1
Z (x)n! (Zaj (x)) =n!

j=1

Theorem is proven. ]

18.4.4 Inverse operators

Many problems in the theory of ordinary and partial differential equations may be
presented as a linear equation Ax = y given in functional spaces X and ) where
A : X — Yis alinear operator. If there exists the inverse operator A~! : R (A) — D (A),
then the solution of this linear equation may be formally represented as x = A~'y.
So, it seems to be very important to notice under which conditions the inverse operator
exists.

18.4.4.1 Set of nulls and isomorphic operators
Let A: X — )Y be a linear operator where A and ) are linear spaces such that

D(A) C X and R (A) C ).

Definition 18.15. The subset N' (A) C D (A) defined by

]/\/(A) ={xeD(A) | Ax = 0}\ (18.40)

is called the null space of the operator A.

Notice that
1. N (A) # @ since 0 € N (A).
2. N (A) is a linear subspace (manifold).

Theorem 18.8. An operator A is isomorphic (it transforms each point x € D (A) only
into a unique point y € R (A)) if and only if N (A) = {0}, that is, when the set of nulls
consists only of the single 0-element.
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Proof.

(a) Necessity. Let A be isomorphic. Suppose that N (A) # {0}. Take z € N (A) such
that z # 0. Let also y € R (A). Then the equation Ax = y has a solution. Consider
a point x* + z. By lineality of A it follows A (x* + z) = y. So, the element y has
at least two different images x* and x* + z. We have obtained the contradiction to
isomorphic property assumption.

(b) Sufficiency. Let N (A) = {0}. But assume that there exist at least two x1, x, € D (A)
such that Ax; = Ax, = y and x; # x,. The last implies A (x; — x,) = 0. But this
means that (x; — x;) € N (A) = {0}, or, equivalently, x; = x,. Contradiction. 0

Claim 18.8. Evidently,

e if a linear operator A is isomorphic then there exists the inverse operator A~';
o the operator A~ is a linear operator too.

18.4.4.2 Bounded inverse operators
Theorem 18.9. An operator A~ exists and, simultaneously, is bounded if and only if
the following inequality holds

|Ax]l = m ||l x| (18.41)
for all x € D (A) and some m > 0.

Proof.

(a) Necessity. Let A™' exists and be bounded on D (A~') = R (A). This means that
there exists ¢ > 0 such that for any y € R (A) we have HA"yH < c||y|l. Taking
y = Ax in the last inequality, we obtain (18.41).

(b) Sufficiency. Let now (18.41) hold. Then if Ax = 0 then by (18.41) we find that
x = 0. This means that A/ (A) = {0} and by Theorem 18.8 it follows that A~ exists.
Then taking in (18.41) x = A~'y we get ||A‘1yH <m~'|y| forall y € R (A) which
proves the boundedness of A~!. |

Definition 18.16. A linear operator A : X — ) is said to be continuously invertible if
R(A) =Y, A is invertible and A™" € L (X)) (that is, it is bounded).

Theorem 18.9 may be reformulated in the following manner.

Theorem 18.10. An operator A is continuously invertible if and only if R (A) = ) and
for some constant m > 0 the inequality (18.41) holds.

It is not so difficult to prove the following result.

Theorem 18.11. (Banach) If A € L (X,)) (that is, A is linear bounded), R (A) = Y
and A is invertible, then it is continuously invertible.

Example 18.9. Let us consider in C [0, 1] the following simplest integral equation
1

(Ax) (1) :=x (1) — / tsx (s)ds =y (t) (18.42)

s=0
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The linear operator A : C[0,1] — C [0, 1] is defined by the left-hand side of (18.42).
Notice that x (t) = y(t) 4+ ct, where ¢ = f;:o sx (s)ds. Integrating the equality

sx (s) = sy(s) + cs? on [0, 1], we obtain ¢ = %f;o sy (s)ds. Hence, for any y (t)
in the right-hand side of (18.42) the solution is x (t) = y(t) + %fYI:O tsy (s)ds =
(A_ly) (¢). Notice that A~! is bounded, but this means by definition that the operator A
is continuously invertible.

Example 18.10. Let y (t) and a; (t) (i =1, ..., n) be continuous on [0, T]. Consider the
following linear ordinary differential equation (ODE)

A) @) =x"O)+a, Ox" VO +... +a,O)x @) =y(@) (18.43)

under the initial conditions x (0) = x’ (0) = ... = x""D (0) = 0 and define the operator
A as the left-hand side of (18.43) which is, evidently, linear with D (A) consisting of all
Sfunctions which are n-times continuously differentiable, i.e., x (t) € C"[0, T]. We will
solve the Cauchy problem finding the corresponding x (t). Let x\ (t), x2(t), ..., X, (t)
be the system of n linearly independent solutions of (18.43) when y (t) = 0. Construct
the, so-called, Wronsky’s determinant

X e x (@)
X e x (0
W) = : . .
ORI )

It is well known (see, for example, El’sgol’ts (1961)) that W (t) # 0 for all t € [0, T].
According to the Lagrange approach dealing with the variation of arbitrary constants
we may find the solution of (18.43) for any y (t) in the form

x(@®) =ci()xi () + (@) x2(0) + ...+ ¢, (1) x, (1)
which leads to the following ODE-system for ¢; (t) (i =1,...,n):

Wx®)+c,®) @) +...+c, ®)x, (@t)=0
qxi®)+s®)x ) +...+c, @)x,@)=0

X"V O+EOTV O+ .+ OxV (@) =y (y)

wy (¢
Resolving this system by Cramer’s rule we derive c, (1) = Wﬁi((t))y &k =1,...,n)
where wy (t) is the algebraic complement of the kth element of the last nth row. Taking

into account the initial conditions we conclude that

" [ wi (s) .
x0) = 2@ / y(s)ds == (A'y) ()
,; Jwe
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which implies the following estimate || x||cjor) < ¢ ||y||c[0’T] with ¢ = n[lgl)Ti] ZZ=1 [xe ()]
tel0,

J=o

wy (s)
W (s)

ds that proves that the operator A is continuously invertible.

18.4.4.3 Bounds for | A~ |

Theorem 18.12. Let A € L (X, )) be a linear bounded operator such that |I — Al < 1
where 1 is the identical operator (which is, obviously, continuously invertible). Then A
is continuously invertible and the following bounds hold:

1

A —_ 18.44
[ Y (18.44)

e Ty
!

18.45
—I7 - Al ( )

Proof. Consider in £ (X, )) the series (I +C+C*>+.. ) where C := I — A. Since
HC"H < ||C||* this series uniformly converges (by the Weierstrass rule), i.e.,

S, =I+C+C*+...C" - §

It is easy to check that
I-0C)S,=1-Cct!
S, (I -C)y=1-¢C!
Cn+l - 0

n—oo

Taking the limits in the last identities we obtain
I-0)Ss=1SU-0C)=1

which shows that the operator S is invertible and ' =1 — C = A. So, S = A~! and

1Sull < 121+ 1C1 + 11 + . ey = =1
= —ci
icll = e
1 =Sl < ICh+1CI+ ... e = X = IelT
=|cl
Taking n — oo we obtain (18.44) and (18.45). ]

18.5 Duality

Let X be a linear normed space and F be the real axis R, if A" is real, and be the
complex plane C, if X is complex.
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18.5.1 Dual spaces

Definition 18.17. Consider the space L (X, F) of all linear bounded functionals defined
on X. This space is called dual to X and is denoted by X*, so that

(A =L@, F)] (18.46)

The value of the linear functional f € X* on the element x € X we will denote by f (x),
or (x, f), that is,

f @)= f) (18.47)

The notation (x, f) is analogous to the usual scalar product and turns out to be very useful
in concrete calculations. In particular, the lineality of X and X* implies the following
identities (for any scalars «y, ay, B1, B2, any elements x;, x, € X and any functionals

£ fL e X%

(1 x1 + axxa, f) =y (x1, f) + oz (x2, f)

(x, BLfi + Bofo) = B (x, fi) + Ba(x, f2) (18.48)

(B means the complex conjugated value to 8. In a real case B = B). If (x, f) = 0
for any x € X, then f = 0. This property can be considered as the definition of the
“null”-functional. Less trivial seems to be the next property.

Lemma 18.5. If (x, f) = 0 for any f € X*, then x = 0.

Proof. Tt is based on Corollary 18.5 of the Hahn—-Banach theorem 18.6. Assuming the
existence of x # 0, we can find f € X* such that f # 0 and (x, f) = ||x|| # 0 which
contradicts the identity (x, f) = 0 valid for any f € X*. So, x = 0. U

Definition 18.18. In X* one can introduce two types of convergence.

® Strong convergence (on the norm in X*):
fo = FUn XD i Ifi—f = 0.
e Weak convergence (in the functional sense):
fa n:*>oc f(fu, f € &), if for any x € X one has

(5 fo) = (6 ).

Remark 18.4.

1. Notice that the strong convergence of a functional sequence {f,} implies its weak
convergence.

2. (Banach-Shteingauss): f, — f if and only if
(@ (£} is bounded:
(b) (x, f) ’1:)00 (x, f) on some dense linear manifold in X.

Claim 18.9. Independently of the fact whether the original topological space X is Banach
or not, the space X* = L (X, F) of all linear bounded functionals is always Banach.
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Proof. Tt can be easily seen from Definition 18.3. (|
More exactly this statement can be formulated as follows.

Lemma 18.6. X* is a Banach space with the norm

I =1fllxe = sup [f (X (18.49)

xeX, [xllx <1

Furthermore, the following duality between two norms ||-||» and ||-|| x+ takes place:

¥llx =" sup  [f(x)] (18.50)

FeX* Iflax=l1

Proof. The details of the proof can be found in Yoshida (1979). O

Example 18.11. The spaces L, [a, b] and L, [a, b] are dual, that is,

L% [a.b] = L,[a,b] (18.51)

where p~' + ¢~ =1, 1 < p < oo. Indeed, if x (t) € L,[a,b] and y (t) € L,[a, D],
then the functional

b

fx)= /x (1) y (1) dt (18.52)

t=a

is evidently linear, and boundedness follows from the Holder inequality (16.137).

Since the dual space of a linear normed space is always a Banach space, one can consider
the bounded linear functionals on X*, which we shall denote by X**. Moreover, each
element x € X gives rise to a bounded linear functional f* in X* by f*(f) = f (x),
f € X*. It can be shown that X C X™**, called the natural embedding of X into A™**.
Sometimes it happens that these spaces coincide. Notice that this is possible if X" is
a Banach space (since X** is always Banach).

Definition 18.19. If X = X**, the Banach space X is called reflexive.

Such spaces play an important role in different applications since they possess many
properties resembling those in Hilbert spaces.

Claim 18.10. Reflexive spaces are all Hilbert spaces, R", I’ and L -, ((_;)
Theorem 18.13. The Banach space X is reflexive if and only if any bounded (by a norm)
sequence of its elements contains a subsequence which weakly converges to some point

in X.

Proof. See Trenogin (1980), Section 17.5, and Yoshida (1979) p. 264, the Eberlein—
Shmulyan theorem. ]
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18.5.2 Adjoint (dual) and self-adjoint operators

Let A € L(X,)) where & and ) are Banach spaces. Construct the linear functional
¢ (x) = {x,¢) := (Ax, f) where x € X and f € YV*.

Lemma 18.7. (1) D (¢) = X, (2) ¢ is a linear operator, (3) ¢ is bounded.
Proof. (1) is evident. (2) is valid since
@ (o1x) 4 ox2) = (A (01X + o2x2), f)
=1 (A(x1), f) + oz (A(x), f)
=19 (x1) + 29 (x2)

And (3) holds since | (x)| = [(Ax, ) < [[Ax[[IIFI < IANIAN ]l O

From this lemma it follows that ¢ € X'*. So, the linear continuous operator ¢ = A* f is
correctly defined.

Definition 18.20. The operator A* € L (YV*, X'*) defined by

[ (x, A" f) := (Ax, )| (18.53)

is called the adjoint (or dual) operator of A.

Lemma 18.8. The representation (Ax, f) = (x, @) is unique (¢ € X*) forany x € D (A)
if and only if D (A) = X.

Proof.

(a) Necessity. Suppose D (A) # X. Then by Corollary 18.7 from the Hahn-Banach
theorem 18.6 there exists ¢y, € X™*, ¢y #% 0 such that (x, ¢y) = 0 forall x € D (A). But
then (Ax, f) = (x, ¢ 4+ @) = 0 for all x € D (A) which contradicts the assumption
of the uniqueness of the presentation.

(b) Sufficiency. Let D (A) = X. If (Ax, f) = (x, ¢1) = {x, @) then (x, ¢, — @) =0
and by the same Corollary 18.7 it follows that ¢; — ¢, = 0 which means that the
representation is unique.

O
Lemma 18.9. If A € L(X,)) where X and Y are Banach spaces, then |A*| = ||A]|.

Proof. By property (3) of the previous lemma we have |¢| < Al || f]l, ie., [|[A*] <
||All. But, by Corollary 18.5 from the Hahn—Banach theorem 18.6, for any x, such that
Axy # 0 there exists a functional f, € V* such that || fy|| = 1 and [(Axo, fo)| = [|Axol|
which leads to the following estimate:

IAxoll = [{Axo, fo)| = [{x0. A% fo)| = IAI I foll lxoll = NIA™ I lxoll

So, |A*|| = ||A||l and, hence, ||A*|| = ||A]| which proves the lemma. O
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Example 18.12. Let X = Y = R" be n-dimensional Euclidean spaces. Consider the
linear operator

y = Ax <y,- :=Za,~kxk, i = 1,...,n> (18.54)

k=1

Let z € (R")* = R". Since in Euclidean spaces the action of an operator is the corre-
sponding scalar product, then (Ax,z) = (Ax,z) = (x, ATz) = (x, A*z) . So,

(1855

Example 18.13. Let X = Y = L, |a, b]. Let us consider the integral operator y = Kx
given by

b

y() = / k(t,5) x () ds (18.56)

sS=a

with the kernel k (¢, s) which is continuous on [a, b] x [a, b]. We will consider the case
when all variables are real. Then we have

b b
(Kx,z)z/ /k(t,s)x(s)ds z () dt
b b
:/ /k(t,s)z(t)dt x(s)ds
b b
:/ /k(s,t)z(s)ds x()dt = {x, K*z)

which shows that the operator K* (o = K*z) is defined by

b

w(t) = /k (s, 1)z (s)ds (18.57)

s=a

that is, K* is also integral with the kernel k (s,t) which is inverse to the kernel
k(t,s) of K.

Definition 18.21. The operator A € L(X,)), where X and Y are Hilbert spaces, is
said to be self-adjoint (or Hermitian) if A* = A, that is, if it coincides with its adjoint
(dual) form.

Remark 18.5. Evidently for self-adjoint operators D (A) = D (A*).
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Example 18.14.

1. In R", where any linear operator A is a matrix transformation, it will be self-adjoint
if it is symmetric, i.e., A = AT, or, equivalently, a;; = aj;.

2. In C", where any linear operator A is a complex matrix transformation, it will be
self-adjoint if it is Hermitian, i.e., A = A%, or, equivalently, a;; = aj;.

3. The integral operator K in Example 18.13 is self-adjoint in L, [a, b] if its kernel is
symmetric, namely, if k(t,s) = k(s, t).

It is easy to check the following simple properties of self-adjoint operators.

Proposition 18.1. Let A and B be self-adjoint operators. Then

1. (@A + BB) is also self-adjoint for any real « and B.

2. (AB) is self-adjoint if and only if these two operators commute, i.e., if AB = BA.
Indeed, (ABx, f) = (Bx, Af) = (x, BAf).

3. The value (Ax, x) is always real for any x € F (real or complex).

4. For any self-adjoint operator A we have

Al = sup [(Ax,x)] (18.58)

lxli=<1

18.5.3 Riesz representation theorem for Hilbert spaces

Theorem 18.14. (F. Riesz) If H is a Hilbert space (complex or real) with a scalar
product (-, -), then for any linear bounded functional f, defined on H, there exists the
unique element y € H such that for all x € H one has

[ f@) =(x, f)=(x,y)] (18.59)

and, furthermore, || f|l = Iyl

Proof. Let L be a subspace of H. If L = H, then for f = 0 one can take y = 0 and
the theorem is proven. If L # H, there exists zo L L, zo 7 O (it is sufficient to consider
the case f (z0) = (20, f) = 1; if not, instead of zo we can consider zq/(zo, f)). Let now
x € H. Then x — (x, f)zo € L, since

(x = (x, flzo, ) = (x, f) = (x, ) 2o, ) = (x, f) = (x, f) =0
Hence, [x — (x, f) zo] L zo which implies

0= (x = {x, f) 20, 20) = (%, 20) = {x, f) oI’

or, equivalently, (x, f) = (x, z0/||zo||2). So, we can take y = zo/||zol|>. Show now the
uniqueness of y. If (x, f) = (x, y) = (x, y), then (x, y — y) = 0 for any x € H. Taking
x = y — § we obtain ||y — 7||* = 0 which proves the identity y = y. To complete
the proof we need to prove that || f|| = |y||. By the Cauchy-Bounyakovski—Schwarz
inequality |(x, /)| = [(x, ¥)| < ||f]l llyll. By the definition of the norm | f|| it follows
that || || < |ly]l. On the other hand, (y, f) = (v, ) < || fIl |ly]l which leads to the inverse
inequality ||y|l < || fIl. So, || fIl = |ly|l. Theorem is proven. ([l
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A different application of this theorem can be found in Riesz & Nagy (1978 (original
in French, 1955)).

18.5.4 Orthogonal projection operators in Hilbert spaces
Let M be a subspace of a Hilbert space H.

Definition 18.22. The operator P € L (H, M) (y = Px), acting in H such that
y ;= argmin [|x — z|| (18.60)
zeM

is called the orthogonal projection operator to the subspace M.

Lemma 18.10. The element y = Px is unique and (x — y,z) =0 for any z € M.
Proof. See subsection 18.3.2. O
The following evident properties of the projection operator hold.

Proposition 18.2.

1. x € M if and only if Px = x.
2. Let M+ be the orthogonal complement to M, that is,

M ={zeHizLl M} (18.61)

Then any x € H can be represented as x =y + z where y € M and z 1. M. Then
the operator P+ € L (’H, M L), defining the orthogonal projection any point from H
to M*, has the following representation:

pPt=1-pP (18.62)

w

x € M+ if and only if Px = 0.
4. P is a linear operator, i.e., for any real o and 8 we have

]P(ouc1 + Bx2) =aP(x1)+ﬁP(x2)\ (18.63)

1Pl =1 (18.64)

Indeed, || x|* = |Px + (I — P)x|*> = |Px||* + |(I — P)x||* which implies || Px||*
< |Ix||* and thus |P|| < 1. On the other hand, if M # {0}, take x, € M with
xoll = 1. Then 1 = ||xoll = [[Pxoll < Pl llxoll = I[Pl The inequalities | P|| < 1
and |P|| = 1 give (18.64).
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p =P (18.65)

since for any x € M we have P? (Px) = Px.
7. P is self-adjoint, that is,

P =P (18.66)

8. Forany x € H

(Px,x) = (P’x,x) = (Px, Px) = | Px]| (18.67)

which implies

(18.68)

9. ||Px|| = ||x|| if and only if x € M.
10. Forany x € H

(Px,x) < x| (18.69)

which follows from (18.67), the Cauchy—Bounyakovsk—Schwarz inequality and
(18.64).

11. Let A = A* € L (H,H) and A’ = A. Then A is obligatory an orthogonal projection
operator to some subspace M = {x € H |Ax = x} C H. Indeed, since x = Ax +
(I — A) x it follows that Ax = A’x = A(Ax) e M and (I — A)x € M*-.

The following lemma can be easily verified.

Lemma 18.11. Let P, be the orthogonal projector to a subspace M| and P, be the
orthogonal projector to a subspace M,. Then the following four statements are equivalent:

1.

2.
|P\P,=P,P =P,
3. | Pox| < || Pix]|| for any x € H.
4. (Pyx,x) < (Pyx, x) for any x € H.

Corollary 18.9.

1. My L M, if and only if PP, = 0.
2. P\ P, is a projector if and only if PiP, = P, P;.
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3. Let P, (1 =1,..., N) be a projection operator. Then Z,N:1 P; is a projection operator
too if and only if

PP =6 P

4. Py — P, is a projection operator if and only if PP, = P, or, equivalently, when
P, > P..

18.6 Monotonic, nonnegative and coercive operators
Remember the following elementary lemma from real analysis.

Lemma 18.12. Let f : R — R be a continuous function such that

=M= fM=0 (18.70)
for any x,y € R and

xf (x) > o0 when |x|— o0 (18.71)
Then the equation f (x) = 0 has a solution. If (17.80) holds in the strong sense, i.e.,

=[x = fO]>0 when x#y (18.72)

then the equation f (x) = 0 has a unique solution.

Proof. For x < y from (17.80) it follows that f (x) is a nondecreasing function and, in
view of (17.81), there exist numbers a and b such that a < b, f (a) < 0 and f (b) < O.
Then, considering f (x) on [a, b], by the theorem on intermediate values, there exists a
point & € [a, b] such that f (§) = 0. If (18.72) is fulfilled, then f (x) is a monotonically
increasing function and the root of the function f (x) is unique. (|

The following definitions and theorems represent the generalization of this lemma to
functional spaces and nonlinear operators.

18.6.1 Basic definitions and properties

Let X be a real separable normed space and X* be a space dual to X. Consider a
nonlinear operator 7 : X — X* (D(T) = X, R(T) C X*) and, as before, denoted by
f (x) = (x, f) the value of the linear functional f € X* on the element x € X.

Definition 18.23.

1. An operator T is said to be monotone if for any x,y € D (T)

[(x =y, T(0) = T() > 0| (18.73)
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2. It is called strictly monotone if for any x # y

(x =y, T(x) = T(y) > 0] (18.74)

and the equality is possible only if x = y.
3. It is called strongly monotone if for any x,y € D (T)

(=3, T) = T() = a(lx =yl lIx = yll] (18.75)

where the nonnegative function o (t), defined at t > 0, satisfies the condition o (0) = 0
and a (t) — oo when t — oc.
4. An operator T is called nonnegative if for all x € D (T)

(x,T(x)) =0 (18.76)
5. An operator T is positive if for all x € D (T)
(x,T(x)) >0 (18.77)

6. An operator T is called coercive (or, strongly positive) if for all x € D (T)

[0, ) =y (x| (18.78)

where function y (t), defined att > 0, satisfies the condition y (t) — oo whent — oo.

Example 18.15. The function f (x) = x> + x — 1 is the strictly monotone operator
in R.

The following lemma installs the relation between monotonicity and coercivity
properties.

Lemma 18.13. If an operator T : X — X is strongly monotone then it is coercive with

7 (it =) = IT O] (18.79)

Proof. By the definition (when y = 0) it follows that
(x, T(x) = T(0)) = e (llx[) llxl
This implies

(., T(x)) = (x, T(0)) +a (lxID lx]l = e (llx]D) [l ]I

— [Ix [T Ol = e Cllx[D) — 17 O] llx

which proves the lemma. (]
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Remark 18.6. Notice that if an operator T : X — X* is coercive then ||T (x)| — o0
when || x|| — oo. This follows from the inequalities

17 COllllxll = Ce, T(x)) =y (xlD [lx]]
or, equivalently, from |T (x)|| = y (|lx||) — oo when ||x|| — oo.

The next theorem generalizes Lemma 18.12 to the nonlinear vector-function case.

Theorem 18.15. Trenogin (1980) Let T : R" — R" be a nonlinear operator (a vector
function) which is continuous everywhere in R" and such that for any x,y € X

=y, T@-TONzclx—yl’ ¢>0 (18.80)

(i.e., in (18.75) a (t) = ct). Then the system of nonlinear equations

(18.81)

has a unique solution x* € R".

Proof. Let us apply the induction method. For n = 1 the result is true by Lemma
18.12. Let it be true in R*~! (n > 2). Show that this result holds in R". Consider in
R" a standard orthonormal basis {e;};_, (e,» = (Bik)z=1). Then T (x) can be represented
as T(x) = {T;:(0)}_,, x = Z?lejej. For some fixed t+ € R define the operator 7, by

TR — R forall x = Z';;; xje; acting as T,(x) := {T;(x + te,)}{_| . Evidently,
T,(x) is continuous on R"~! and, by the induction supposition, for any x,y € R""! it

satisfies the following inequality

(x=y.T(x) =T(») =@ =) [T,(x +1e,) — T,(y + te,)]
n—1
+> i =) [T +te,) = Ti(y + te)] = cllx — yIP

t=1

This means that the operator 7; also satisfies (18.80). By the induction supposition the
system of nonlinear equations

Ti(x+te)=0,i=1,....n—1 (18.82)

has a unique solution ¥ € R"~!. This means exactly that there exists a vector-function
X = Z;’;i xje; 1R — R"~" which solves the system of nonlinear equations 7} (x) = 0.
It is not difficult to check that the function x = X (¢) is continuous. Consider then the
function ¢ (¢) := T, (x + te,). It is also not difficult to check that this function satisfies
all conditions of Lemma 18.12. Hence, there exists such 7 € R that i (tr) = 0. This
exactly means that the equation (18.81) has a unique solution. ]

The following proposition seems useful.
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Theorem 18.16. Trenogin (1980) Let T : R" — R" be a continuous monotonic operator
such that for all x € R" with ||x|| > A the following inequality holds:

(x, T(x))=0 (18.83)

Then the equation T (x) = 0 has a solution x* such that ||x*|| < A.

Proof. Consider the sequence {g;}, 0 < & k—> 0 and the associated sequence {7},

T : R" — R" of the operators defined by 7} (x) := gx + T (x). Then, in view of
monotonicity of 7, we have for all x, y € R”

(x =y, Ti(x) = T(») = (x —y, Tir(x) — Ti(y))
=a@—y,—-N+a—y,T@x) —TY) = e&lx—yl

Hence, by Theorem 18.15 it follows that the equation 7;(x) = 0 has the unique solution
x; such that Hx,j < . Indeed, if not, we obtain the contradiction: 0 = (x}, Ti(x}))
> & ||x,f||2 > 0. Therefore, the sequence {x,f} C R”" is bounded. By the Bolzano—
Weierstrass theorem there exists a subsequence {x,fr} convergent to some point x C R”
when k, — oo. This implies 0 = T, (xj) = & xj + T (x;). Since T (x) is continuous

then when k, — oo we obtain T (x). Theorem is proven. (I

18.6.2 Galerkin method for equations with monotone operators

The technique given below presents the constructive method for finding an approxi-
mative solution of the operator equation 7 (x) = 0 where T : X - X* (D(T) = X,
R(T) C X*). Let {¢);~, be a complete sequence of linearly independent elements from
X, and X, be a subspace spanned on ¢y, ..., @,.

Definition 18.24. The element x,, € X having the construction

X, = Zc,wl (18.84)
I=1

is said to be the Galerkin approximation to the solution of the equation T (x) = 0 with
the monotone operator T if it satisfies the following system of equations

oo T () =0k=1,....n] (18.85)

or, equivalently,

n

> e T ()@ =0 (18.86)

I=1

Remark 18.7.

1. It is easy to prove that x, is a solution of (18.85) if and only if (u, T (x,)) = O for any
u e X,
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2. The system (18.85) can be represented in the operator form J,c, = x, where the

operator J, is defined by (18.85) with ¢, = (ci,...,c,). Notice that ||J,|| <

Z?:l ||<pl||2. In view of this, the equation (18.85) can be rewritten in the standard
basis as

[ T (u6) =0,k =1,....n] (18.87)

Lemma 18.14. If an operator T : X — X* (D(T) = X, R(T) C X*) is strictly
monotone (18.74) then

1. The equation (18.81) has a unique solution.
2. For any n the system (18.85) has a unique solution.

Proof. If u and v are two solutions of (18.81), then T(#) = T(v) = 0, and, hence,
(x —y,T(u) — T(v)) = 0 which, in view of (18.74), takes place if and only if u = v.
Again, if x and x/ are two solutions of (18.85) then (x,,7 (x])) = (x, T (x,)) =

(x,, T (x))) = (x/, T (x])) = 0, or, equivalently,
<x,/, —x), T (x,/,) -T (x,/l’)> =0
which, by (18.74), is possible if and only if x| = x//. ]

Lemma 18.15. Trenogin (1980) Let an operator T : X — X* (D(T) = X, R(T) C
X*) be monotone and semi-continuous, and there exists a constant A > 0 such that for
all x € X with ||x|| > X we have (x, T (x)) > 0. Then for any n the system (18.85) has
the solution x, € X such that || x,| < A

Proof. Tt is sufficient to introduce in R” the operator 7, defined by

Tn (En) = {(ﬁl)k, T (JnEn))}Z=1
and to check that it satisfies all condition of Theorem 18.16. O

Based on these two lemmas it is possible to prove the following main result on the
Galerkin approximations.

Proposition 18.3. Trenogin (1980) Let the conditions of Lemma 18.15 be fulfilled and
{x.} is the sequence of solutions of the system (18.85). Then the sequence {T (x,)} weakly
converges to zero.

18.6.3 Main theorems on the existence of solutions for equations with monotone
operators

Theorem 18.17. Trenogin (1980) Let T : X — X* (D(T) = X, R(T) C X*) be an
operator, acting from a real separable reflexive Banach space X into its dual space X*,
which is monotone and semi-continuous. Let also there exist a constant ). > O such that
for all x € X with ||x|| > A we have {(x, T (x)) > 0. Then the equation T (x) = 0 has
the solution x* such that ||x*| < .



Topics of functional analysis 487

Proof. By Lemma 18.15 for any n the Galerkin system (18.85) has the solution x, such
that ||x, || < A. By reflexivity, from any sequence {x,} one can take out the subsequence
{x,/} weakly convergent to some xo € X such that ||xq|| < A. Then, by monotonicity of
T, it follows that

Swi=(x =2, T (¥) =T (x)) 2 0

But S, = (x —x,, T (x)) — (x, T (xy)), and, by Proposition 18.3, (x, T (x,)) — 0O
weakly if n” — oo. Hence, S, — (x — x¢, T (x)), and, therefore for all x € X

(x =x0, T (x)) =0 (18.88)

If T (xo) = O then the theorem is proven. Let now T (xy) # 0. Then, by Corollary 18.5
from the Hahn—-Banach theorem 18.6 (for the case X' = X*), it follows the existence of
the element zo, € X such that (zq, T (x¢)) = ||T (x0)||. Substitution of x := xo—tzo (¢ > 0)
into (18.88) implies (zp, T (xo — tz9)) < 0, which for t — 40 gives (zo, T (x9)) =
IT (x0)|| < 0. This is equivalent to the identity T (xo) = 0. So, the assumption that
T (xo) # 0 is incorrect. Theorem is proven. (I

Corollary 18.10. Let an operator T be, additionally, coercive. Then the equation

(1559

has a solution for any y € X*.

Proof. For any fixed y € X* define the operator F(x) : X — X™ acting as F(x) :=
T (x) — y. It is monotone and semi-continuous too. So, we have

(x, F(x)) = {x, T (x)) — {x, p) =y dlxlD) lxll = Lyl Hlx]]
= [y dlxD = Iy lixll
and, therefore, there exists A > 0 such that for all x € X’ with ||x|| > A one has (x, F (x))

> 0. Hence, the conditions of Theorem 18.17 hold which implies the existence of the
solution for the equation F (x) = 0. [l

Corollary 18.11. Ifin Corollary 18.10 the operator is strictly monotone, then the solution
of (18.89) is unique, i.e., there exists the operator T~ inverse to T.

Example 18.16. (Existence of the unique solution for ODE boundary problem)
Consider the following ODE boundary problem

Dx(@)— f(t,x)=0,¢t€(a,b)

Dx(t):=» (-1)'D'{P(x)D'x®},
12=1: (18.90)
D := — is the differentiation operator

Dfx (@) =D*x(b) =0, 0<k<m—1
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in the Sobolev space S (a, b) (18.9). Suppose that f (t, x) for all x, and x, satisfies the
condition

[f @& x)— f@x)](xi —x) >0
Let for the functions P, (x) the following additional condition be fulfilled for some o > 0:

b
/ (Z P, (x) [D'x (l‘)]2> dt = a || xll gy

t=a =1

Consider now in S (a, b) the bilinear form

b b
b(x,z2) :=/ZP, (x) [D'x )] [D'z (1)] dl—i—/f(t,x(t))z(t)dt
t =1 t=a

=a

defining in S (a, b) the nonlinear operator
(T (%), Z)s;"(a.b) =b(x,2)

which is continuous and strongly monotone since
b(x1,2) —b(x,2) > alx — x2||S’2”(a,b)

Then by Theorem 18.17 and Corollary 18.10 it follows that the problem (18.90) has the
unique solution.

18.7 Differentiation of nonlinear operators

Consider a nonlinear operator & : X — ) acting from a Banach space X to another
Banach space ) and having a domain D (®) C X and a range R (T) C ).

18.7.1 Fréchet derivative

Definition 18.25. We say that an operator ® : X — Y (D () C X, R (®P) C V) acting
in Banach spaces is Fréchet differentiable in a point x, € D (®), if there exists a linear
bounded operator O’ (xo) € L (X, ) such that

P (x) — @ (xo) = P’ (xo) (x — x0) + @ (x — Xp)

lo(x —x0)l = o (Ilx — xoll) (18.91)

or, equivalently,

i D) = @ (o) — {x — xp. D' (X0)) _ (18.92)

X1 llx — xoll
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Definition 18.26. If the operator ® : X — Y (D(®) C X, R(®) C V), acting in
Banach spaces, is Fréchet-differentiable in a point xy € D (®) the expression

]dcb (X0 | h) = (h, D' (xp)) \ (18.93)

is called the Fréchet differential of the operator ® in the point x, € D (®) under the
variation h € X, that is, the Fréchet differential of ® in x, is nothing more than the
value of the operator ®' (xy) at the element h € X.

Remark 18.8. If originally ® (x) is a linear operator, namely, if ® (x) = Ax where A
€ L(X,)), then ' (xy) = A in any point xy € D (A).

Several simple propositions follow from these definitions.

Proposition 18.4.
1. If F,G : X — Y and both operators are Fréchet differentiable in x, € X then

[(F+G) (%) = F' (x0) + G’ (x0) (18.94)

and for any scalar o

! (@F) (xo) = aF’ (xo) (18.95)

2. If F : X — Y is Fréchet-differentiable in xo € D (A) and G : Z — X is Fréchet-
differentiable in zo € D (G) such that G (z0) = X then there is well-defined and
continuous in the point z the superposition (F o G) of the operators F and G, namely,

[F(G(2):=(FoG) (| (18.96)

and

[(FoG) () =F ()G (z0) | (18.97)

Example 18.17. In finite-dimensional spaces F : X = RF - Y =R' and G : Z = R"
— X = R¥ we have the systems of two algebraic nonlinear equations

y=Fx), x=G(2)

and, moreover,

afi (xo0)

’i_l,“.,k;j_l.m,l

where A is called the Jacobi matrix. Additionally, (18.97) is converted into the following
representation:

k

Z af; (x0) 0g; (o)

8xj 8ZS

(F0G) (z0) =

j=1 i=1,...I;s=1,...m
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Example 18.18. If F is the nonlinear integral operator acting in C [a,b] and is
defined by

b
Fu) =ulx)— /f (x,t,u(t))dt

then F'(uo) exists in any point uy € C [a, b] such that

b

F'uoyh = h (x) — / Wm) dt

t=a

18.7.2 Gdteaux derivative

Definition 18.27. If for any h € X there exists the limit

. @ (xg+th) — D (xo)
lim

t—+0 t

=8® (x| h) (18.98)

then the nonlinear operator §® (xq | h) is called the first variation of the operator ® (x)
in the point xy € X at the direction h.

Definition 18.28. [f in (18.98)

8D (xo | h) = Ay, (h) = (h, Ay,) (18.99)

where A,, € L(X,)) is a linear bounded operator then ¢ is Gdteaux-differentiable in
a point xo € D (P) and the operator A,, := ¥’ (xo) is called the Géteaux derivative of
@ in the point x, (independently on h). Moreover, the value

d® (xo | h) :=(h, Ay,) (18.100)

is known as the Gateaux differential of ® in the point x, at the direction h.

It is easy to check the following connections between the Gateaux and Fréchet differ-
entiability.

Proposition 18.5.

1. Fréchet-differentiability implies Gdateaux-differentiability.
2. Gateaux-differentiability does not guarantee Fréchet-differentiability. Indeed, for the
function

1 if y=x
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which, evidently, is not differentiable in the point (0, 0) in the Fréchet sense, the Gdteaux

differential in the point (0, 0) exists and is equal to zero since, in view of the properties
th,tg) — (0,0

f(©0,0)=0and f(th,tg) = 0 for any (h, g), we have I 8= /0.0 = 0.

t
3. The existence of the first variation does not imply the existence of the Gdteaux
differential.

18.7.3 Relation with “variation principle”

The main justification of the concept of differentiability is related to the optimization
(or optimal control) theory in Banach spaces and is closely connected with the, so-called,
variation principle which allows us to replace a minimization problem by an equivalent
problem in which the loss function is linear.

Theorem 18.18. Aubin (1979) Let ® : U — Y be a functional Gateaux-differentiable
on a convex subset X of a topological space U. If x* € X minimizes ® (x) on X then

(x*, ' (x*)) = mi/{l (x, " (x*)) (18.101)

In particular, if x* is an interior point of X, i.e., x* € int X, then this condition implies
P (x*)=0 (18.102)

Proof. Since X is convex then y = x* 4+ A (x — x*) € X forany A € (0, 1] whenever
q>(y);d>(x ) > 0.
Taking the limit A — +0 we deduce from the Gateaux-differentiability of ® (x) on X that
(x —x*, @ (x*)) > 0 for any x € X. In particular if x* € int A then for any y € X there
exists ¢ > O such thatx = x* + ey € X, and, hence, (x — x*, &' (x*)) =& (y, &' (x*)) >0
which is possible for any y € X if &' (x*) = 0. Theorem is proven. O

x € X. Therefore, since x* is a minimizer of ® (x) on X', we have

18.8 Fixed-point theorems

This section deals with the most important topics of functional analysis related with

e The existence principle;
e The convergence analysis.

18.8.1 Fixed points of a nonlinear operator

In this section we follow Trenogin (1980) and Zeidler (1995).
Let an operator ® : X — Y (D(®) C X, R(®P) C )) acts in Banach space X.
Suppose that the set My := D (P) N R (P) is not empty.

Definition 18.29. The point x* € My is called a fixed point of the operator ® if it
satisfies the equality

(5109
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Remark 18.9. Any operator equation (18.81): T (x) = 0 can be transformed to the form
(18.103). Indeed, one has

f(x) =Tx)+x=x

That’s why all results, concerning the existence of the solution to the operator equation
(18.81), can be considered as ones but with respect to the equation T (x) = x. The
inverse statement is also true.

Example 18.19. The fixed points of the operator ® (x) = x* are {0, —1, 1} which follows
from the relation 0 = x* —x =x (x* = 1) =x (x = 1) (x + 1).

Example 18.20. Let us try to find the fixed points of the operator

1

D (x) := /x B x(s)ds+ f () (18.104)

s=0

assuming that it acts in C [0, 1] (which is real) and that ftlzo f @®)dt < 1/4. By the
definition (18.103) we have x (t) j;l:()x (s)ds + f (t) = x (t). Integrating this equation
leads to the following:

1

2 | 1
/x(t)dt +/f(t)dt=/x(t)dt
=0 t

t=0 =0
which gives

1

/x(t)dtz%:l:

t=0

(18.105)

1
%—/f(t)dt
t=0

So, any function x (t) € C|O0, 1] satisfying (18.105) is a fixed point of the operator
(18.104).

The main results related to the existence of the solution of the operator equation

(18.106)

are as follows:

e The contraction principle (see (14.17)) or the Banach theorem (1920) which states
that if the operator ® : X — X (X is a compact) is k-contractive, i.e., for all x, x' € X

o @~ (<) < [lr

Jke[0,1)

then
(a) the solution of (18.106) exists and is unique;
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(b) the iterative method x,., = ® (x,) exponentially converges to this solution.

e The Brouwer fixed-point theorem for finite-dimensional Banach space.
¢ The Schauder fixed-point theorem for infinite-dimensional Banach space.
¢ The Leray—Schauder principle which states that a priori estimates yield existence.
There are many other versions of these fixed-point theorems such as Kakutani, Ky-Fan
etc. related some generalizations of the theorems mentioned above. For details see Aubin
(1979) and Zeidler (1986).

18.8.2 Brouwer fixed-point theorem

To deal correctly with the Brouwer fixed-point theorem we need the preparations
considered below.

18.8.2.1 The Sperner lemma
Let

Sy (xo, ..y XN) 1=

N N
{XGX|)C=Z)\_Z~X[’ A >0, Z)“Izl} (18107)
i=0 i=0

be an N-simplex in a finite-dimensional normed space X and {Si,...,S;} be a
triangulation of Sy consisting of N-simplices S; (j =1, ..., J) (see Fig. 18.1) such that

J
(a) SN = U]S],
j=
(b) if j # k, then the intersection S Qk Sk or is empty or a common face of dimension
J

less than N.
Let one of the numbers (0, 1, ..., N) be associated with each vertex v of the simplex
S;. So, suppose that if v € S; := S; (xi, ..., x;, ), then one of the numbers iy, ..., iy is
associated with v.

Definition 18.30. S; is called a Sperner simplex if and only if all of its vertices carry
different numbers, i.e., the vertices of Sy carry different numbers 0, 1, ..., N.

Lemma 18.16. (Sperner) The number of Sperner simplices is always odd.

Uy

S L]

Ug uy

Fig. 18.1. N-simplex and its triangulation.
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Proof. It can be easily proven by induction that for N = 1 each §; is a 1-simplex
(segment). In this case a O-face (vertex) of S; is called distinguished if and only if
it carries the number 0. So, one has exactly two possibilities (see Fig. 18.2a): (i) S;
has precisely one distinguished (N — 1)-faces, i.e., S; is a Sperner simplex; (ii) S; has
precisely two or more distinguished (N — 1)-faces, i.e., S; is not a Sperner simplex.
But since the distinguished O-face occurs twice in the interior and once on the bound-
ary, the total number of distinguished O-faces is odd. Hence, the number of Sperner
simplices is odd. Let now N = 2 (see Fig. 18.2b). Then §; is 2-simplex and a 1-face
(segment) of S is called distinguished if and only if it carries the numbers 0, 1. Conditions
(i) and (ii) given above are satisfied for N = 2. The distinguished 1-faces occur twice in
the interior and, by the case N = 1, it follows that the number of the distinguished 1-faces
is odd. Therefore, the number of Sperner simplices is odd. Now let N > 3. Supposing
that the lemma is true for (N — 1), as in the case N = 2, we easily obtain the result. [J

18.8.2.2 The Knaster—Kuratowski—-Mazurkiewicz (KKM) lemma

Lemma 18.17. (Knaster—Kuratowski-Mazurkiewicz) Let Sy (xq,...,xy) be an N-
simplex in a finite-dimensional normed space X. Suppose we are given closed sets {Ci}f\’: .
in X such that

k
Sy (o, ... xn) € | J G, (18.108)
m=0
for all possible systems of indices {iy, ..., i} and all k =0, ..., N. Then there exists a
point v € Sy (Xo, ..., xy) such thatv € C; forall j =0,..., N.

Proof. Since for N = 0 the set Sy (xo) consists of a single point xy, and the statement
looks trivial. Let N > 1. Let v be any vertex of S; (j =0,..., N) (for a triangulation
Si,...,Sy) such that v € S; (x;, ..., x; ). By the assumptions of this lemma there
exists a set C; such that v € C,. We may associate the index k with the vertex v.
By the Sperner lemma 18.16 it follows that there exists a Sperner simplex §; whose
vertices carry the numbers O, ..., N. Hence the vertices vy, ..., vy satisfy the condi-
tion v, € C, (k=0,...,N). Consider now a sequence of triangulations of simplex
Sy (X0, - .., xy) such that the diameters of the simplices of the triangulations tend to zero

Xo X4 0 1 0 1

Sperner
simplex

Fig. 18.2. The Sperner simplex.
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(selecting, for example, a sequence barycentric subdivision of §). So, there are points
v,f") €Ci(k=0,...,N; n=1,2,...)suchthat limdiam Sy (v(()”), . v%”) =0. Since

n—00

the simplex Sy (xo, ..., Xxy) iS a compact, there exists a subsequence {v,ﬁ” } such that
v,i” — VE Sy (xg,...,xy) forall k =0,..., N. And since the set C; is closed, this
implies v € Cy for all k =0, ..., N. Lemma is proven. O

Now we are ready to formulate the main result of this section.

18.8.2.3 The Brouwer theorem

Theorem 18.19. (Brouwer 1912) The continuous operator ® : M — M has at least
one fixed point when M is a compact, convex, nonempty set in a finite-dimensional
normed space over the field F (real or complex).

Proof.

(a) Consider this operator when M = Sy and demonstrate that the continuous operator
D: Sy — Sy (N =0,1,...) has at least one fixed point when Sy = Sy (xo, ..., Xy)
is an N-simplex in a finite-dimensional normed space X. For N = 0 the set S,
consists of a single point and the statement is trivial. For N = 1 the statement is
also trivial. Let now N = 2. Then S, = S, (x¢, X1, x») and any point x in S, can be
represented as

2 2
X=Y L@x, k=0 =1 (18.109)
i=0 i=0

We set
Ci={xeSy|lr@x)<ikx),i=012}

Since X; (x) and @ are continuous on Sy, the sets C; are closed and the condition
k
(18.108) of Lemma 18.17 is fulfilled, that is, Sy € LﬂOC,-m (k =0,1,2). Indeed, if

it is not true, then there exists a point x € S, (xio, x,«],x,-2) such that x ¢ L]fJOC,«m,
ie, A, (Px) > A;, (x) for all m = 0,..., k. But this is in contradictionmt_o the
representation (18.109). Then by Lemma 18.17 there is a point y € S, such that y €
C; (j =0,1,2). This implies A; (®y) < A; (y) forall j =0, 1, 2. Since also ®y € S,
we have

2 2
D= x(@y =1
i=0 i=0

and, hence, A; (Py) = A; (y) for all j = 0, 1, 2 which is equivalent to the expression
dy = y. So, y is the desired fixed point of ® in the case N = 2. In N > 3 one can
use the same arguments as for N = 2.

(b) Now, when M is a compact, convex, nonempty set in a finite-dimensional
normed space, it is easy to show that M is homeomorphic to some N-simplex
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(N =0,1,2,...). This means that there exist homeomorphisms & : M — B and
C : Sy — B such that the map

Clod: MSBS Sy

is the desired homeomorphism from the given set M onto the simplex Sy. Using
now this fact shows that each continuous operator ® : M — M has at least one
fixed point. This completes the proof.

|
Corollary 18.12. The continuous operator B : K — K has at least a fixed point when

K is a subset of a normed space that is homeomorphic to a set M as it is considered in
Theorem 18.19.

Proof. Let C : M — K be a homeomorphism. Then the operator
CloBoC: MSKEKES M

is continuous. By Theorem 18.19 there exists a fixed point x* of the operator
®:=C'oBoC,ie.,C ' (B(Cx*)) = x*.Lety = Cx. Then By = y, y € K. Therefore
B has a fixed point. Corollary is proven. (]

18.8.3 Schauder fixed-point theorem

This result represents the extension of the Brouwer fixed-point theorem 18.19 to a
infinite-dimensional Banach space.

Theorem 18.20. (Schauder 1930) The compact operator ® : M — M has at least one
fixed point when M is a bounded, closed convex, nonempty subset of a Banach space X
over the field F (real or complex).

Proof. Zeidler (1995) Let x € M. Replacing x with x — x,, if necessary, one may
assume that 0 € M. By Theorem 18.7 on the approximation of compact operators it
follows that for every n = 1,2, ... there exists a finite-dimensional subspace &, of X
and a continuous operator ®, : M — X, such that |®, (x) — &, (x)|| < n~! for any x
€ M. Define M,, := M N X,. Then M, is a bounded, closed, convex subset of X, with
0 e M, and ¥, (M) € M since M is convex. By the Brouwer fixed-point theorem
18.19 the operator @, : M, — M, has a fixed point, say x,, thatis, foralln = 1,2, ...
we have &, (x,) = x, € M,. Moreover, ||® (x,) —x,|| < n~'. Since M, € M, the
sequence {x,} is bounded. The compactness of ® : M — M implies the existence of a
sequence {x,} such that ® (x,) — v when n — oco. By the previous estimate

v —xall = ||[v — ® ()] + [® () — x4]
< |[lv =@ @) +1® @) = x,ll — 0

So, x, — v. Since ® (x,) € M and the set M is closed, we get that v € M. And, finally,
since the operator ® : M — M is continuous, it follows that ® (x) = x € M. Theorem
is proven. 0
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Example 18.21. (Existence of solution for integral equations) Let us solve the following
integral equation

b

M(f)=)»/F(f,y,M(y))dy

—co<a<b<oo, te€la,b], 2eR

(18.110)

Define

0, ={(t.y.weR |t.yela.bl. |ul=<r}

Proposition 18.6. Zeidler (1995) Assume that

(a) The function F : Q, — R is continuous;

max |F (1, x,u)|;
b — a@xuweo,

Setting X = Cla,b] and M = {u € X ||ull <r}, it follows that the integral
equation (18.110) has at least one solution u € M.

(b) M =<r, p:=

Proof. For all t € [a, b] define the operator

b

(Au) (1) == 2 / F(t,y,u(y)dy

y=a

Then the integral equation (18.110) corresponds to the following fixed-point problem
Au = u € M. Notice that the operator A : M — M is compact and for all u € M

b

I Aull < 12] max /Fa,y,u(y))dy <Mus<r

y=a

Hence, A (M) € M. Thus, by the Schauder fixed-point theorem 18.20 it follows that
equation (18.110) has a solution. O

18.8.4 The Leray—Schauder principle and a priori estimates

In this subsection we will again concern ourselves with the solution of the operator
equation

(8111

using the properties of the associated parametrized equation

]tcp(x):xex,te[o, 1)\ (18.112)
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For ¢ = 0 equation (18.112) has the trivial solution x = 0, and for ¢t = 1 coincides with
(18.111). Assume that the following condition holds:

(A) There is a number r > 0 such that if x is a solution of (18.112), then

xll <r (18.113)
Remark 18.10. Here we do not assume that (18.112) has a solution and, evidently, that
the assumption (A) is trivially satisfied if the set ® (X)) is bounded since ||® (x)| < r for
all x € X.
Theorem 18.21. (Leray—Schauder 1934) If the compact operator ® : X — X given on
the Banach space X over the field F (real or complex) satisfies assumption (A), then the
original equation (18.111) has a solution (nonobligatory unique).
Proof. Zeidler (1995) Define the subset

M= {x € X ||x|l < 2r}
and the operator
@ (x) if @)l <2r

B(x)i=9,, *™ 1D (x)|| > 2r
D Coll

Obviously, || B (x)|| < 2r for all x € X which implies B (M) € M. Show that B : M
— M is a compact operator. First, notice that B is continuous because of the continuity
of ®. Then consider the sequences {u,} € M and {v,} such that (a) {v,} € M or
(b) {v,} ¢ M. In case (a) the boundedness of M and the compactness of ® imply that
there is a subsequence {vnk} such that B (vnk) =& (v,lk) — z as n — 00. In case

(b) we may choose this subsequence so that I/HCD (v,,k) || — « and @ (vnk) — z. Hence,
B (v,,k) — 2raz. So, B is compact. The Schauder fixed-point theorem 18.20 being
applied to the compact operator B : M — M provides us with a point x € M such that
x = B (x). So, if ||® (x)|| < 2r, then B (x) = ® (x) = x and we obtain the solution of the
original problem. Another case ||® (x)| > 2r is impossible by assumption (A). Indeed,
suppose @ (x) = x for ||® (x)| > 2r. Then x = Bx = 1® (x) with ¢ :=2r/||® (x)|| < 1.
This forces ||x|| = ¢ ||® (x)|| = 2r which contradicts with assumption (A). Theorem is
proven. ]

Remark 18.11. Theorem 18.21 turns out to be very useful for the justification of the
existence of solutions for different types of partial differential equations (such as the
famous Navier—Stokes equations for viscous fluids, quasi-linear elliptic etc.).
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I 9 Ordinary Differential Equations
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19.1 Classes of ODE

In this chapter we will deal with the class of functions satisfying the following ordinary
differential equation

X (t)= f(t,x () foralmostall 7 € [ty, 2 + 6]
x (ty) = xo (191)
fIRxX —> X

where f is a nonlinear function and X is a Banach space (any concrete space of functions).
Cauchy’s problem for (19.1) consists of resolving (19.1), or, in other words, in finding a
function x (t) which satisfies (19.1).

For simplicity we will also use the following abbreviations:

e ODE meaning an ordinary differential equation,
e DRHS meaning the discontinuous right-hand side.
Usually the following three classes of ODE (19.1) are considered:

1. Regular ODE:
f (¢, x) is continuous in both variables. In this case x (¢), satisfying (19.1), should be
continuous differentiable, i.e.,

X (1) € C' 1. 19+ 0] (19.2)

2. ODE of Carathéodory’s type:
f (., x) in (19.1) is measurable in 7 and continuous in x.

3. ODE with discontinuous right-hand side:
f (., x) in (19.1) is continuous in ¢ and discontinuous in x. In fact, this type of ODE
equation is related to the differential inclusion:

f() eF@x®) | (19.3)

where F (¢, x) is a set in R x X. If this set for some pair (¢, x) consists of one point,
then F (¢, x) = f (¢, x).

501
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19.2 Regular ODE
19.2.1 Theorems on existence

19.2.1.1 Theorem based on the contraction principle

Theorem 19.1. (on local existence and uniqueness) Let f (f, x) be continuous in t on
[to, to + 6], (6 = 0) and for any t € [to, ty + 0] it satisfies the, so-called, local Lipschitz
condition in x, that is, there exist constants c, Ly > 0 such that

If@ ol <c
(19.4)

lf @ x)— f@&x)ll <Lglxr — x|

forall t € [ty, to + 6] and all x, x|, x, € B, (xy) where
B, (xo) :={x € X | [x —xoll <7}

Then Cauchy’s problem (19.1) has a unique solution on the time-interval [to, to + 6],
where

6, <min {r/c, L7, 0} (19.5)

Proof.

1. First, show that Cauchy’s problem (19.1) is equivalent to finding the continuous
solution to the following integral equation

x (1) = xo + / f(s,x(s))ds (19.6)

s=to

Indeed, if x (¢) is a solution of (19.1), then, obviously, it is a differentiable function
on [fy, ty + 6;]. By integration of (19.1) on [fy, fo + 6;] we obtain (19.6). Inversely,
suppose x (¢) is a continuous function satisfying (19.6). Then, by the assumption (19.4)
of the theorem, it follows

£ (5,2 (5)) = f (50, X o) | = [|[f (5, % () = £ (5, x (50))]
+ [f (5, % (50)) = f (50, % o)]|| < I (5, x () = f (5, x (s0))
+11f (5. x (50)) = f (0, % (5| < L [lx (s) = x (s0)|
+ILf (s, x (50)) = f (50, X (s0))

This implies that if s,sq € [to, to + 61] and s — s, then the right-hand side of the
last inequality tends to zero, and, hence, f (s, x (s)) is continuous at each point of the
interval 1, ) + 6;]. And, moreover, we also obtain that x (¢) is differentiable on this
interval, satisfies (19.1) and x (¢y) = xo.
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2. Using this equivalence, let us introduce the Banach space C [to, fo + 6;] of abstract
continuous functions x (¢) with values in X and with the norm

lx @®llc = max IIX(t)le (19.7)

Consider in C [to, to + 6;] the ball B, (xy) and notice that the nonlinear operator
d:C [l(), ty + 91] — C [lo, ty + 01] defined by

® (x) =x0+ / f(s,x(s))ds (19.8)

s=

transforms B, (x,) into B, (xy) since

19 () = xollc = _max /f@xwws

telty,t0+61 ]
]

< max /Ilf(s x($)|ds <bic<r

teto,to+61]
S=iy

Moreover, the operator @ is a contraction (see Definition 14.20) on B, (xy). Indeed,
by the local Lipschitz condition (19.4), it follows that

t

[P (x1) — P (x2)llc= max / Lf (s, x1 () — f (s, x2(s))] ds

t€lto,10+61]
s=iy

< _may /Wf@m@»—f@mmMMs

tefto,to+61]
=ty

<O Lyllxi —x2lle =g llxi — x2llc

where ¢ := 0, L < 1 for small enough r. Then, by Theorem (the contraction principle)
14.17, we conclude that (19.6) has a unique solution x (¢) € C [to, fp + 6,]. Theorem
is proven. O

Corollary 19.1. If in the conditions of Theorem 19.1 the Lipschitz condition (19.4) is
fulfilled not locally, but globally, that is, for all x|, x, € X (which corresponds with the
case r = 00), then Cauchy’s problem (19.1) has a unique solution for [ty, ty + 0] for any
0 big enough.

Proof. It directly follows from Theorem 19.1 if we take r — oco. But here we prefer to
present also another proof based on another type of norm different from (19.7). Again, let
us use the integral equivalent form (19.6). Introduce in the Banach space C [ty, ty + 0]
the following norm equivalent to (19.7):

1 ()llmes = max [le™"x ()], (19.9)

te(to,10+0]
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Then

t

1 (x) — @ ()l < L; / 16l xy (5) — x2 (5)l ds

s=io
t

_ L, / oL (&1 [1xy () = 22 (9)l¢) ds

S=Io
t

< Lf / eL” ||X1 (t) — X2 (t)”max ds

S=Ip
t

=Ly / e ds [|x1 (1) = X2 (D llmax = (7" = 1) [1X1 (1) = X2 () llma

S=Io

Lyt

Multiplying this inequality by e and taking max we get

te(ty,to+0]
@ (x1) = @ (2)lax < (1= e7577) 121 (1) = X2 (1) llmax

Since g := 1 — e~ L% < 1 we conclude that ® is a contraction. Taking € big enough we
obtain the result. Corollary is proven. (]

Remark 19.1. Sure, the global Lipschitz condition (19.4) with r = oo holds for a very
narrow class of functions which is known as the class of “quasi-linear” functions, that
is why Corollary 19.1 is too conservative. On the other hand, the conditions of Theorem
19.1 for finite (small enough) r < o0 are not so restrictively valid for any function
satisfying somewhat mild smoothness conditions.

Remark 19.2. The main disadvantage of Theorem 19.1 is that the solution of Cauchy’s
problem (19.1) exists only on the interval [ty, ty + 0,] (where 0, satisfies (19.5)), but not
at the complete interval [to, to + 0], which is very restrictive. For example, the Cauchy
problem

) =x2@), x0)=1

1
has the exact solution x (t) = T—; which exists only on [0, 1) but not for all [0, c0).

The theorem presented below gives a constructive (direct) method of finding a unique
solution of the problem (19.1). It has several forms. Here we present the version of this
result which does not use any Lipschitz conditions: neither local, nor global.

Theorem 19.2. (Picard-Lindelof 1890) Consider Cauchy’s problem (19.1) where the
function f (t, x) is continuous on

Si={@t,x) eR™ ||t —1o] <6 <0, |lx —xollc <1} (19.10)
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a
and the partial derivative P f S — R"is also continuous on S. Define the numbers
X

0
M = ({22)1;(5 If@ x| L:= ({g&)l;(s af (,x) (19.11)
and choose the real number 0 such that
0<O6<r, OM<r, g:=0L <1 (19.12)
Then
1. Cauchy’s problem (19.1) has a unique solution on S;
2. the sequence {x, (t)} of functions generated iteratively by
t
bt O =+ [ £ G5.x, ) ds (19.13)
s=lp

Xo(t) =x9, n=0,1,...; t(p—0 <t <641

converges to x (t) in the Banach space X with the norm (19.7) geometrically as

%041 () = x Dlle < g" lxo —x @)l (19.14)

Proof. Consider the integral equation (19.6) and the integral operator ® (19.8) given on
S. So, (19.6) can be represented as

@ (x (1) =x(), x(t)€ B, (xo)

where ® : M — X. For all ¢ € [ty, t, + 0] we have

|® (x (£)) — xoll = max /f (s, %, (s))ds

telty,to+0]
s=lp

< max (t—1) max |[f(# x)[| <OM<r
telty,to+0] (t,x)es

ie., ® (M) € M. By the classical mean value theorem 16.5

0
If @ x)—=f@nl= Haxf(t,z) lzefry) (0 =W = Lllx =yl
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and, hence,

t

[P (x () =P (y@)ll= max / [f (s, x () = f (s, y (s)]ds

telty.t0+0]
S=1y

<OL max |x (@) —y@®Il=gqllx® —y@®lc
telry,t0+6]

Applying now the contraction principle we obtain that (19.6) has a unique solution
X € B, (x9). We also have

t

[Xn+1 (1) —x (Dl = max / Lf (s, xu () — f (s, x (s))]ds

r€fto.10+6]
s=Ioy

<qllx, @) —xOlle <g" llxo —x @)l¢

Theorem is proven. O

19.2.1.2 Theorem based on the Schauder fixed-point theorem
The next theorem to be proved drops the assumption of Lipschitz continuity but, also,
the assertion of uniqueness.

Theorem 19.3. (Peano 1890) Consider Cauchy’s problem (19.1) where the function
f (t,x) is continuous on S (19.10) where the real parameter 0 is selected in such a
way that

0<6=<r, OM=r] (19.15)

Then Cauchy’s problem (19.1) has at least one solution on S.

Proof.

(a) For the Schauder fixed-point theorem use Zeidler (1995). By the same arguments as
in the proof of Theorem 19.2 it follows that the operator ® : B, (xo) — B, (x¢) is
compact (see Definition 18.14). So, by the Schauder fixed-point theorem 18.20 we
conclude that the operator equation @ (x (¢)) = x (¢), x (t) € B, (xo) has at least one
solution. This completes the proof.

(b) Direct proof (Hartman 2002). Let § > 0 and xo(t) € C'[ty —§, 1] satisfy on
[to — 8. 1o] the following conditions: xo(1) = Xo, [[xo(1) — xoll < r and ||x{()|| < d.
For 0 < ¢ < § define a function x.(¢) on [ty — 8, ty + €] by putting x.(f)) = xo on
[[0 — 8, fo] and

Xe(t) = xo + / f(s,x:(s—¢))ds (19.16)

on [ty, ty + £]. Note that x,(¢) is a C’-function on [ty — &, fy + &] satisfying

xe(®) —xoll =r and  [lx.(t) — x. ()| < d [t — 5]
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Thus, for the family of functions {x., (1)}, &, — 0 whereas for n — oo it follows
that the limit x () = lim x,, (¢) exists uniformly on [#, — &, fo + 6], which implies that

| f (t.x., (t —&) — f &t x(@)|| — 0

uniformly as n — oo. So, term-by-term integration of (19.16) with ¢ = ¢, gives
(19.6) and, hence, x (¢) is a solution of (19.1). O

The following corollary of Peano’s existence theorem is often used.

Corollary 19.2. (Hartman 2002) Let f (¢, x) be continuous on an open (t, x)-set of E
C R satisfying || f (¢, x)|| < M. Let also Ey be a compact subset of E. Then there
exists a 0 > 0, depending on E, Ey and M, such that if (ty, xo) € Ey, then (19.6) has a
solution on |t — ty| < 0.

19.2.2 Differential inequalities, extension and uniqueness

The most important technique in ODE theory involves the “integration” of the, so-
called, differential inequalities. In this subsection we present results dealing with this
integration process which is extensively used throughout; there will be presented its
immediate application to the extension and uniqueness problems.

19.2.2.1 Bihari and Gronwall-Bellman inequalities
Lemma 19.1.(Bihari 1956) Ler

1. v (t) and & (t) be nonnegative continuous functions on [ty, 00), that is,

(0120, £ >0V€[n,00), v(1) &) eCh, 0] (19.17)

2. for any t € [ty, 00) the following inequality holds

v(t) <c+ /g(z)cp(u(z))dr (19.18)

T=lo

where c is a positive constant (¢ > 0) and ® (v) is a positive nondecreasing continuous
function, that is,

]0 < ® () € Clty, 00) Yo e (0,0), & <o0 (19.19)
Denote
W ( )._/Uds © v) (19.20)
V) = (I)(s) <V <V .
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If in addition

/ E(t)dT < W(5—0), t€ ][t o0) (19.21)

=l

then for any t € [to, 00)

v(t) < W /g(r)dz (19.22)

where W' (y) is the function inverse to W (v), that is,
y=¥®, v=v"(y (19.23)

In particular, if v = 0o and WV (00) = 00, then the inequality (19.22) is fulfilled without
any constraints.

Proof. Since ® (v) is a positive nondecreasing continuous function the inequality (19.18)
implies that

dPw@) <P c—i—/é‘(r)cb(v(r))dr

=
and

FOLIUI0) —s

o c+/$(r)d>(v(r))dr

=l

Integrating the last inequality, we obtain

/ gfs) LACIO) ds < / £ (5) ds (19.24)
= | e+ / E(T)®w(1))dt =lo
Denote

w(t) :=c+ /E(t)@(v(t))dr

=l
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Then evidently

w () =§@) P (@)
Hence, in view of (19.20), the inequality (19.24) may be represented as
[ " dw ,
/ dwen™ = / S Y@ - W) = /g(s)ds

s=to w=w(fy) =

Taking into account that w (t;) = ¢ and ¥ (w (fp)) = 0, from the last inequality it
follows that

v (w () = /S(S)ds (19.25)

Since

\F(v):ﬁ O<v<v)

the function W (v) has the uniquely defined continuous monotonically increasing inverse

function W' (y) defined within the open interval (¥ (+0), ¥ (v — 0)). Hence, (19.25)
directly implies

t t
w(t)=c+/S(I)Q(U(t))drflll" /g(s)ds

T=I) S=1y

which, in view of (19.18), leads to (19.22). Indeed,

v(t)fc—i—/E(t)cb(v(t))drf\I/" /g(s)ds

=19
The case v = oo and W (00) = oo is evident. Lemma is proven. ([

Corollary 19.3. Taking in (19.22)

]cb(v)zvm (m>o,m7s1)\

it follows that

1
m—1

v() < [+ (1 —m) / £(t)dr for 0<m<1 (19.26)
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and

1
m—1

v(t) <c|1l—@0—=m)c"! /S(t)dt

t
m>1 and /g(f)dt<m
=ty

Corollary 19.4. (Gronwall 1919) If v (t) and & (t) are nonnegative continuous func-
tions on [ty, 00) verifying

v(t) <c+ / E(Mv(r)dr (19.27)

T=Io

then for any t € [ty, 00) the following inequality holds:

v (t) < cexp / E(s)ds (19.28)

This result remains true if ¢ = 0.

Proof. Taking in (19.18) and (19.20)
d(w)=v

we obtain (19.193) and, hence, for the case ¢ > 0

v (v) = Ud;:m(i)

§=c

and

() =cexp(y)

which implies (19.28). The case ¢ = 0 follows from (19.28) applying ¢ — 0. O
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19.2.2.2 Differential inequalities
Here we follow Hartman (2002) completely.

Definition 19.1. Let f (t,x) be a continuous function on a plane (t, x)-set E. By a
maximal solution x°(t) of Cauchy’s problem

]x(t) = F(t,x), x(to) =x€ R\ (19.29)

is meant to be a solution of (19.29) on a maximal interval of existence such that if x (t)
is any solution of (19.29) then

x (1) < x%r) (19.30)

holds (by component-wise) on the common interval of existence of x (t) and x°(t). The
minimal solution is similarly defined.

Lemma 19.2. Let f (t, x) be a continuous function on a rectangle

ST={t.x)eR* [t <t <t9+6 <10, lIx —xollc <r} (19.31)
and on St

Nf )| <M and «:=min{b;r/ M}

Then Cauchy’s problem (19.29) has a solution on [ty, ty + ) such that every solution
x=x() of X(t) = f (t,x), x (to) < xo satisfies (19.30) on [ty, ty + ).

Proof. Let 0 < o' < a. Then, by Peano’s existence theorem 19.3, the Cauchy problem

M) = f(tx) + % x(t0) = %o (19.32)

has a solution x = x,(t) on [fy, tp + «'] if n is sufficiently large. Then there exists
a subsequence {n;};,_;, . such that the limit X0 = klim Xp, (t) exists uniformly on
—00

[t0, to + '] and x° (¢) is a solution of (19.29). To prove that (19.30) holds on [#, fy + o]
it is sufficient to verify

x () <x,(t) on [ty to+a'] (19.33)

for large enough n. If this is not true, then there exists a t = #; € (t, o + ) such that
x (1) > x,(t;). Hence there exists a largest 7, on [fo, #;) such that x (t,) = x,(t,) and

x () > x,(t). But by (19.32) x/ (1) = x' (1) + —e, so that x,(t) > x (t) for t > 1, near

t,. This contradiction proves (19.33). Since o' < « is arbitrary, the lemma follows. [

Corollary 19.5. Let f (t,x) be a continuous function on an open set E and (ty, xy) €
E C R Then Cauchy’s problem (19.29) has a maximal and minimal solution near (ty, xo).
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19.2.2.3 Right derivatives
Lemma 19.3.

1. Ifn=1and x € C'[a, b] then |x (t)| has a right derivative

. 3 1
Dl ()] := fim [l (¢ + )] = | ()] (19.34)
such that
_ JxX@sign(x @) if x@) #0
and
[1Dg 1x (0)]] = ¥ ()] | (19.36)
2. Ifn > 1and x € C'[a, b] then ||x (t)| has a right derivative
1
Dellxr ()] := Tim = [llx (¢ +h)ll = I 0] (19.37)
such that on t € [a, b)
1Dl ]l = max Dy x¢ (0]
ot (19.38)
< Ix @ :==max {|x{ (1)|..... |x, |}

Proof. Assertion (1) is clear when x () # 0 and the case x (#) = O follows from the
identity

xt+h)=x@)+hx' @) +oMh) =h[x" () +01)]

so that, in general, when 7 — 0
|xa+hn=uan+h“f0n+oaﬁ

The multidimensional case (2) follows from (1) if we take into account that
b ¢+ )] = b ()] + b |3, 0] + 0 (1)

Taking the nax of these identities, we obtain
=I1,...,n

whereas i — 0. This proves (19.38). |
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Example 19.1. Let x (t) := (t — ty)>. Then x' (t) := 2 (t — ty) is continuous and, hence,
x (t) € C'. By Lemma 19.3 it follows that Dg |x ()| = 2|t — t,|.

19.2.2.4 Differential inequalities
The next theorem deals with the integration of differential inequalities and is frequently
used in the ODE theory.

Theorem 19.4. (Hartman 2002) Let f (¢, x) be continuous on an open (t, x)-set E C R
and x°(t) be the maximal solution of (19.6). Let v (t) be continuous on [ty, ty + a] function
such that

Drv (1) < f (¢, v (1)) (19.39)

v(ty) <x9, (t,v)€ IE}

Then, on the common interval of existence of x°(t) and v (t)
v(r) <x°(0) (19.40)

Remark 19.3. If the inequalities (19.39) are reversed with the left derivative Dyv (t)
instead of Drv (t), then the conclusion (19.40) must be replaced by v (t) > xo(t) where
Xo(t) is the minimal solution of (19.6).

Proof. Tt is sufficient to show that there exists a § > 0 such that (19.40) holds for
[to, o + 8]. Indeed, if this is the case and if v (t) and x°(¢) are defined on [ty, fp + B],
then it follows that the set of ¢-values, where (19.40) holds, cannot have an upper bound
different from 8. In Lemma 19.2 let n > 0 be large enough and § be chosen independent
of n such that (19.32) has a solution x = x,(¢) on [f, fp + §]. In view of Lemma 19.2
it is sufficient to verify that v (f) < x,(¢) on [fy, fp + §]. But the proof of this fact is
absolutely identical to the proof of (19.33). Theorem is proven. ]

In fact, the following several consequences of this theorem are widely used in the ODE
theory.

Corollary 19.6. If v (t) is continuous on [ty, t;] and Dgv (t) < 0 when t € [ty, t;], then

’v(t)fv(to) for any te[to,tf]‘ (19.41)

Corollary 19.7. (Lemma on differential inequalities) Ler f (t,x), x°(t) be as in
Theorem 19.4 and g (t, x) be continuous on an open (t, x)-set E C R? satisfying

[s.x) < f@t,x)] (19.42)

Let also v (t) be a solution of the following ODE:

(5 () =g, v (1), v(t) = < x| (19.43)
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on [to, to + o). Then

(19.44)
holds on any common interval of existence of v (t) and x°(t) to the right of t,.
Corollary 19.8. Let x°(¢) be the maximal solution of

() = ft,x @), x():=x"eR
and x(t) be the minimal solution of

X@)=—ft,x@), x(t):=x=0

Let also y = y (t) be a C" vector valued function on [ty, ty + ] such that

xo <y @) <x° (t,y) eECR’
d (19.45)
7 Uy = f @ lly @I
t
Then the first (second) of two inequalities
Xo (1) < ly Ol < x° (1) (19.46)

holds on any common interval of existence of xo (t) and y (t) (or x° (t) and y (t)).

Corollary 19.9. Let f (t, x) be continuous and nondecreasing on x when t € [ty, ty + «].
Let x°(t) be a maximal solution of (19.6) which exists on [ty, ty + a]. Let another
continuous function v (t) satisfy on [to, ty + o] the integral inequality

v(t) < v+ / f(s,v(s))ds (19.47)

where vy < xq. Then

v (t) <x°(1) (19.48)

holds on [ty, to + o). This result is false if we omit: f (t, x) is nondecreasing on x.

Proof. Denote by V (¢) the right-hand side of (19.47), so that v (t) < V (¢), and, by the
monotonicity property with respect to the second argument, we have

V)= f@v@) < V@)

By Theorem 19.4 we have V (t) < x°(¢) on [ty, tp + «]. Thus v () < x°(¢) which
completes the proof. (]
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19.2.2.5 Existence of solutions on the complete axis [ty, 00)

Here we show that the condition || f (¢, x)|| < k ||x|| guarantees the existence of the
solutions of ODE x (1) = f (¢, x(¢)), x (to) = xo € R" for any ¢t > fy. In fact, the
following more general result holds.

Theorem 19.5. (Wintner 1945) Let for any t >ty and x € R”

(x, f (. x) < W (Ix]) (19.49)

where the function WV satisfies the condition

T d
/qj—(ss)zoo, VUs)>0 as s>s5>0 (19.50)

S=50

Then Cauchy’s problem
X ()= f(t,x@), x(to)=x)€R"
has a solution on the complete semi-axis [ty, 00) for any x, € R".

Proof. Notice that for the function w (¢) := ||x (£)||* in view of (19.49) we have

d
SwO=200),%0) =20, f (¢, x 1))
<2W (lx O)*) =2W (w (1)

Then by Theorem 19.4 (see (19.44)) it follows that w (1) < so implies w () < s (¢),
where s (t) satisfies

$(0) =2¥(s (1), s (to) =50 := lIxol”

But the solution of the last ODE is always bounded for any finite ¢ > f,. Indeed,

s(t)
/ ds
W (s)
$=S0

and W (s) > 0 as s > sy implies that s (#) > 0, and, hence, s (f) > O for all r > f,. But
the solution s (¢) can fail to exist on a bounded interval [fy, t, 4+ a] only if it exists on
[t0, to + o] with & < a and s (t) — oo if + — fy + a. But this gives the contradiction
to (19.50) since the left-hand side of (19.51) tends to infinity and the right-hand side of
(19.51) remains finite and equal to 2a. O

=2(t — 19 (19.51)

Remark 19.4. The admissible choices of V (s) may be, for example, C, Cs, Cslns,...
for large enough s and C as a positive constant.
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Remark 19.5. Some generalizations of this theorem can be found in Hartman (2002).

Example 19.2. If A (¢) is a continuous n x n matrix and g (t) is continuous on [ty, ty + a]
vector function, then Cauchy’s problem

X)) =AM)x@)+gl), x(t) =x)€R" (19.52)

has a unique solution x (t) on [ty, to + a]. It follows from the Wintner theorem 19.5 if we
take W (s) := C (1 + ) with C > 0.

19.2.2.6 The continuous dependence of the solution on a parameter and on the
initial conditions

Theorem 19.6. If the right-hand side of ODE

(1) = f(t,x(0), W), x () =x0 € R" (19.53)

is continuous with respect to | on [u~, "] and satisfies the condition of Theorem 19.1
with the Lipschitz constant L, which is independent of w, then the solution x (t, i)
of (19.53) depends continuously on n € [u=, ut] € R™ as well as on xo in some
neighborhoods.

Proof. The proof of this assertion repeats word by word the proof of Theorem 19.1.
Indeed, by the same reasons as in Theorem 19.1, the solution x (z, i) is a continuous
function of both 7 and wu if L, is independent of w. As for the proof of the continuous
dependence of the solution on the initial conditions, it can be transformed to the proof of
the continuous dependence of the solution on the parameter. Indeed, putting

Ti=t—ty, z:=x(,U)—Xo

we obtain that (19.53) is converted to

d
EZ:f(T_’_tOvZ"'xOvM)ﬂ Z(O):O

where x, may be considered as a new parameter so that f is continuous on x, by the
assumption. This proves the theorem. O

19.2.3 Linear ODE

19.2.3.1 Linear vector ODE
Lemma 19.4. The solution x (t) of the linear ODE (or the corresponding Cauchy’s
problem)

’)’c(t):A(t)x(t), x (t) = xo € R, 1> 1 (19.54)

where A (t) is a continuous n X n-matrix function, may be presented as

[x() =@ (. 10)x0] (19.55)
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where the matrix © (t, ty) is the, so-called, fundamental matrix of the system (19.54) and
satisfies the following matrix ODE

%CD (t, 1)) = A@) D@, 1), (o, t) =1 (19.56)

and fulfills the group property

]qn (t, 1)) = @ (t,5) D (s, 1) Vs € (to, t)\ (19.57)

Proof. Assuming (19.55), the direct differentiation of (19.55) implies
. d
x (1) = E¢ (t,10) xo = A (1) P (1, 10) xo = A (1) x (1)

So, (19.55) verifies (19.54). The uniqueness of such a presentation follows from Example
19.2. The property (19.57) results from the fact that

x (1) =@, 5)x = P(t,5) P (s, 1) x (t) = P (2, 1) x (£)

Lemma is proven. ]

19.2.3.2 Liouville’s theorem
The next result serves as a demonstration that the transformation ® (¢, #y) is nonsingular
(or has its inverse) on any finite time interval.

Theorem 19.7. (Liouville 1836) If ® (¢, ty) is the solution to (19.56), then

t
det @ (1, 1)) = exp / trA (s)ds (19.58)

s=ty

Proof. The usual expansion for the determinant det ® (¢, #;) and the rule for differentiating
the product of scalar functions show that

d " By
S det® () = Z det ®; (1, 19)

Jj=1

where Ci>,- (t, tp) is the matrix obtained by replaci_ng the jthrow @; ; (t,%), ..., ®;, (¢, 1))
of @ (¢, 1)) by its derivatives @, (¢, %), ..., ®;, (¢, ). But since

Dyt 1) =D aj; () Dialt.to), At) = |laj; (1)

i=1

ji=l,..,n
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it follows that
det ®; (t,10) = a; ; (t) det ® (1, 1)

which gives

n

d d -
S det @ (1, 10) = Zadet ®; (1, 10)

j=1

= a;; (1) det @ (1, 1) = tr {A ()} det D (¢, 1o)

j=1

and, as a result, we obtain (19.58) which completes the proof.

Corollary 19.10. [f for the system (19.54)

T

/trA (s)ds > —00

s=ty

then for any t € [ty, T]

det® (1, 7)) >0

Proof. Tt is the direct consequence of (19.58).

(19.59)

(19.60)

]

Lemma 19.5. If (19.59) is fulfilled, namely, fST:tU trA (s)ds > —oo, then the solution
x (t) on [0, T] of the linear nonautonomous ODE

’)'c(t) =A@ x(@)+g), x(t) =x€ R, > to‘

(19.61)

where A (t) and f (t) are assumed to be continuous matrix and vector functions, may be

presented by the Cauchy formula

t

S=Ip

x(t) =D, 1) |x0+ / ¢! (s,t) g (s)ds

where @ (1, ty) exists for all t € [ty, T] and satisfies

icb“ (t,10) = =D~ (1, 1p) A(t)
dt 9 9 9

D! (19, 180) = 1

(19.62)

(19.63)
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Proof. By the previous corollary, ®~' (¢, t,) exists within the interval [ty, T]. The direct
derivation of (19.62) implies

t

F(0) = b (1 10) xo+/<1>*l (5. 1) g (8)ds | + @ (1, 10) @~ (1. 10) g (1)

s=Ioy

t

— AWD (1. 10) | x0+ / O (s, 1) g () ds | + g(t) = A(D)x (1) + g ()

s=tp

which coincides with (19.61). Notice that the integral in (19.62) is well defined in view
of the continuity property of the participating functions to be integrated. By identities

D(t, 1) P (t,10) =1
d - . - d
— (D (1, 10) D (1, 1) = D (1, 8) D' (1, 10) + P (1, 1)) — D' (t,1) =0
dt dt
it follows that
d _ . _
EGD Lt 1) = —D7" (1, 10) [® (2, 10)] 7" (2. 19)
=—07' (1, 1) [AM P, 10)] P (t,8) = =P~ (1,10) A (1)

Lemma is proven. (]

Remark 19.6. The solution (19.62) can be rewritten as

t

x (1) = (1, ty) xo + / DO (t,5) g (s)ds (19.64)

s=ty

since by (19.57)

O (1,5) =D (t.10) O (5.1) | (19.65)

19.2.3.3 Bounds for norm of ODE solutions
Let ||Al| := sup ||Ax|| where ||x|| is Euclidean or Chebishev’s type.

lxl=1

Lemma 19.6. Let x (t) be a solution of (19.61). Then

I Ol < (lx @)ll+ / lg ()] ds) exp( / 1A ()]l ds) (19.66)
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Proof. By (19.61) it follows that

lx O = TA®ONlx Ol + llg O

Let v () be the unique solution of the following ODE:

v =1AOIv@O+ g DI, v ) = lx @)l

which solution is
v () =[v () + / ILf ()l exp(—/IIA(F)II dr)dS]eXp(/ A (s)ll ds)

Then, by Lemma 19.7, it follows that ||x (f)|| < v (¢) for any r > f, which gives
(19.66). O

Corollary 19.11. Similarly, if w (t) is the solution of
v()=—lAOIv@) —llg O, wt) = llx (@)l

then ||x (®)|| = v (¢) for any t > t, that gives

I Ol = (lx (o)l — / g (5)1 ds) exp(— / 1A ()] ds) (19.67)

19.2.3.4 Stationary linear ODE
If in (19.1) A (r) = A is a constant matrix, then it is easy to check that

>~ 1
® (t,1y) := A  where eA’=ZEAktk (19.68)
k=0 "

and (19.62), (19.64) become

t

x (1) = et | xy 4+ / e Ao () ds
s=lo

(19.69)

t

= A0y, + / e’ Vg (s)ds

Ss=ty
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19.2.3.5 Linear ODE with periodic matrices
In this subsection we show that the case of variable, but periodic, coefficients can be
reduced to the case of constant coefficients.

Theorem 19.8. (Floquet 1883) Let in ODE

]x ) =A@)x @) \ (19.70)

the matrix A (t) € R™" (—o00 < t < 00) be continuous and periodic of period T, that is,
for any t

’A(t—}—T) =A) (19.71)

Then the fundamental matrix ® (¢, ty) of (19.70) has a representation of the form

P (tv tO) = &) (t — lo) =7 (t — t()) eR([—to)
(19.72)
Z(t)=2Z(+T)

and R is a constant n X n matrix.

Proof. Since ® (7) is a fundamental matrix of (19. 70), then (t+ T) is fundamental
too. By the group property (19. 57) it follows that ® (t +T) = ® (r) ® (T). Since
det @ (T) # 0 one can represent ® (T') as ® (T) = e*” and hence

S(T+T)=o (1) (19.73)
So, defining Z (1) := ® (1) e ¥, we get
Z@+T)=®(t+T)e Re+D
= [CT) (T+T)e RT| e ke
=d(t)ef"=Z (1)
which completes the proof. (]
19.2.3.6 First integrals and related adjoint linear ODE
Definition 19.2. A function F = F (t,x) : R x C" — C, belonging to C'[R x C"], is

called the first integral to ODE (19.1) if it is constant over trajectories of x (t) generated
by (19.1), that is, if for any t > ty and any x, € C"

d 0 ad .
EF (t,x (1)) = 5F (t,x (@) + (axF(t,x ), x (t)>

(19.74)

ad d
= 5F(t,x) + (MF(t,x(t)), f(t,X(t))> =
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In the case of linear ODE (19.54) the condition (19.74) is converted into the following:

) 0
—F (t,x) + (F(t, x (1)), A (t)> =0 (19.75)
ot 0x

Let us try to find a first integral for (19.54) as a linear form of x (), i.e., let us try to
satisfy (19.75) selecting F as

]F (t,x) = (z(t), x(1):=z"@)x (1) \ (19.76)

where z* (t) € C" is from C!' [C"].

The existence of the first integral for ODE (19.1) permits to decrease the order of the
system to be integrated since if the equation F (¢, x (#)) = ¢ can be resolved with respect
to one of the components, say,

Xo () =@ (1, x1 (1) 5y X1 (1), Xt () 5 -, X, (1))

then the order of ODE (19.1) becomes equal to (n — 1). If one can find all » first integrals
F,(t,x () =cy (@ =1,...,n) which are linearly independent, then the ODE system
(19.1) can be considered to be solved.

Lemma 19.7. A first integral F (¢, x) for (19.54) is linear on x (t) as in (19.76) if and
only if

[(0)=-A"z0). @) =2cR™, 121 (19.77)

Proof.
(a) Necessity. If a linear F (¢, x) = (z(¢), x (¢)) is a first integral, then
d
EF @, x @)= (@), x @)+ @), x 1))
= (z2(), x (1)) + (z(t), A (t) x (1))
= (z(1), x (1)) + (A" () z(2), x (1))

=@@®+ A @) z(0), x (1)

(19.78)

Suppose that z (t') + A* (¢') z (t') # 0 for some t' > f,. Put

x()=z({")+A ()2 ()

Since x (') = @ (¢', t)) xo and ®~! (¢, fp) always exists, then for xo = ®~! (¢, 1)
x (') we obtain

d
prd (", x (1) =@ @)+ A" (1) 21", x (')

=2+ A )z (> £0
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which is in contradiction with the assumption that F (¢, x (¢)) is a first integral.
(b) Sufficiency. It directly results from (19.78).
Lemma is proven. ([

Definition 19.3. The system (19.77) is called the ODE system adjoint to (19.54). For
the corresponding inhomogeneous system (19.61) the adjoint system is

) =—A"()z()—§0), 1) =2€R™, 1> (19.79)

There are several results concerning the joint behavior of (19.54) and (19.77).

Lemma 19.8. A matrix ® (t, ty) is a fundamental matrix for the linear ODE (19.54) if
and only if (d* (t,1)))"" = (CID’1 (t, to))* is a fundamental matrix for the adjoint system
(19.77).

Proof. Since ® (t, 1) @' (¢, 1) = I by differentiation it follows that

d d
Edf‘ (t. 1) = =@ (1, 1) 2@ 10) O (1, 1) =D (1, 4) A1)

and taking the complex conjugate transpose of the last identity gives

d * *
- (@' (1,10)) = —A* (1) (7' (1, 19))

The converse is proved similarly. (I

Lemma 19.9. The direct (19.61) and the corresponding adjoint (19.79) linear systems
can be presented in the Hamiltonian form, i.e.,

() = B%H(z,x), i) = —%H (z, %) (19.80)

where

H(t,z,x) =@ f{t.x)=@GAt)x+g(@)) (19.81)

is called the Hamiltonian function for the system (19.61). In the stationary homogeneous
case when

() =Ax(1), x(t) =x € R, 1>1] (19.82)

the Hamiltonian function is a first integral for (19.82).
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Proof. The representation (19.80) follows directly from (19.81). In the stationary, when

—H (t,z,x) =0, we have

ot
iH(I )—gH(f ) + iH( ),z )+ iH( ), X
dt 3y Ly X _3t y Ty X 9z Z,X), 2 ax Z,X), X
()= H () + (- H ), S H (2 x)) =0
= | — s X)), —— , X — y X))y — » X =
PR ax PRI PR
So, H (¢, z, x) is a constant. O

Lemma 19.10. If A (t) = —A* (¢) is skew Hermitian, then

[lx (t)|| = const (19.83)
t

Proof. One has directly

% lx DI = @& @), x (1)) + (x(0), % (1))
= (A x(®), x (1)) + (x(1), A (1) x (1))
=AM x@),x @)+ A* @) x(@),x (1))
=([AM+A*0]x1),x (1) =0

which proves the result. ]

Lemma 19.11. (Green’s formula) Let A (¢), g (¢) and g (¢) be continuous for t € [a, b];
x (t) be a solution of (19.61) and 7z (t) be a solution of (19.79). Then for all t € [a, b]

t

/ [T () z2(s) —x(HTE®)]ds =xT D)z (@) —xT (@) z(a) (19.84)

sS=a

Proof. The relation (19.84) is proved by showing that both sides have the same deriva-
tives, since (Ay, z) = (y, A*2). O

19.2.4 Index of increment for ODE solutions

Definition 19.4. A number t is called a Lyapunov order number (or the index of the
increment) for a vector function x (t) defined for t > t,, if for every ¢ > 0 there exist
positive constants C° and C, such that

lx 0] < Cee™™"  for all large t
(19.85)

lx () < C2% ™" for some arbitrary large t
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which equivalently can be formulated as

T = limsup ¢t~ 1n ||x (¢)] (19.86)

t—00

Lemma 19.12. If x (t) is the solution of (19.61), then it has the Lyapunov order number

t
v < limsup ' In | Ix ()] + / If ()]l ds
s=toy

—>00
, = (19.87)
+ lim sup ¢! / A (s)|l ds
t—00 i
Proof. Tt follows directly from (19.66). O

19.2.5 Riccati differential equation

Let us introduce the symmetric n x n matrix function P (t) = PT (t) € C' [0, T] which
satisfies the following ODE:

—PO)=POANO+ADT P @)

—P@OR@P @)+ 0O@) (19.88)

P(T)=G >0

with

A1), Q@) eR™, R(@)eR™™ (19.89)
Definition 19.5. We call ODE (19.88) the matrix Riccati differential equation.
Theorem 19.9. (on the structure of the solution) Ler P (t) be a symmetric nonnegative

solution of (19.88) defined on [0, T]. Then there exist two functional n X n matrices
X(@),Y (t) € C'[0, T] satisfying the following linear ODE

X(r)) _y (X(r))
s | =H®O
<Y“) Yo (19.90)

X(T)=1, Y(T)=P(T)=G

with

(19.91)

H(;)=[A(f) —R(r)}

-0 —AT()
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where A (t) and Q (t) are as in (19.88) and such that P (t) may be uniquely represented
as

PO=YNX ' (0] (19.92)

for any finite t € [0, T].

Proof.

(a) Notice that the matrices X (t) and Y (¢) exist since they are defined by the solution
to the ODE (19.90).

(b) Show that they satisfy the relation (19.92). Firstly, remark that X (T) = I, so
det X (T) =1 > 0. From (19.90) it follows that X (¢) is a continuous matrix function
and, hence, there exists a time 7 such that for all r € (T — 7, T] det X (t) > 0. As a
result, X! (¢) exists within the small semi-open interval (T — t, T]. Then, directly
using (19.90) and in view of the identities

—1 _ i -1 -1 ¥ _
X'toHxe =1, T XD XO+X " O)X@0)=0

it follows that

d —1 -1 Y -1
E[X O]=-X"TOXOX"'®

= XTO[AOX @O —ROY O] X (1) (19.93)

= XTOAO+XTOROY OX ' @)

and, hence, for all r € (T — 7, T] in view of (19.88)

4 YOX'TO]=YOX 'O +Y @) 4 (X' ()]
dt dt

=[-0MXHO-ATOY O] X (1)
+YO[-XT"TOAO+XTOROY )X ()]

=—Q@W)—AT()P@)—P({)A)
+PORGP@E)=P®)

. d _
which implies o YO X' @)—P@®)]=0,o0r,
Y (@)X () — P(t) = const
te(T—1,T]

But for t = T we have
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const =Y (T)X ' (T)—P(T)=Y(T)—P(T)=0

te(T—1,T)

So, for all t € (T — 7, T] it follows that P (t) = Y (1) X' (¢).
(c) Show that det X (T — 1) > 0. The relations (19.90) and (19.92) lead to the following
presentation within t € t € (T — 7, T]

XO=AOXO-ROY @) =[A0t)—R@®P®]X (1)

and, by Liouville’s theorem 19.7, it follows that

T—t
det X (T — 1) = det X (0) exp / tr[A(t) — R @) P (1)]dt

t=0

T
1 = det X (T) = det X (0) exp tr[A(t) — R @) P (1)]dt

t=0

T
detX (T —t) =expq — / tr[A(t) — R@) P(t)]dt p >0

t=T-1

By continuity, again there exists a time 7; > 7t that detX () > O for any
t € [T —t,T — 1;]. Repeating the same considerations we may conclude that
det X (t) > O for any ¢t € [0, T].

(d) Show that the matrix G (t) :== Y (t) X~' (¢) is symmetric. One has

d . d
E[YT(I)X(I)—XT(I)YU)]ZYT(I)X(t)JrYT(t)E[X(I)]

- %XT YO -XTOY O =[-Q0)X 1) —ATOY D] X (1)

FYTOAOXO-ROY O] -[AOX O —-ROY O] Y (1)
—XTO[-00OXH—-ATOY )] =0

and Y (T)T X (T) —[X (D)"Y (T) = YT (T) — Y (T) = GT — G = 0 that implies
YTO)X@) — X7 @)Y () =0foranyt € [0,T].So, YT () = XT @)Y (&) X' (1)
= XT (¢) P (¢t) and, hence, by the transposition operation we get Y (t) = P7 () X (¢)
and P (1) =Y (1) X~' (t) = PT7 (¢). The symmetricity of P (¢) is proven.

(e) The Riccati differential equation (19.88) is uniquely solvable with P (t) =
Y ()X~ ' (#) > 0 on [0, T] since the matrices X (¢) and Y (¢) are uniquely defined
by (19.92). O
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19.2.6 Linear first order partial DE

Consider the following linear first order partial DE

Y X (x.2) aj = Z(x,2) (19.94)

where x € R” is a vector of n independent real variables and z = z (x) is a real-valued
function of the class C! (X), x € X € R". Defining

0z 9z 9z \"
X(.x,Z) = (X](.X,Z),...,Xn(x,z))T, — = PR
0x 0x; ax,
equation (19.94) can be rewritten as follows
0z
X(x,2), — | =2Z(x,2) (19.95)
dax

Any function z = z (x) € C!(X) satisfying (19.95) is its solution. If so, then its full
differential dz is

0z ", 9z
dz = (Bx dx) = EZ: i dx; (19.96)

Consider also the following auxiliary system of ODE:

d dx, d
I, (19.97)
X1 (x,2) X, (x,2)  Z(x,2)
or, equivalently,
O dx, . dx, 1
X x,0)—=---=X"(x,2) =Z"(x,2) (19.98)
dz dz
or,
dx1 1
7=X1(X7Z)Z (x,Z)
dz
(19.99)
dx, 1
=X, (x,2)Z7 (x,2)
dz

which is called the system of characteristic ODE related to (19.95). The following
important result, describing the natural connection of (19.95) and (19.98), is given below.

Lemma 19.13. If z = z (x) satisfies (19.97), then it satisfies (19.95) too.
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Proof. Indeed, by (19.99) and (19.96) we have

dx[ = X,‘ ()C, Z) Z_l (X, Z) dZ

n n

9z 9z _
deZax.dx":ZEX"(x’Z)Z l(x’z)dz
i=1 O i=1

which implies (19.94). O

19.2.6.1 Cauchy’s method of characteristics

The method, presented here, permits to convert the solution of a linear first order partial
DE of a system of nonlinear ODE.

Suppose that we can solve the system (19.98) of ODE and its solution is

X, =xi(z,¢), i= 1n\ (19.100)

where ¢; are some constants.
Definition 19.6. The solutions (19.100) are called the characteristics of (19.94).

Assume that this solution can be resolved with respect to the constants c¢;, namely,
there exist functions

Vi=vird=cl=1...n (19.101)

Since these functions are constants on the solutions of (19.98) they are the first integrals
of (19.98). Evidently, any arbitrary function ® : R* — R of constants ¢; (i = 1,...,n)
is a constant too, that is,

]qn (ClyernrCy) = const\ (19.102)

Without the loss of a generality we can take const = 0, so the equation (19.102) becomes

[ ®(ci,....c)=0] (19.103)

Theorem 19.10. (Cauchy’s method of characteristics) If the first integrals (19.74)
¥ (x, 2) of the system (19.98) are independent, that is,

det |:81/fl (.X, Z)

] £0 (19.104)
i,j=1,...n

then the solution z = z (x) of (19.97) can be found from the algebraic equation

[® (W1 (x,2), . ¥ (x,2) =0] (19.105)

where @ (Y, ..., V¥,) is an arbitrary function of its arguments.
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Proof. By Theorem 16.8 on an implicit function, the systems (19.74) can be uniquely
resolved with respect to x if (19.104) is fulfilled. So, the obtained functions
(19.100) satisfy (19.99) and, hence, by Lemma 19.13 it follows that z = z(x)

satisfies (19.95).

Example 19.3. Let us integrate the equation

i

n 8Z .
Zx,-— = pz (p is a constant)
P ax

The system (19.97)
ax

dx,
X1 Xn pz

dz

has the following first integrals

where ® (Y, ..., ¥,) is an arbitrary function, for example,
QW W) =D At Y A #O
i=1 i=1

which gives
n -y
= (0] S
i=I i=I

19.3 Carathéodory’s type ODE
19.3.1 Main definitions

The differential equation

[FO=fu,x@), =1

]

(19.106)

(19.107)

in the regular case (with the continuous right-hand side in both variables) is known to be

equivalent to the integral equation

x () =x(t) + / f(s,x(s))ds

(19.108)
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Definition 19.7. If the function f (t, x) is discontinuous in t and continuous in x € R",
then the functions x (t), satisfying the integral equation (19.108) where the integral is
understood in the Lebesgue sense, is called the solution of ODE (19.107).

The material presented below follows Filippov (1988).
Let us define more exactly the conditions which the function f (¢, x) should satisfy.

Condition 19.1. (Carathéodory’s conditions) In the domain D of the (t, x)-space let
the following conditions be fulfilled:

1. the function f (t, x) be defined and continuous in x for almost all t;
2. the function f (t, x) be measurable (see (15.97)) in t for each x;
3.

&0l <m@) (19.109)

where the function m (t) is summable (integrable in the Lebesgue sense) on each finite
interval (if t is unbounded in the domain D).

Definition 19.8.

(a) Equation (19.107), where the function f (t,x) satisfies conditions 19.1, is called
Carathéodory’s type ODE.

(b) A function x (t), defined on an open or closed interval 1, is called a solution of
Carathéodory’s type ODE if

e it is absolutely continuous on each interval [a, B] € [;
e it satisfies almost everywhere this equation or, which under conditions 19.1 is the
same thing, satisfies the integral equation (19.108).

19.3.2 Existence and uniqueness theorems

Theorem 19.11. (Filippov 1988) For ¢t € [ty, to + a] and x : ||x — xo|| < b let the func-
tion f (t, x) satisfy Carathéodory’s conditions 19.1. Then on a closed interval [ty, ty + d]
there exists a solution of Cauchy’s problem

(5 = ft,x (1), x(t)=x] (19.110)

In this case one can take an arbitrary number d such that

t
O<d<a, o{ty+d)<b where (p(t)::/m(s)ds (19.111)

s=ty

(m (t) is from (19.109)).
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Proof. For integer k > 1 define h := d/k, and on the intervals [ty + ik, to + (i + 1) k]
(i=1,2,...,k) construct iteratively an approximate solution x; (¢) as

X (1) i=x0 + / f(s,xi—1(s))ds (tg <t <ty+d) (19.112)

s=ty

(for any initial approximation xq(s), for example, xo (s) = const). Remember that if
f (¢, x) satisfies Carathéodory’s conditions 19.1 and x (¢) is measurable on [a, b], then the
composite function f (¢, x (¢)) is summable (integrable in the Lebesgue sense) on [a, b].
In view of this and by the condition (19.111) we obtain ||x; () — xo|| < b. Moreover, for
anyo,f:fh<a<pf<t+d

t

llxi (B) — xx ()|l = /m ($)ds = ¢ (B) —¢ () (19.113)

S=lo

The function ¢ (¢) is continuous on the closed interval [ty, to + d] and therefore uniformly
continuous. Hence, for any ¢ > 0 there exists a § = § (&) such that for all | — «| < § the
right-hand side of (19.113) is less than ¢. Therefore, the functions x; (¢) are equicontinuous
(see (14.18)) and uniformly bounded (see (14.17)). Let us choose (by the Arzela’s theorem
14.16) from them a uniformly convergent subsequence having a limit x (¢). Since

lxi (s —h) —x (I < llxe (s = h) — xi (|| + llxx () — x ()|

and the first term on the right-hand side is less than ¢ for # = d/k < 8, it follows that
x; (s — h) tends to x(s), by the chosen subsequence. In view of continuity of f (¢, x)
in x, and the estimate | f (¢, x)|| < m(¢) (19.109) one can pass to the limit under
the integral sign in (19.112). Therefore, we conclude that the limiting function x ()
satisfies equation (19.108) and, hence, it is a solution of the problem (19.110). Theorem is
proven. (]

Corollary 19.12. [f Carathéodory’s conditions 19.1 are satisfied for ty —a <t <ty and

lx — xoll < b, then a solution exists on the closed interval [ty — d, to] where d satisfies
(19.111).

Proof. The case t < t, is reduced to the case t > #, by the simple substitution of
(—t) for ¢. (|

Corollary 19.13. Let (ty, xo) € D € R'*" and let there exist a summable function I (t)
(in fact, this is a Lipschitz constant) such that for any two points (t, x) and (t, y) of D

Lf ) = £ @I <@ Ix =yl (19.114)

Then in the domain D there exists at most one solution of the problem (19.110).
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Proof. Using (19.114) it is sufficient to check Carathéodory’s conditions 19.1. O

Theorem 19.12. (on the uniqueness) If in Corollary 19.13 instead of (19.114) there is
fulfilled the inequality

(f (0.2) = f(ty).x =) < 1) lx = yIP] (19.115)

then in the domain D there exists the unique solution of the problem (19.110).

Proof. Let x (t) and y (t) be two solutions of (19.110). Define for 7y < ¢ < #, the function
z (t) := x (t) — y (¢t) for which it follows that

d d
o Iz|* =2 (z, dﬁ> =2(f(t,x)— f(t,y),x —y)

d
almost everywhere. By (19.115) we obtain E”ZHZ < 1@ |lzl*> and, hence,

d
7 (e 2 |1z|I*) < 0 where L () = f;:to 1 (s) ds. Thus, the absolutely continuous func-

tion (i.e., it is a Lebesgue integral of some other function) e~*® ||z||* does not increase,
and it follows from z (y) = 0 that z(¢) = 0 for any ¢t > #,. So, the uniqueness is
proven. 0

Remark 19.7. The uniqueness of the solution of the problem (19.110) implies that if
there exists two solutions of this problem, the graphs of which lie in the domain D, then
these solutions coincide on the common part of their interval of existence.

Remark 19.8. Since the condition (19.114) implies the inequality (19.115) (this follows
from the Cauchy—Bounyakoski—Schwarz inequality), thus the uniqueness may be consid-
ered to be proven for t > ty also under the condition (19.114).

19.3.3 Variable structure and singular perturbed ODE

19.3.3.1 Variable structure ODE

In fact, if by the structure of ODE (19.107) x (t) = f (¢, x (¢£)) we will understand
the function f (¢, x), then evidently any nonstationary system may be considered as
a dynamic system with a variable structure, since for different #; # #, we will have
f (t1,x) # f (2, x). From this point of view such treatment seems to be naive and has
no correct mathematical sense. But if we consider the special class of ODE (19.107)
given by

N
B =f.x@) =Y x(teltot) f x@) (19.116)

i=1
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where x (-) is the characteristic function of the corresponding event, namely,

1 if teftio,t
X (t € [[,‘,1, [[)) = {O if ¢ ¢ Eti_ll, ti)), i <t (19117)

then ODE (19.116) can also be treated as ODE with “jumping” parameters (coefficients).
Evidently, if f? (x) are continuous on a compact D and, hence, are bounded, that is,

Jmax max || f* ()| < M (19.118)

then the third Carathéodory’s condition (19.109) will be fulfilled on the time interval
[, B], since

N
m(t)=M>» x(t€lt11))=MN <oo (19.119)

i=1

Therefore, such ODE equation (19.116) has at most one solution. If, in addition, for each
i =1,..., N the Lipschitz condition holds, i.e.,

(ffe) = fim,x—y) <Lilx—yl?

then, as it follows from Theorem 19.12, this equation has a unique solution.

19.3.3.2 Singular perturbed ODE
Consider the following ODE containing a singular type of perturbation:

N
B = @)+ md—1). 11 =1 (19.120)

i=1

where 8 (r — ;) is the “Dirac delta-function” (15.128), u; is a real constant and f is a
continuous function. The ODE (19.120) must be understood as the integral equation

t

! N
x(t) = x(ty) + / f(x(s))dt + Z Wi / S(t—t)dt (19.121)

e i=1 s=1o

The last term, by the property (15.134), can be represented as

N t

N
Zﬂi /dX (s > 1) =ZIMX @ >1)

i=1 s=to i=1
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where x (t > t;) is the “Heavyside’s (step) function” defined by (19.117). Let us apply
the following state transformation:

N
X (@) =x() +ZM5X (t>1)

i=1

New variable X (¢) satisfies (with g := 0) the following ODE:

i=l

d N
o= (x )= > x> m)

N

=> xt>n)f (x (1) — Z“) (19.122)
i=1 s=1

X (&> 16) f' (x (1))

I
Mz

where
frax@y:=f (x (1) — Zm)
s=1

Claim 19.1. This means that the perturbed ODE (19.120) are equivalent to a variable
structure ODE (19.116).
19.4 ODE with DRHS

In this section we will follow Utkin (1992), Filippov (1988) and Geligle et al. (1978).

19.4.1 Why ODE with DRHS are important in control theory

Here we will present some motivating consideration justifying our further study of
ODE with DRHS. Let us start with the simplest scalar case dealing with the following
standard ODE which is affine (linear) on control:

[£() =f(x))+u@), x(@)=xo is given]| (19.123)

where x(¢),u (t) € R are interpreted here as the state of the system (19.123) and,
respectively, the control action applied to it at time ¢ € [0, T]. The function f : R — R
is a Lipschitz function satisfying the, so-called, Lipschitz condition, that is, for any
x,x' eR

|f ) = f(x) 0<L<oo (19.124)
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Problem 19.1. Let us try to stabilize this system at the point x* = 0 using the, so-called,
feedback control

lu() =u@®)] (19.125)

considering the following informative situations

® the complete information case when the function f (x) is exactly known;

® the incomplete information case when it is only known that the function f (x) is
bounded as

lfI< fo+fTIxl, fo<oo, fT<oo (19.126)
(this inequality is assumed to be valid for any x € R).

There are two possibilities:

1. use any continuous control, namely, take u : R —> R as a continuous function,
ie,u € C;
2. use a discontinuous control which will be defined below.

19.4.1.1 The complete information case

Evidently, at the stationary point x* = 0 any continuous control u (¢) := u (x (7))
should satisfy the following identity

fO)+u©)=0 (19.127)

For example, this property may be fulfilled if we use the control u (x) containing the
nonlinear compensating term

Ueomp (¥) = = (x)
and the linear correction term
Ueor (X) := —kx, k>0
that is, if
U (X) = Ucomp (X) + Ucor (x) = —f (x) — kx (19.128)
The application of this control (19.128) to the system (19.123) implies that
X (t) = —kx (@)
and, as the result, one gets
x (t) = xgexp (—kt) l:)() 0

So, this continuous control (19.128) in the complete information case solves the stabi-
lization problem (19.1).
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19.4.1.2 The incomplete information case

Several informative situations may be considered.

1. f (x) is unknown, but a priori it is known that f (0) = 0. In this situation the
Lipschitz condition (19.124) is transformed into

lf ) =1f )= f O =LIx|
which for the Lyapunov function candidate V (x) = x?/2 implies

Vx®))=x @)@
=xO[f @) +uxE)] <lxOf (@)l (19.129)
+x@®ux @) <Llx®F +x@)ux @)

Since f (x) is unknown let us select u (x) in (19.128) as

U (X) = Ueor (x) = —kx
Ucomp ()C) =0

(19.130)

The use of (19.130) in (19.129) leads to the following identity:
V@) < e () +x O u(x (1) = (L —k)x* () = =2 (k — L) V(x (1))
Selecting k big enough (this method is known as the “high-gain control”) we get
V)= =2k = L) V@) <0

V(x (1) < V(xo)exp (—2[k — L]t) — 0

t—0

This means that in the considered informative situation the “high-gain control” solves
the stabilization problem.

. f (x) is unknown and it is admissible that f (0) # 0. In this situation the condition
(19.127) never can be fulfilled since we do not know exactly the value f (0) and,
hence, neither the control (19.128) nor the control (19.130) can be applied. Let us try
to apply a discontinuous control, namely, let us take u (x) in the form of the, so-called,
sliding-mode (or relay) control:

u(x) = =k sign(x), k >0] (19.131)
where
1 if x>0
sign (x) := -1 if x<0 (19.132)
e[-1,1] if x=0
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sign (x)

Fig. 19.1. The signum function.

(see Fig. 19.1). Starting from some x, # 0, analogously to (19.129) and using (19.126),
we have

V() =x @)% @) =x @) [f (x () +ux@))]
S OO +x@Oux @) <lx®] (fo+ fH1x®)I)
— kex (1) sign (x (1) = |x O] fo+ [T 1x (O =k |x (0)]

Taking

ki = k(x (1) = K"+ k' |x (0)]
(19.133)
kO > fo, kl > f+

we have
V@) < —x 0] (K = fo) — (k' = /) lx 0)F
< —lx O (K = fo) = —vV2 (k= fo) YV 1) <0
Hence,

dV(x (1))
om SV

which leads to the following identity

(K = fo) dt

2 (VY @) = VVG0)) = —V2 (K = fo)1
or, equivalently,

kK — fo
V2

VVE @) <V V(xo) —

t
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This means that the, so-called, “reaching phase”, during which the system (19.123)
controlled by the sliding-mode algorithm (19.131)—(19.133) reaches the origin, is
equal to

V2V

Conclusion 19.1. It follows from the considerations above that the discontinuous (in this
case, sliding-mode) control (19.131)—(19.133) can stabilize the class of the dynamic
systems (19.123), (19.124), (19.126) in finite time (19.134) without the exact knowledge
of its model. Besides, the reaching phase may be done as small as you wish by the
simple selection of the gain parameter k° in (19.134). In other words, the discontinu-
ous control (19.131)—(19.133) is robust with respect to the presence of unmodeled
dynamics in (19.123) which means that it is capable of stabilizing a wide class of
“black/gray-box” systems.

Remark 19.9. Evidently, using such discontinuous control, the trajectories of the con-
trolled system cannot stay in the stationary point x* = 0 since it arrives at it in finite
time but with a nonzero rate, namely, with x (t) such that

o [FO+R i x@®) — 40
YO=1F0) =k i x(t) —> —0

which provokes the, so-called, “chattering effect” (see Fig. 19.2). Simple engineering

considerations show that some sort of smoothing (or low-pass filtering) should be applied
to keep dynamics close to the stationary point x* = 0.

Remark 19.10. Notice that when x (t) = x* = 0 we only know that

X@) e [fO) =k  f(0)+k°] (19.135)

This means that we deal with a differential inclusion (not an equation) (19.135). So, we
need to define what does it mean mathematically correctly a solution of a differential
inclusion and what is it itself.

All these questions, arising in the remarks above, will be considered below in detail
and be illustrated by the corresponding examples and figures.

Fig. 19.2. The “chattering effect”.
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19.4.2 ODE with DRHS and differential inclusions

19.4.2.1 General requirements to a solution
As it is well known, a solution of the differential equation

x (1) = f(t,x (1) (19.136)

with a continuous right-hand side is a function x (¢#) which has a derivative and satisfies
(19.136) everywhere on a given interval. This definition is not, however, valid for DE
with DRHS since in some points of discontinuity the derivative of x (#) does not exist.
That’s why the consideration of DE with DRHS requires a generalization of the concept
of a solution. Anyway, such a generalized concept should necessarily meet the following
requirements:

e For differential equations with a continuous right-hand side the definition of a solution
must be equivalent to the usual (standard) one.

e For the equation x () = f(¢) the solution should be the functions x (¢) = f f@®dt+c
only.

e For any initial data x (f)) = xj,;; within a given region the solution x (¢) should exist
(at least locally) for any ¢t > #, and admit the possibility to be continued up to the
boundary of this region or up to infinity (when (¢, x) — 00).

e The limit of a uniformly convergent sequence of solutions should be a solution too.

e Under the commonly used changes of variables a solution must be transformed into a
solution.

19.4.2.2 The definition of a solution

Definition 19.9. A vector-valued function f (t, x), defined by a mapping f : R x R" —
R, is said to be piecewise continuous in a finite domain G € R"*' if G consists of a
finite number of a domain G; (i = 1,...,1), ie.,

such that in each of them the function f (t, x) is continuous up to the boundary
M;:=G\G (i=1,....D (19.137)
of a measure zero.

The most frequent case is the one where the set
1
M= M,
i=1
of all discontinuity points consists of a finite number of hypersurfaces

0=S@xeC, k=1,....m

where S; (x) is a smooth function.
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Definition 19.10. The set M defined as

(M={xeR" |Sx)=(S(x),.... S (1)) =0} (19.138)

is called a manifold in R". It is referred to as a smooth manifold if S, (x) € C!,
k=1,...,m.

Now we are ready to formulate the main definition of this section.
Definition 19.11. (A solution in Filippov’s sense) A solution x (t) on a time interval

[t%0. 7] of ODE % (t) = f (¢, x (t)) with DRHS in Filippov’s sense is called a solution of
the differential inclusion

i) e F(t.x)] (19.139)

that is, an absolutely continuous on [ty, t ] function x (t) (which can be represented as a
Lebesgue integral of another function) satisfying (19.139) almost everywhere on [ty, t7],
where the set F (t, x) is the smallest convex closed set containing all limit values of the
vector-function f (t,x*) for (t,x*) ¢ M, x* — x, t = const.

Remark 19.11. The set F (t, x)

1. consists of one point f (t, x) at points of continuity of the function f (¢, x);

2. is a segment (a convex polygon, or polyhedron), which in the case when (t, x) € M,
(19.137) has the vertices

fi(t, x) = lim  f (7, x") (19.140)

(t,x*)eG;, x*—>x

All points f; (t, x) are contained in F (t, x), but it is not obligatory that all of them
are vertices.

Example 19.4. For the scalar differential inclusion

% (1) € —sign (x (1))

the set F (t, x) is as follows (see Fig. 19.3):

—sign(x)

Ft0)e[-1,1]

1 X

Fig. 19.3. The right-hand side of the differential inclusion X, = —sign (x;).
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1. Fi,x)=—1 if x>0
2. F@t,x)=1 if x <0
3 F@,x)y=[-1,1] if x=0.

19.4.2.3 Semi-continuous sets as functions
Definition 19.12. A multi-valued function (or a set) F = F (t,x) (t € R, x e R") is
said to be

® g semi-continuous in the point (ty, xo) if for any ¢ > 0 there exists § = § (to, X9, €)
such that the inclusion

(%) € {z | Iz = (10, x0) | < 8}] (19.141)
implies
| F@,x) e {f I If = f (00, x0)ll < e} (19.142)

® q continuous in the point (ty, Xo) if it is semi-continuous and, additionally, for any
e > 0 there exists § = 6§ (ty, xo, €) such that the inclusion

[ (t0.x0) € {z | Iz — (0", x) ]| < 8} (19.143)
implies
| F (o, x0) € (f | IIf = f (. x)] < e} (19.144)

Example 19.5. Consider the multi-valued functions F (t, x) depicted at Fig. 19.4.

Here the functions (sets) F (t, x), corresponding to the plots (1)—(4), are semi-continuous.

Bt x) Bt x) Bt x)
1) 2) 3)
X ™~ x Xo X Xo X
/ N |
4) Bt x) 5) Bt x) 6) Bt x)
— 1
Xo X Xo X Xp [ X
1
—

Fig. 19.4. Multi-valued functions.
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19.4.2.4 Theorem on the local existence of solution
First, let us formulate some useful result which will be applied in the following
considerations.

Lemma 19.14. If x (¢) is absolutely continuous on the interval t € [, B] and within this
interval ||x (t)|| < c, then

1 .
(xﬁ — xa) C Conv UX(t) (19.145)
—a

a.a. te[a,f]

where Conv is a convex closed set containing U x (t) for almost all t € [«, B].

Proof. By the definition of the Lebesgue integral

B
1
(X/g —xa) =2 a /x ) dt = klirgosk

=a

k
Z Gt =03 m=1p—a
i=1

=1

are Lebesgue sums of the integral above. But s, € Cor[w ] U x (¢). Hence, the same fact
a.a. tefa, B

is valid for the limit vectors khm sx which proves the lemma. O
— 00

Theorem 19.13. (on the local existence) Suppose that

Al. a multi-valued function (set) F (t, x) is a semi-continuous at each point
(t,x) € D, , (to, x0) :={(t, x) | Ix = x0ll <y, 1t — 1| < p}

A2. the set F (t, x) is a convex compact and sup ||y|| = ¢ whenever
yeF(t,x) and (t,x) € D, , (ty, Xo)

Then for any t such that |t — ty| < Tt := p/c there exists an absolutely continuous
function x (t) (maybe not unique) such that

x(t)e F(t,x), x(tH) =xg

that is, the ODE x (t) = f (t, x (t)) with DRHS has a local solution in Filippov’s sense
(see Definition 19.11).
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.. . . . T
Proof. Divide the interval [fy—T,fy+T] into 2m-parts ™ = 1 + j—
m

(i =0,%£1, ...+ m) and construct the, so-called, partially linear Euler’s curves

X, (1) = x,, ([i(m)) T (t _ [i(m)) FOGEy, 1 e {[i(m)’ ti(m+1):|

(té’")) = xo, £ (tlgm)) cF (ti(”‘),xm (ém))

By the assumption (A2) it follows that x, (f) is uniformly bounded and continuous
on D, , (fo, xo). Then, by Arzela’s theorem 14.16 there exists a subsequence {x,, (1)}
which uniformly converges to some vector function x (¢). This limit evidently has a
Lipschitz constant on D, , (fo, Xo) and satisfies the initial condition x (%)) = xo. In view
of Lemma 19.14, for any & > 0 we have

my

B [ (8 + 1) = X, ()] C Conv U £

aa.tp—t to+‘r]
mg

- Conv U £ (a) = Ay

a.a. Ae[m—ﬁ ro+ +h} i=—my

Since F (¢, x) is semi-continuous, it follows that supinf [|x — y|| — O whenever k — oo
xeAYE

(here A := Co[nvh]uj":’,m, f (A, x5)). The convexity of F (z,x) implies also that
a.a. A€[t, 1+

sup 1}1(f lx — y]l = 0 when &~ — O which, together with previous property, proves
xeA Y€

the theorem. 0

Remark 19.12. By the same reasons as for the case of regular ODE, we may conclude
that the solution of the differential inclusion (if it exists) is continuously dependent on t,
and x.

19.4.3 Sliding mode control

19.4.3.1 Sliding mode surface
Consider the special case where the function f (¢, x) is discontinuous on a smooth
surface S given by the equation

s()=0, s:R'>R, s()eC'] (19.146)

The surface separates its neighborhood (in R") into domains G* and G~. For t = const
and for the point x* approaching the point x € S from the domains G* and G~ let us
suppose that the function f (¢, x*) has the following limits:

lim  f@x*)=f"(x)
(t,x*)eG—, x*—>x

lim ft,x*=f*(x)

(t,x*)eGt, x*—>x

(19.147)

Then by Filippov’s definition, F (¢, x) is a linear segment joining the endpoints of the
vectors f~ (¢, x) and fT (¢, x). Two situations are possible.
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e If for ¢ € (¢, 1) this segment lies on one side of the plane P tangent to the surface S
at the point x, the solutions for these ¢ pass from one side of the surface S to the other
one (see Fig. 19.5 depicted at the point x = 0);

e If this segment intersects the plane P, the intersection point is the endpoint of the
vector fO (¢, x) which defines the velocity of the motion

i) = x| (19.148)

along the surface S in R” (see Fig. 19.6 depicted at the point x = 0). Such a solution,
lying on S for all ¢ € (1, 1), is often called a sliding motion (or mode). Defining the
projections of the vectors f~ (¢, x) and f (¢, x) to the surface S (Vs (x) # 0) as

(Vs(x), f~ (1, 1))
Vs (o)l

(Vs(). f* (1,%))

+ .
AR TS

p-(t,x) =

one can find that when p~ (¢, x) < 0 and p* (z,x) > 0
P x)y=af ., x)+1A—-a) f*( x)

Here o can be easily found from the equation

(Vs(x), f(t,x)) =0

Fig. 19.6. The velocity of the motion.
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or, equivalently,
0= (Vs(x),af (t,x)+ (1 —a) f(,x)
=ap” (t,x) + (1 —a) p* (1,x)
which implies

pr(t, x)
o =
pjL (lwx) _p7 (tv-x)

Finally, we obtain that

P x)
p+ (tv-x) - P_ (l,)C

B p*(t, x) N
+(1 p+(r,x)—p<t,x))f 0

fo@x) = )f’ (t,x)

(19.149)

19.4.3.2 Sliding mode surface as a desired dynamic

Let us consider in this subsection several examples demonstrating that a desired
dynamic behavior of a controlled system may be expressed not only in the traditional
manner, using some cost (or payoff) functionals as possible performance indices, but
also representing a nominal (desired) dynamic in the form of a surface (or manifold) in
a space of coordinates.

First-order tracking system: consider a first-order system given by the following ODE:

E=f@x@)+u®)] (19.150)

where u (¢) is a control action and f : RxR — R is supposed to be bounded, that is,

lf @t x @)l < ff<oo

Assume that the desired dynamics (signal), which should be tracked, is given by a smooth
function r (¢t) (|7 (¢)| < p), such that the tracking error e, is (see Fig. 19.7)

e(t):=x@)—r@)
Select a desired surface s as follows

(19,151

which exactly corresponds to an “ideal tracking” process. Then, designing the control
u(t) as

’u (t) == —k sign (e (1)) ‘
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r e u X
controller |—>‘ plant |——>

Fig. 19.7. A tracking system.

Fig. 19.8. The finite time error cancellation.

we derive that

e()=f @ x () —7r()—ksign(e ()

and for V (e) = €?/2 we have

Ve =e()é) =e)[f (t.x (1) —i () — ksign (e (1))]
=e)[fA.x@®)—F®O]=kle®| <le®|[f"+ p] —kle ()]
=le®I[ft+p—kl=—V2[k— f* = p]/V (@)

and, hence,
1
VVie) < \/V(eo)—ﬁ[k—ﬁ—p}f

So, taking k > f* 4 p implies the finite time convergence of e, (with the reaching phase
t; = 125%2) to the surface (19.151) (see Figs. 19.8 and 19.9).

Stabilization of a second order relay system: let us consider a second order relay system
given by the following ODE

X (1) + axx (1) + arx (1) =u () +§ (1)

u (t) = —k sign (s (¢)) — the relay-control
(19.152)
S@):=x@)+cx@®), c>0

|& (1)] < & — a bounded unknown disturbance
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X

X

s(x)=x+cx=0

Fig. 19.10. The sliding motion on the sliding surface s(x) = x, + cx;.

We may rewrite the dynamic (x; := x) as

X1 (1) = x2 (1)
Xp (1) = —aix| (1) — apx, (t) +u () +& (1) (19.153)
u(t) = —ksign (x, (t) + cx; (1))

Here the sliding surface is

’s(x):xz—i—cxl‘

So, the sliding motion, corresponding to the dynamics § (f) := x (¢) +cx () = 0, is given
by (see Fig. 19.10)

x (1) = xpe @

Let us introduce the following Lyapunov function candidate:

V(s) =s2/2
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for which the following property holds:

0
58 =5 (x (1)) %il ) + 2 (1)
1

2
s (x (1)) [ex2 (1) — arxy (1) — apxz (1) +u (1) + & (1)]

V (s)

ds (x (1) .
— X
ax

< Is G )] [Jar] b (0] + (€ + lazl) 2 ()] + 4] = s (x (1)) sign (s (x (1))
= — [k = lai| ¥, ()] = (¢ +laal) [x2 ()] = £ Is (x (1) <0
if we take
[k =lallx O]+ €+ la) o O+ +p, p>0] (19.154)

This implies V (s) < —p+/2V (s), and, hence, the reaching time t; (see Fig. 19.9) is

2V (s0) _ |Xo + cxo

o o

F=

(19.155)

Sliding surface and a related LQ-problem: consider a linear multi-dimensional plant
given by the following ODE

X)) =A@ x @)+ B@)u@)+E& @)

Xo isgiven, x()eR", u(t) eR"
(19.156)
BT (#)B(t) >0rank[B (t)]=r forany € [t,1]

& (t) 1is known as external perturbation

A sliding mode is said to be taking place in this system (19.156) if there exists a finite
reaching time ¢, such that the solution x (¢) satisfies

]a(x,t)zo forall > 1,

(19.157)

where o (x,t) : R" X R, — R’ is a sliding function and (21.65) defines a sliding surface
in R"*!. For each ; > 0 the quality of the system (19.156) motion in the sliding surface
(21.65) is characterized by the performance index (Utkin (1992))

Jia = %/(X(t), Ox(n)dt, Q=07=0 (19.158)

Below we will show that the system motion in the sliding surface (21.65) does not depend
on the control function u, that’s why (19.158) is a functional of x and o (x, #) only. Let
us try to solve the following problem.
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Problem formulation: for the given linear system (19.156) and #, > 0 define the optimal
sliding function o = o (x, ) (21.65) providing the optimization in the sense of (19.158)
in the sliding mode, that is,

J, ., — inf (19.159)

el

—

where E is the set of the admissible smooth (differentiable on all arguments) sliding
functions o = o (x, , t). So, we wish to minimize the performance index (19.158) varying
(optimizing) the sliding surface o € E.

Introduce a new state vector z defined by

=T ()x (19.160)
where the linear nonsingular transformations 7 (¢) are given by

— [To-rxw—r —Bi @) (Ba (1))
T(t):= [ 0 (B, (1)) (19.161)

Here B\"™"*"™" (1) e R and B, (t) € R"*" represent the matrices B (t) in the form

B
B @) = [B; m , det[B (0] #0V1=0 (19.162)

Applying (19.162) to the system (19.156), we obtain (below we will omit the time
dependence)

. 21 Anzi+ Apzs 0 51)
_(a)_ (A Aoz | (0) (& 19.163
‘ (Z2> (Azlzl +A2222> <”> <52 ( :

where z; € R"™", zob € R” and

%1 @)
& @)

A |:A:Il A:IZ

= =TAT '+ TT", (
Ay Azz}

) = TE (1) (19.164)

Using the operator 77!, it follows x = T~'z and, hence, the performance index (19.158)
in new variables z may be rewritten as

n
1 1 ~
Jon = 5/()5, Ox)dt = 5/ (Z, Qaz) dt
tsiI

n
1y

= %/ |:(Zl» Q(ﬁm) +2 (zl, Q‘fzzz) + (12, Q;’z@ﬂ dt (19.165)
0= (Tx‘)T o7 = O Q”]
QZI Q22
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and the sliding function ¢ = o (x, t) becomes
oc=o0 (Tflz, t) =0 (z,1) (19.166)

Remark 19.13. The matrices Q“, le, Q21 and sz are supposed to be symmetric.
Otherwise, they can be symmetrized as follows:

3|

1 _ _ _
Jow = / [z, Onzr) +2 (21 Onoza) + (220 Gomza)] i

2
t
= ~ ~ = ~ ~ 19.167
2= (0u + O1)/2. On = (0 + 0F) 12 (12167
On = (le + 0%+ On + Qle)/z
Assumption (A1): we will look for the sliding function (19.166) in the form
60 =2+6G.1)| (19.168)

If the sliding mode exists for the system (19.163) in the sliding surface & (z, #) = 0 under
assumption (A1), then for all r > ¢, the corresponding sliding mode dynamics, driven by
the unmatched disturbance & (¢), are given by

L=Anz+Anzn + &
~ (19.169)
22 = —09 (21, 1)

with the initial conditions z; (t,) = (Tx (t,)),. Defining z, as a virtual control, that is,
Vi=120=—0y(21,1) (19.170)
the system (19.169) may be rewritten as
L=Anz+Apv+§ (19.171)

and the performance index (19.165) becomes

151

Jin = %/ [(Z]y QﬁZ]) +2 (Zl, Q‘fﬂ)) + (v, ngv)} dt (19.172)

Iy

In view of (19.171) and (19.172), the sliding surface design problem (19.159) is reduced
to the following one:

Jy — inf (19.173)

veER"
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But this is the standard LQ-optimal control problem. This means that the optimal control
v o= v* (zl,,, t), optimizing the cost functional (19.172), defines the optimal sliding

t

surface o* (x, ) (see (19.171) and (19.168)) in the following manner:

U* (Z],{, t) = _60 (Zlv t)
o (Z, t) =22 — v* (Zl,ta [) =0

or, equivalently,

o (x,1) = (Tx), — v* (Tx),, 1) =0 (19.174)

19.4.3.3 Equivalent control method

Equivalent control construction: here a formal procedure will be described to obtain
sliding equations along the intersection of sets of discontinuity for a nonlinear system
given by

x () = f(t,x(t), u ()
Xo s given (19.175)
x()eR", u@) ek

and the manifold M (19.138) defined as

S () = (S ()., 8, (x)T =0] (19.176)

representing an intersection of m submanifolds S; (x) (i =1, ..., m).

Definition 19.13. Hereinafter the control u (t) will be referred to (according to V. Utkin)
as the equivalent control u“? (t) in the system (19.175) if it satisfies the equation

SE®)=Gx®)x®)=G @) fEt,xt),u)=0
) (19.177)
G(x () eR™™, G(x@)= 875(x ()

It is quite obvious that, by virtue of the condition (19.177), a motion starting at
S (x (o)) = 0 in time 7, will proceed along the trajectories

X)) =f(t,x@), u 1)) (19.178)

which lies on the manifold S (x) = 0.

Definition 19.14. The above procedure is called the equivalent control method (Utkin
1992; Utkin et al. 1999) and equation (19.178), obtained as a result of applying this
method, will be regarded as the sliding mode equation describing the motion on the
manifold S (x) = 0.
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From the geometric viewpoint, the equivalent control method implies a replacement
of the undefined discontinued control on the discontinuity boundary with a continuous
control which directs the velocity vector in the system state space along the discontinuity
surface intersection. In other words, it realizes the velocity f° (7, x(z), u“? (1)) (19.149)
exactly corresponding to Filippov’s definition of the differential inclusion in the point
x =x(1).

Consider now the equivalent control procedure for an important particular case of a
nonlinear system which is affine on u, the right-hand side of whose differential equation
is a linear function of the control, that is,

£ =f@,x@)+BExO)u) (19.179)

where f : R x R" — R” and B : R x R* — R are all argument continuous vector
and matrix, respectively, and u (#) € R" is a control action. The corresponding equivalent
control should satisfy (19.177), namely,

SE®)=Gx@)i)=Gx®)f(t,xt),u®)
(19.180)
=G@)fE,x@)+Gx@)BE,x@)u@) =0

Assuming that the matrix G (x (¢)) B (¢, x (¢)) is nonsingular for all x (#) and ¢, one can
find the equivalent control from (19.180) as

WD (1) = =[G (x () B, x )] G (x ) f (¢, x (1)) (19.181)

Substitution of this control into (19.179) yields the following ODE:

X ()= [ x@)

» (19.182)
—B(t,x (1) [G(x @) B, x ()] Gx @) f( x(1)

which describes the sliding mode motion on the manifold S (x) = 0. Below the corre-
sponding trajectories in (19.182) will be referred to as x () = x©D ().

Remark 19.14. If we deal with an uncertain dynamic model (19.175) or, particularly,
with (19.179), then the equivalent control u“? (t) is not physically realizable.

Below we will show that u“? (1) may be successfully approximated (in some sense)
by the output of the first-order low-pass filter with the input equal to the corresponding
sliding mode control.
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Sliding mode control design: let us try to stabilize the system (19.179) by applying the
sliding mode approach. For the Lyapunov function V (x) := ||S (x)||*/2, considered on

the trajectories of the controlled system (19.179), we have

Vx @)= (S& @), S x @)

=@E@x@®),Gx@) ft,x @)+ G (x(@) B x (@) u()

=), G (x @) f @ x @)+ (S (1), G (x (@) B (1, x (1) u (1)

SISGE)IIG (x @) f (¢, x )+ (S (1)), G (x (1) B (1, x (1)) u (1))

Taking u (t) as a sliding mode control, i.e.,

u () =u (1)

ubh (1) 1= —k, [G (x (1)) B (t, x (1))]”" sign (S (x (1)) (19.183)
k. >0, sign(S(x)) := (sign (S (x)),...,sign (S, )NT
we obtain
V@) < ISOIG &) f . x @)l _ktZ|Si (x ()]
i=1
which, in view of the inequality, || S| > Xm: |S;|, implies
i=1
V@) <—=IS@I ke =G (x @) f &, x @)
Selecting
k= 1G &) ft.x@)+p. p>0] (19.184)
gives 1% (x @) < —plISE| = —p/2V (x (¢t)) which provides the reaching phase in
time
. JTp(xw _ ||S(:o>|| (19.185)

Remark 19.15. If the sliding motion on the manifold S(x) = 0 is stable then there exists

a constant k° € (0, co) such that

IG (x (1) f (1, x ()] < k°
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and, hence, k, (19.184) may be selected as a constant

ki i=k=£k+p (19.186)

Low-pass filtering: to minimize the influence of the chattering effect arising after the
reaching phase let us consider the property of the signal obtained as an output of a
low-pass filter with the input equal to the sliding mode control, that is,

wit @ (1) + u &) = u@), u™ =0, w=>0 19.187
0

where u®? (¢) is given by (19.183). The next simple lemma states the relation between
the, so-called, averaged control ¥ (¢), which is the filtered output, and the input signal
u ().

Lemma 19.15. If

g =GB (1, x ) := 1% ([BT (6, x (1)) GTI[GB (1, x (1))])
(19.188)
> hin ([BT (0,x 00) GT][GB (1, x 0)]) = Ly, >0
then for the low-pass filter (19.187) the following properties hold:
1. The difference between the input and output signals are bounded, i.e.,

u (1) = ut (@) +¢ (1)

Ic @ <2¢, c:=(g"+p)m/x (19.189)

i ] < 2¢/

2. The amplitude-frequency characteristic A (w) of the filter is

A(w) = w € [0, 00) (19.190)

1
V1+ (no)*

whose plot is depicted at Fig. 19.11 for u = 0.01, where y = A (w) and x = w.

Proof.
1. The solution of the ODE (19.183) and its derivative are as follows:

k [GB (t,x)]”"

< (IGf )l + ) ||[GB x|

_ UGS @ x)ll + p) -
A ([BT (1, x) GT][GB (1, x)]) = {g7 o)

min

Hut(.vl)

|§%7l (g++,0)m:=c
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0.9988 t

0.9975 t

0.9963 t

X

0 25 5 7.5 10

Fig. 19.11. The amplitude-phase characteristic of the low-pass filter.

and by (19.187)
t

1
ur(av) — /e—(lfs)/p.ugsl)ds
M

5=0

(19.191)
t
u;av) — l M;Sl) _ l /ef(tfs)/uuisl)ds
I I
s=0
which implies
t

t
+ 1 /e—(r—sw [ut|| ds < ¢ + < /e*“*”/“ds
A ’ - 2
s=

s=0

I/.l,(av)

<o

d

t

=c+c / e g (s /)

s=0
t/p

=c+c / e G5 = c 4 ¢ (1 — e”/") <2c
§=0

Hence, (19.189) holds.
2. Applying the Fourier transformation to (19.187) leads to the following identity:

pjoU™ (jo) + U (jw) = U (jo)
or, equivalently,

av) s 1 sy 1l —pjo o) .
U<wm»=T——fw”um=————7w”om

+njo 1+ (hw)
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So, the amplitude-frequency characteristic

A(w) = \/[Re U@ (jo))* + [Im U@ (jw)]’

of the filter (19.187) is as in (19.190). Lemma is proven. O

19.4.3.4 The realizable approximation of the equivalent control
By (19.191) u;"” may be represented as u;"” = [ u’"d (e~*=/*). Consider

the dynamics x“” of the system (19.175) controlled by u*” (19.191) at two time intervals:
during the reaching phase and during the sliding mode regime.
1. Reaching phase (1 € [0, ;]). Here the integration by part implies

t t

ut(au) — ‘/uisl)d (e—(t—x)/u) — ut(sl) _ u(()sl)e—t/ﬂ _ /’/'lgxl)e—(f—s)/p. ds

s=0 5s=0
Supposing that «*™” (19.183) is bounded almost everywhere, i.e., |[i#{*"|| < d. The
above identity leads to the following estimation:
t
H”flw) —u® ‘ < |lu? ‘e—t/u +d / e~ =9/ g
s=0
t
= u((fl) ’e"/" + ud / e I d (s /)
s=0
t/p
= u((fl) e "+ ud / e~ W=D g5
§=0
= {|uf" ’ e+ pud (1 —e'/) = pd + O (e7/*)
So, u” may be represented as
] u =u +& (19.192)

where & may be done as small as you wish taking p tending to zero, since
&1 < pd + O (e7/)

As a result, the trajectories x*” and x“” will differ slightly. Indeed,

i = 5 (t’xt(sl)) _B (ty-x[(SI)> Ul

)-Ct(av) — f (t, xt(av)) — B (t’xt(av)) uiav)
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Defining
B=B@tx"), G=Gux"), f=f(t.x“)
and omitting the arguments for simplicity, the last equation may be represented as

VD — 51 slav) _ F B, (@v)
x[(s)_f_Bugs)7 xt(au _f_Buruv

Hence by (19.192), the difference A, := x*" — x“" satisfies

t

A= Ag— / [(f - f) — Bu®) + E‘ui“”)} ds

s=0

t

~ Ag— / (7= F) = But + B (a8 +£)] as

s=0

Taking into account that Ay = O (the system starts with the same initial conditions
independently on an applied control) and that f (z, x) and B (x) are Lipschitz (with
the constant L and Lg) on x it follows that

t

= [ [l |5 5} 5 o

s=0

t

< / (L 1A+ Lo 1A [ + 1] 12:1] ds
s=0
t
5/[(L_,«—FLB|u§”)H)I|ASII+Hl~?H (1d + 0 (1)) ] ds
s=0

Since O (e7"/*) = nO (ie"/“) = wo (1) < ue and
] <u <o, B < B* < oo

we finally have

t
NE / [(Ly + Lou) A+ B (d + )] ds

s=0
t

<B*u(d+e) zf+/(L_,-+LBu$'”) Al ds

s=0
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Now let us apply the Gronwall lemma which says that if v (#) and & (¢) are nonnegative
continuous functions on [ty, co) verifying

v(t) <c+ / E)v(s)ds (19.193)

then for any ¢ € [t,, 00) the following inequality holds:

v (t) < cexp / E(s)ds (19.194)

This result remains true if ¢ = 0. In our case
v@®) = A, c=Bu@d+e)t;, &(s)=Ls+Lpu

for any s € [0, tf). So,

A <8 := B u(d+e)tsexp ((Lf + L3u$”) tf) (19.195)

Claim 19.2. For any finite reaching time ty and any small value 5 > O there exists a
small enough w such that ||A,|| is less than §.

2. Sliding mode phase (¢ > ¢;). During the sliding mode phase we have
S(x) =8 (x") =G (f — Buf) =0 (19.196)

if u, = u\® for all r > t. Applying u, = u\"” we cannot guarantee (19.196) already.

Indeed,

t

S(x) =S8 (xt(j‘_“’)) + / S (x) ds

S=If

and, by (19.195),
Js G} [ = s (i) -s G2 [ < o () &

()] = ow

<O

Hence, in view of (19.196),

Claim 19.3. During the sliding-mode phase

Hs (xf”””) H — o (19.197)
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This chapter deals with the basic notions concerning the stability property of
certain solutions or sets of solutions of the different classes of ordinary differential
equations (ODE).

In the famous work of A.M. Lyapunov (Lyapunov 1892) there is given some very
simple (but philosophically very profound) theorems (hereafter referred to as the direct
Lyapunov’s method) for deciding the stability or instability of an equilibrium point of an
ODE. The idea of this approach consists of the generalization of the concept of “energy”
and its “power” the usefulness of which lies in the fact that the decision on stability can
be made by investigating the differential equation itself (in fact, its right-hand side only)
but not by finding its exact solution.

The purpose of this chapter is to give an introduction to some of the fundamental ideas
and problems in the field which can be successfully applied to some problems arising in
automatic control theory.

20.1 Basic definitions
20.1.1 Origin as an equilibrium

Definition 20.1. The vector-valued function y (t, yo, ty) € R" is said to be the dynamic
motion satisfying

y®) =g y@), yt) =y
if

® there exists no other function satisfying this ODE with the same initial conditions;
® it is differentiable in t for all t > t,.

561
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Remark 20.1. Evidently, by this definition, y (t, Yo, ty) = Yo.
Consider the, so-called, nominal dynamic motion y* (¢, yy, ty) satisfying

V) =g (t,y" 1), ¥y (t) =y €R"

and the dynamic motion in deviations x (t, Xy, ty) € R", defined by

x (2, X0, f0) =y (¢, Yo, to) — ¥* (¢, Yo, o)
x(t)=f @ x()
X (fo) = X0 := Yo — Y
[, x):=g@,x—y)—g &y

(20.1)

Definition 20.2. Supposing that equation (20.1) admits the dynamic motionx (t, 0, ty) = 0.
We will also call it the trivial solution or the equilibrium which can be expressed by

f.0)=01>1) (20.2)

Further we will assume that the solution, belonging to the initial point xy in a certain
neighborhood ||xy|| < § of the origin, exists for all t > ty and is uniquely determined by
the initial values x, t,."

In this chapter we will study different aspects of stability of the equilibrium point
x=0.
20.1.2 Positive definite functions

First, let us introduce the following definitions which will be intensively used hereafter.
Definition 20.3. A real function V = V (t,x), specified in the domain ||x|| < h

(x € R", h > 0) forallt > t, is called positive-definite if there exists a real continuous
function W (x) defined for ||x|| < h such that

1.

@03

2. for x| >0

a0

3. forallt > 1,

Vx> W] (20.5)

' We may assume that f (¢, x) is an n-dimensional vector function which is locally (uniformly on ¢) Lipschitz
on x in a neighborhood of the point x = 0.
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If the properties (2)—(3) are replaced by W (x) < 0 and V (¢t,x) < W (x), then the
Sfunction V (t, x) will be negative-definite.

Example 20.1.
Vt,x)= xl2 + x22 + x1x, sint
is precisely such a function. Indeed,

V(t,x):xlz—i—x%—i—xlxzsint lez—{—x% — |x1] |x2]

= (lx1] = [x2D)® + |xi| |xal =[x |xo] := W (x)
So, all conditions of Definition 20.3 are fulfilled for the function W (x).

Definition 20.4. Denote by x (t, xo, ty) the dynamic motion (trajectory) which satisfies
(20.1) when x (to) = xo. Then, if there exists the time derivative of the function V (t) :=
V (t, x (¢, X0, tp)), then the function V (¢, x) is said to be differentiable along the integral
curves (or the path) x (t, xg, ty) of the system (20.1).

Claim 20.1. The full time derivative of the differentiable function V (t) is calculated as
follows

d\'/(z) dV(t'(t ) aV(t'(t )
- = -0 9-x 7-x ) = a-x 7x b
dt dt Y 00
" (20.6)
A% _ _
+ D5 (G F (30, 10)) fi (4% (1, 30, 1)
i=1 !
In short (20.6) is written as
d d "9V
—Vt,x)=—V(x t,x) fi(t, x 20.7
VD= (x)+;3x[(x)f(x) (20.7)

20.2 Lyapunov stability
20.2.1 Main definitions and examples

Definition 20.5. The equilibrium zero-point (or zero-state) x = 0 of the system given by

ODE (20.1) is said to be

1. Lyapunov stable, or locally stable, if for any ¢ > 0O there exist t; > t) > 0 and § =
) (t(/) 8) > 0 such that for all t > ty we have H)E (t, X0, t(’,) || < & whenever x (t()) = Xy
and ||xo|| < 8;

2. uniformly Lyapunov stable, or uniformly locally stable, if it is Lyapunov stable for
any ty > ty, that is, 8 is independent on t;
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3. asymptotically locally stable if it is locally stable and, additionally, x (t, X0, t(;) -0
ast — oo;

4. asymptotically uniformly locally stable if it is uniformly locally stable and, addition-
ally, x (t, X0, t{)) —0ast— oo

5. exponentially locally stable if

® it is asymptotically uniformly locally stable, and,
® additionally, there exists two positive constants o and B such that

llx (t) | < o [|x (£) || e P~ (20.8)

Definition 20.6. The equilibrium zero-point (or zero-state) x = 0 of the system given by
ODE (20.1) is said to be unstable if at least one of two requirements holds:

e cither the solution x (t) of (20.1) is noncontinuable in t from t = ty up to oo in any
neighborhood of the zero-state x = 0; or

® when for any § > 0 and any t' > t, there exists ¢ = ¢ (8,t') and t" > t' such that
lx ()| > & in spite of the fact that ||x ()] < §.
The illustrations of Lyapunov and asymptotic types of stability are given by Figs. 20.1

and 20.2.

Example 20.2. (The linear oscillator) Consider the model of the linear oscillator given by

F@) +dx @) +*x(t)=0

. i : (20.9)
t>1t:=0, >0, x(0) =xp, x(0)=xy aregiven

(a) The no-friction case d = 0: x| () :=x (t), x, (t) := x (¢)

X1 (1) = x2 (1), %2 (1) = —’x; (1)

Fig. 20.1. Lyapunov’s stability illustration.
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Fig. 20.2. Asymptotic local stability illustration.

and

Xo .
x1 (1) = x (t) = xgcoswt + — sin wt
w

. . Xo
X, (1) = x (t) = —xpw sin wt + — cos wt
w

So, for |xo| < & and |xy| < § we have

<s(l+w')<e

Xo
lx (O] < x|l + | —
w

Ix ()] = xow| + %l = (w+1) <&

if 6:

£/max {1 +ow 1 —I—a)}
. 0y . .
This means that the state ( O) is uniformly locally stable.
(b) The friction case d > 0: x; (t) := x (t), x, (¢t) := x (¢)
B () =x0), k(1) =—-wx ) —dx®)
and

X1 (1) =x () = ¢ + et

X2 (t) =X (t) = Cl)\.le‘}\lt + Cz)\.ze)tzt

e (Y L
12775 2) ¢

565
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In any case, Re A; < 0 (i = 1, 2) which implies

X1 (D] = |x @) < lei| XM + |ey| %' - 0 as t — o0

x> O] = 1% )] = (1] ler] %M+ [Ra] ea] et

max (Re )t
< max (Al ci]) e=t2 —0ast — o0
i=l1,

Therefore the stationary state

and B = —max (Re A;).2
=1,

8 is exponentially locally stable with o = max (Ail leil)

20.2.2 Criteria of stability: nonconstructive theory

The theory, designed by A.M. Lyapunov (Doctor thesis 1892, the first translations from
Russian are in Lyapunov 1907), says that if for a system (20.1) there exists a Lyapunov
(positive-definite ‘“‘energetic”’) function, then the zero-state is Lyapunov stable. So,
this theory deals with the, so-called, sufficient conditions of stability. But there exists
another concept (see Zubov 1962, 1964) which states that if the zero-state of (20.1) is
locally stable, then obligatory there exists a corresponding Lyapunov function. This
means exactly that the existence of a Laypunov function is also a necessary condition of
stability.

In this subsection we will present the “joint result” (due to Zubov (1962)) on the
necessary and sufficient conditions of local stability or, in other words, the criterion of
local, asymptotic and exponential stability for nonlinear systems governed by (20.1).

20.2.2.1 Criterion of Lyapunov (local) stability

Theorem 20.1. (The criterion of stability (Zubov 1964)) The zero-state of the system
(20.1) is Lyapunov (or, locally) stable if and only if there exists a function V (t, x), called
the Lyapunov function, satisfying the following conditions:

1. V (t, x) is defined for || x| < h and t > t;
2. V(,0) =0 forall t >ty and is continuous in x for all t > t, in the point x = 0;
3. V (¢, x) is positive-definite, that is, there exists a function W (x) such that

Vi, x)>W(kx) forall t>1t
W) =0, Wkx)>0 for |x|>0

4. the function V (1) := V (¢, X (t, x0, o)) does not increase’® int > 1, for all x, satisfying
o0l < h.

2 In fact, here it is proven more accurately: this state is globally exponentially stable (the exact definition in
subsection 20.2.3), since the property H)E (t, X0, t(’)) H < aexp(—pt) — O0is true for any xo and any #; > 0.
=00

3 Notice that here it is not required for V; to be z-differentiable.
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Proof.

(a) Sufficiency. Suppose that there exists a function V (¢, x) satisfying all conditions (1)-
(4) of Theorem 20.1. Take ¢ < h and consider the sphere ||x|| = ¢. By condition (3)

ﬁn”f_ Wkx)=2>0
By the continuity of V (¢, x) (the properties (1)—(2)) it follows that there is a number
8 = 8 (ty,€) > 0 such that V (f, x) < X as ||x|| < 8. Take any point x, satisfying
lxoll < 8. Then V (ty, xo) < A and by property (4) the function V (¢, X (¢, xo, tp)) is
not increasing for ¢ > #, which implies

V (1, % (1, X0, 1)) < V (to, X0) < X (20.10)

Hence, ||x (¢, xo, to)|| < € for all ¢ > t,, otherwise there exists an instant time 7 > £,
such that Hx (f, Xo, to) H = ¢ and, therefore,

V (7, % (f.x0.10)) = W (% (f. x0. 1)) = A

which contradicts (20.10). The sufficiency is proven.
(b) Necessity. Let the stationary zero-point be Lyapunov stable. Consider the solution
X (t, xg, tp) of (20.1) for ||xo|| < h. Define the function V (¢, x) as follows

V (t,x) :=sup||x (s, x, 1) (20.11)

s>t

where X (s, x, t) is the solution (20.1) started at the point x at time 7. So, the condition
(1) of Theorem 20.1 holds. Since x = 0 is a stationary point (an equilibrium), then
V (¢, 0) = 0 which follows from (20.11). Additionally, this function is continuous at
the point x = O for any ¢ > f,. Indeed, for € > 0, by the stability property, there
exists § = & (t, €) such that ||x (¢, x0, fo)|| < € whenever ||xo]| < §. By (20.11),
V (ty, xo) < € which proves the fulfillment of condition (2) of Theorem 20.1. One
can see also that when |[|xg] > 0

V (t0, x0) = I (t0, X0, o) | = lIx0ll := W (x0) > 0

So, V (t, x) is positive-definite and condition (3) is also fulfilled. To demonstrate the
validity of condition (4) it is sufficient to establish that

V(' x(' x0.10)) <V ("% (" x0,10)) if 1">=1">1
To do this, it is sufficient to notice that by formula (20.11)

V (t/a )E (t/v X0, IO)) = Sup ”-)E (S, )E (t/, X0, tO)v t/)”

s>t

> sup ||x (s, X (', xo0, o), 1)l = sup [Ix (s, X (t", xo, fo), 1)l

s>t" s>t

=V (t”’ X (t,/v X0, to))

which means that the function does not increase along the solutions x (¢, xq, fy). This
completes the proof of the necessity of the conditions of Theorem 20.1. U
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Remark 20.2. Condition (4) of Theorem 20.1 seems to be restrictive since the integral
curves x (t, xo, ty) are not given analytically and, therefore, are unknown if we do not
know the exact analytical solution of (20.1). However, this problem can be slightly
simplified if we remember the following fact:

“By one of the Lebesgue theorems (see Corollary 15.5), the derivative of a monotone
Junction exists almost everywhere.”

Therefore, by the condition (4) the function V() :=V (1, % (¢, xo, fy)) is monotone on

- d -
any integral curve x (t, g, ty) and, hence, there exists the derivative —V (t). Admitting

av (¢, avV (¢,
(z, ) and @, x) for all t > ty and

also the existence of the partial derivatives

t Xi
all x in a neighborhood of the origin, condition (4) can be verified by checking the
inequality

do V() =V ()
EV(t)—T+ZTﬁ(t,x)§O (20.12)

i=1

aVv (t,x) aVv (t,x)
and
Xi
in (20.11), cannot be calculated analytically. So, this means that Theorem 20.1 makes
only a “philosophical sense”, but not a practical one: it says that any system with the
stable zero-state has a Lyapunov function.

Sure, the derivatives of the function V (¢, x), as it is defined

Corollary 20.1. (Lyapunov 1892)* If the function V (¢, x) is positive-definite and con-
tinuous in x at x = 0 uniformly in t for all t > t, and

d
V(6% x0,10) <0 (20.13)

then the stationary point x = 0 of the system (20.1) is uniformly local stable.

Proof. In the proof of Theorem 20.1 a number § = § (%, €) is selected from the condition
(20.10) such that V (1, xo) < A for ||xol| < 8. Since V (¢, x) is continuous in x at the
point x = 0 uniformly in ¢ for all ¢ > #,, then there exists a number § = 4 (¢) such that
V (t9, xo) < X for all ||xo|| < 8 (¢) at all 7, which proves the corollary. O

20.2.2.2 Criterion of asymptotic stability

Theorem 20.2. (The criterion of AS (Zubov 1964)) The state x = 0 of the system
(20.1) is asymptotically stable if and only if all assumptions of Theorem 20.1 hold and
in the condition (4) the function V (t) := V (¢, % (t, X0, to)) decreases monotonically up
to zero, that is,

V(t):=V(t,x(t x0t)) | 0ast— oo (20.14)

4 This result is referred to as the second Lyapunov’s theorem (method).
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Proof.

(a) Necessity. If x = 0 is asymptotically stable, then || x (s, x,?)|| — 0 as ¢ — o0, and,
therefore, by the construction (20.11), it follows that
V(1) =V (1, % (1, %, 1)) = sup | X (s, x, )| — 0
1—>00

s>t

Monotonicity results from the inequality
V(1) =V (1,5 (t, %0, 1)) = sup | (5, x, 1)

s>t B
> sup [x(s,x, D)l =V @, %, x0,00) =V (@)

s>t'>t

(b) Sufficiency. If sup || x (s, x, )| — O, then it follows that
1—00

s>t

x (t, xo, ) — 0
1—>00

Theorem is proven. (]

20.2.2.3 Criterion of exponential stability

Theorem 20.3. (on exponential stability) For any solution x (t, xo, ty) of (20.1) to be
exponentially stable (see Definition 20.5) it is necessary and sufficient that there exist
two positive-definite functions V (t, x) and W (t, x) such that

1. for any x and any t > t, there exists f > 0 for which

Wt x) = BV (1,x) (20.15)

2. the functions V (t,x) and W (¢, x) are related by

%V(r,i(r,xo,to)) =-—W(t, x(t,xp, %)) (20.16)

Proof.

(a) Necessity. Let the solution X (¢, xo, fy) of (20.1) be exponentially stable with some
o > 0and B > 0. Define W (¢, x) and V (t9, xo)

W, x) = |lx|I>, V(& x) :=/W(s,i(s,x,t))ds (20.17)

The relation (20.16) is evident. Show that V (¢, x), as it is defined above, satisfies the
condition (20.15). By (20.8) we have

V(t,x):/H)E (s,x, 0| ds

s=t
oo

a? a?
- /oﬁ el exp (=28 (s — ) ds < = x| = &

<35 _mwmm

s=t

2p

This means that V (¢, x) satisfies (20.15) with § := —
o
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(b) Sufficiency. Show that (20.16) and (20.15) imply (20.8). Considering
V (t, x (¢, x0, tp)) # O (if not, we already have the stability since x (s, x¢, o) = O for
all s > ¢) and integrating (20.16) lead to

t t
av. W (s, x (s, x0, 1))
7 V (s, X (s, X0, 1))

s=to s=Io

and, hence, by (20.15)

/ W (s, x (s, x0, 19))
V (s, x (s, Xg, 1))

s=ty

V(l,f(t,xO,lo)) = V(to,Xo) exXp | —

V (2o, xo) exp | — / Bds | =V (to, xo) exp (=B [t — 10])

(20.18)

which corresponds to the exponential stability (20.8) with @ = V (f, x) and 8 = .
Theorem is proven.

20.2.2.4 Criterion of instability

Theorem 20.4. (Criterion of instability (Zubov 1964)) For the state x = 0 of the sys-
tem (20.1) to be unstable, it is necessary and sufficient that there exist two scalar con-
tinuous functions V (t, x) and W (t, x) > 0, defined in (t, x)-domain Q2 (which includes
the point x = 0), such that

1. V (t,x) is bounded in 2;

2. forany t > ty and § > 0 there exists x (t') : ||x (t')|| < 6§, t' > t such that in this point
the inequality V (', x (t')) > 0 holds;

3. there exists the time derivative

d
—V (t, x (¢, xo, 1
o (7, x (t, xo, 1)) (20.19)

=1V (t,i(t,)(:o,to))‘i_ W(t7'£(t1x09t0))1 A>0

Proof.

(a) Necessity. Suppose there is instability. This means exactly that there exists € > 0
such that for any ¢ > #, and any § > 0 it is possible to find x (¢') : ||x (¢')|| < § such
that the inequality H)E (f, x (1), t/) || < ¢ fails to hold for all 7 > ¢ > t. Take any
point (x (¢'), t') satisfying the inequalities ||x (#')|| < §, ¢ >ty and 0 < § < €. Then
two cases may occur: either (1) ||)E (f, x (1), t’) H < e for all f > ¢, or (2) there exists
an instant f = ¢ (x (¢'), t') when H)E (t_, x (1), t/) H = ¢ and H)E (f, x (1), t/)H < € for
all// <7 <17 LetV (7, x (")) =0 in the first case and V (7, x (1)) = e (1) — (-1
in the second one. Thus the function V (¢, x) is defined at any point of the set
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{(t, x) | lx ()|l <€, t >t} and is bounded therein since V (¢, x) < 1. So, condition
(1) holds. The second type points exist in a neighborhood of the point x = 0 and,
hence, by the construction, condition (2) holds too. Show that condition (3) is also
satisfied. Indeed, in the first case, when V (¢, x (t')) = O for all f > ¢, we have

EV (t, x (t, x0, 1)) = V (¢, X (¢, x9, tp)) along any such motion. In the second case,
. - d
when V (7, x (1)) = '™/, we also have aV (t, % (t, x0, 10)) = V (¢, % (t, x0, 1)) and,

hence, condition (3) holds with A =1 and W = 0.

(b) Sufficiency. Suppose that all the conditions of the theorem hold. Show that x = 0
is unstable. Assume conversely that x = 0 is stable and, hence, V (¢, x) is bounded
(uniformly on #,) in . By property (2) there exists a point (¢, x (t')) € Q such
that V (¢, x (t')) > 0. But, by property (3), integrating ODE (20.19) with the initial
condition V (¢, x (¢')) implies

V(L,E(x(),0) =V (x (1)) for 1>

which contradicts the boundedness of V (¢, x) on 2. So, the point x = 0 is unstable.
Theorem is proven. 0

Example 20.3. (The “mathematical point” in a potential field) Consider a mathemat-
ical point with mass m which can move in the (x, y)-plane over the potential convex
curve T1 = Tl (x) which corresponds to its vertical position, i.e., y = Il (x). Then its
velocity v (t), the kinetic T and the potential V energies are as follows

V(1) ==X (1) + ¥ (1)
T — %vz (1) = %xz ) (1 T (r))]z)
V =mgy (t) = mgll (x (¢))
So, the Lagrange dynamic equation (see, for example, Gantmacher (1990))

d 9 a
——L—-—L=0,L:=T-V
dt 0x ax

for this case becomes
£ (1[G @)F) + ') [ O 1 (x(0) +¢] =0
and, hence, for x; (t) := x (1), x, (t) := x (t) we have

X1 () =x2 (1)

2 1—1//
b2 (1) = & (1 (), 52 (1)) i —TT Gy (1yy L2 QT 1O + ]

(11 o)

In view of convexity T1” (x| (t)) > 0. This results in the conclusion that the set of

. . . . . X1 . I (xl) =0 .
all possible stationary points consists of all points . If the function

x2:)€1:0
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IT = I (x) is strictly convex (see Definition 21.2) with the minimum in x = 0, then
the zero-state is (globally) uniformly asymptotically stable (see Fig. 20.3a). If it is only
convex such that the minimum is attained in a neighborhood of x = 0 (see Fig. 20.3b),
then the zero-state is unstable.

Remark 20.3. All criteria presented above are nonconstructive in the sense that each of
them demands the exact knowledge of the solution x (t, xg, ty) of (20.1).

The next subsection deals only with the sufficient conditions of global asymptotic
stability which are based on some properties of the right-hand side of ODE (20.1) which
makes them constructive and easily verified.

20.2.3 Sufficient conditions of asymptotic stability: constructive theory

This constructive theory of stability, more precisely, asymptotic stability, exists due
to fundamental investigations of Lyapunov (1892), Barbashin (1951), Krasovskii (1952),
Antosiewicz (1958), Letov (1962), Rumyantzev (1963), Chetaev (1965), Zubov (1964),
Halanay (1966) and others.

20.2.3.1 Sufficient conditions for asymptotic stability: General result

Theorem 20.5. (on asymptotic local stability (Zubov 1964)) Assume that there exists
a positive-definite function V (t, x) which is continuous in the point x = 0 uniformly on
t for all t > ty and satisfying the following ODE

%Vﬁjﬂjmm)Z—WﬂjUJMM) (20.20)

on the trajectories of the system (20.1) where W (¢, x) is a positive-definite function (see
Definition 20.3). Then the stationary point x = 0 of the system (20.1) is asymptotically
locally stable uniformly on t,.

Proof. Suppose that such function V (¢, x) exists. Show that x (¢, xo, o) — 0 as t — o0
whenever ||xp| is small enough, that is, show that for any ¢ > 0 there exists T =
T (¢) such that ||x (¢, xo, fp)|| < € for all + > T. Notice that by the uniform continuity

y=1I(x) y=1I(x)
X X
0 0
(a) (b)

Fig. 20.3. Potential surfaces.
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V (¢, x) and by Corollary 20.1 all trajectories X (¢, xo, %) of (20.1) remain within the
region where || x (¢, xo, fp)|| < € if ||xo|| < §. So, the function W (¢, x (¢, x¢, #;)) remains
bounded too. Suppose that ||x (¢, xg, tp) || does not converge to zero. By monotonicity of
V (1, x (¢, xo, 1)), this means that there exists € > 0 and a moment 7 = T (¢) such that
forall > T (¢) we have ||x (¢, xo, tp)|| > €. Since W (¢, x) is a positive-definite function,
it follows that

W(t,x (¢, xo,0)) >a >0

for all + > T (¢) and, hence, by (20.20) we have

V (t, x(t, xo, 1)) = V (to, X (to, X0, ) — / W (s, x (s, x9, 1)) ds

S=ly
< V (to, x (t, X0, tp)) — at — —00

which contradicts the condition that V (¢, x) is a positive-definite function. The fact that
this result is uniform on #, follows from Corollary 20.1. Theorem is proven. (]

20.2.3.2 Asymptotic stability for stationary system
Consider the stationary (autonomous) ODE

fO=f@@), fFO=0, t>1) (20.21)

Notice that the right-hand side of (20.21) can be represented as follows:

Jf(x) =Ax +h(x)

(20.22)
h(x):= f(x)— Ax

Below we will give three very important results concerning the asymptotic stability
property of the zero-state x = 0 for the stationary systems governed by (20.21).

Theorem 20.6. (Lyapunov 1892)° [f
1. the matrix A € R"" in (20.22) is stable (Hurwitz), i.e., foralli = 1,...,n

@03)

2. and

h (x)
[l ]|

— 0 whenever |x|| - 0 (20.24)

then the stationary point x = 0 is exponentially locally stable.

5 This result is referred to as the first Lyapunov’s theorem (method).
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Proof. By the Lyapunov Lemma 9.1 for any 0 < Q = QT € R"*" and a given stable A
there exists 0 < P = PT € R"*" such that

AP + PAT=—-0Q

Then for the Lyapunov function V (x) := x7 Px we have

%V (t, x (t, xp, tp)) = 2x7T (t) Px (¢)
=2xT (1) P[Ax (t) + h (x (1))] = 2xT (1) PAx (1)
+2xT(t) Ph(x (1)) = xT (1) [PA+ ATP]x (t)
+2x ()T Ph(x () = —xT () Ox (t) +2x7 (t) Ph(x (t))
S=xT@)Ox@)+2[xOINPI=—xT (@) Ox (1)
+20x O NP IR @)/ lx (I < —xT (1) Qx (1)
+xT (1) Qx (1) (2 1Pl Amax (@) 1R (x &N/ llx (D)

By assumption (2) of this theorem, for ¢ < [2 | Pl Amax (Q‘l)]_1 always exists § such
that if ||x (f)| < &, then ||h (x (%))l / llx (#o)]| < e. Taking the corresponding x () from
the last differential inequality we find that

d _
EV (t1 X (t3 X0, to))

< —xT(0) Qx (O) [1 = 21P[| A (Q7") €] = —atV (2, % (1, X0, 1))
o:=1—=2| Pl Amax (Q*‘)e >0
and, hence,

V(t,x(t, x0, 1)) <V (to, X (to, X0, 1)) e ™ — 0 as t — 00

Theorem is proven. (]

Remark 20.4. If the function f (x) is differentiable at x = 0, then the matrix A in the
Lyapunov theorem 20.6 is

0
A= f () Lo (20.25)
X

that is, A is the linear approximation of the nonlinear vector function f (x) in the origin.

Example 20.4. Consider the second-order ODE

)'c'(t)+,3)2(t)—k<a—x(t)> —0, ac B k>0
c—x (1)
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which can be rewritten as the following extended first-order ODE

x1 (@) :=x(@), x():=x()
X1 (@) = fi(x (), x2 (1)) :=x (1)

X (1) = fo(x1 (1), x2 (1)) =k <a — X (t)) — Bx2 (1)
c—x1(8)
The stationary points

1
x’f:i(c—l—«/cz—4a), x;=0

1
X = 3 (c —+/c? —4a), =0

exist if ¢ > 4a. Using the Taylor expansion in a small neighborhood of the stationary
points, the function f (x|, x) can be represented as

f o) = fo (6™, ™) + A% x +o(xl) = A% x + o (lx)
N————

0

where

d 0 1 a
(*):— e *::— _—
R Lo k<‘+<c_xr>2)

0 1

b _ﬂ (C —xi“)

In both cases the eigenvalues of A satisfy the quadratic equation

d
AM = aif (x) |x:x** =
X

MEBL—b=0

and are equal

—B & /B> + 4b ke? 4
xu:%, b:b*-**:—zi (11,/1—?) <0
a C

*, 4ok

Hence, the points x*** are exponentially locally stable by the Lyapunov theorem 20.6
when ¢* > 4a, since Re Ay, < 0.

Example 20.5. (Lefschetz 1965) For which a, b and f (0) the following system

xOO+ FE@)EE)Fax () +bx () =0 (20.26)
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is asymptotically locally stable? Here the function f (z) is assumed to be differentiable
in the point 7 = 0. Let us apply the Lyapunov theorem 20.6 and represent (20.26) in the
matrix form:

xi (@) :=x@), x@) :=x@), x30):=%()

X (1) = (x1 (1), x2 (1), x3 ()T

X (1) xp (1)
@) | =Alx@) | +h&@®)
X3 (1) x3 (1)
where
0 1 0 0
A=10 0 1 , h(Xx)= 0
—b —a —f(0) [—f"(0)x2 + o (lx2])] x3

Firstly, notice that
h(x) /x| — 0as |Ix]| — 0

So, to answer the initial question we should try to find the conditions when the matrix A
is stable. The corresponding characteristic polynomial is

paW) =1 (fO0)+1)+b+akr
and it is Hurwitz if and only if (see Criterion 9.3)
fO0) >0, a>0, b>0, af ) >0>b

which gives the relation among the parameters guaranteeing the exponential local
stability.

20.3 Asymptotic global stability

20.3.1 Definition of asymptotic global stability

Definition 20.7. The equilibrium zero-point (or zero-state) x = 0 of the system given by

ODE (20.1) is said to be asymptotically globally stable® if x (t, x,, t)) — 0 whent — oo
for any initial state xy = x (ty) of a bounded norm.

6 Sometimes such asymptotically globally stable systems are called, by R. Kalman, mono-stable (or having
the dichotomy property) systems.
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20.3.2 Asymptotic global stability for stationary systems

Theorem 20.7. (Barbashin & Krasovskii 1952) To guarantee the asymptotic global
stability of the unique stationary point x = 0 of (20.21) with the continuous right-hand
side it is sufficient to show the existence of a differentiable function V. = V (x) such that
(a) V (0) =0 and for any x # 0

@27

(b) for |lx|| — oo

02s)

(c) for any ty, xo € R and any x (¢, xg, t)) # 0

d _
EV ()C (t1 X0, tO)) <0 (2029)

Proof. By assumption (c) V (X (¢, xo, fp)) monotonically decreases and is bounded from
below. Therefore, by the Weierstrass theorem 14.9 V (x (¢, xo, tp)) | V* monotonically.
By property (b) x (¢, xo, ty) remains to be bounded. Suppose that V* > 0. Hence, by
property (a) there exist ¢ > 0 and T = T (¢) > ty such that t>irT1’(f£) lx (¢, xo, to) || > €.

Therefore, by (20.29) we get

d
sup —V (X (1, x0, 1)) < —¢&', ¢ >0
1>T () dt

which implies the inequality
0< V"< V(X xo0t)=V&(T x(T),T))
t

+ / %V(f (S,)C(),[()))ds < V()E (T,)C(T),T)) — (l _ T)

s=T

making the right-hand side negative for large enough ¢. This leads to the contradiction.
So, V* = 0. Theorem is proven. O

Theorem 20.8. (Krasovskii 1952) Assume that

(a) the function f (x) in (20.21) is differentiable everywhere in x and the stationary point
x =0 (where f (x) =0) is unique;

(b) there exists a positive-definite matrix B = BT > 0 such that the functional matrix
M (x) defined by

3 9
M @)= f ()7 B+ B f (x) (20.30)
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is strictly negative on x, that is, for all x € R"

[ Amax (M (1)) < —c, ¢ > 0] (20.31)

Then the point x = 0 is asymptotically globally stable.

Proof. Take in Theorem 20.7

Vx):= %f(X)T Bf (x) =0

Notice that V (x) is nonnegative in R". Then

d
EV (X (t, %0, 10)) = fT (X (t, X0, o)) M (X (t, X0, 1)) [ (X (£, X0, o))
< Amax (M () | f (% (2, x0, 1)) I

< —cllf G, x0, ) <0

if x (¢, xo, ty) # 0. Hence, by Theorem 20.7 we have the asymptotic global stability that
proves the desired result. (|

Example 20.6. Consider the following ODE:

X, , = — +b , 1 49 - b
xl,, a-xl,t -x2,r a > / a< } (2032)

)‘52,t = Sinxl’, — X2

Let us demonstrate how Theorem 20.8 works. The stationary points here satisfy the
relation

* * . * *
—axy +bxy; =0, sinx;—x, =0

and are equal to x{ = x5 = 0. It is the unique equilibrium point since the derivative

of the function ¢ (x,) := —ax; + b sin x|, which zeros we are interested in, at the point

x1 =01is

¢ (x)):=—a-+bcosx; <—a—b<0

and remains negative for all x| (see the corresponding graphics of ¢ (x1)). Then we have

Taking in Theorem 20.8 B = I we get

b + cos x; -2

M (x) = [ —2a b+cosx,]
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This matrix will be strictly negative. Indeed, by the Sylvester criteria 7.20 we have

—2a <0
4a — (b + cosx;)? = 4a — b*> — 2bcos x| — cos? x,

<4a—b*>—2bcosx, < —4a —b*+2|b| <0asa>1/4

So, the state x{ = x5 = 0 is asymptotically globally stable.

20.3.3 Asymptotic global stability for nonstationary system

Let us consider again the general ODE (20.1). The results below deal with the asym-
ptotic stability of the origin on the trajectories of this system.
We need a definition to use throughout this subsection.

Definition 20.8. The class K of functions f : R — R is said to be Hahn’s class if it
contains all nonnegative functions satisfying the following conditions:

1. f e C(—o00,00), ie., f iscontinuous in R;
2. f is strictly monotone, i.e., for any x € R and any ¢ > 0

fa+e)>fw] (20.33)

(20.34)

Theorem 20.9. (Antosiewicz 1958) If

1. the stationary point x* = 0 of (20.1) is uniformly (on ty) locally stable;

2. there exists a function V (t, x) which is continuously differentiable in both variables
and, additionally,
(a) for any x € R" and any t > t,

[V (t,x) = alx])] (20.35)

(b) for any t > 1,

@039

(c) for any x € R" and any t > t,

d
EV (1, % (t, x0, 1)) < —b (X (2, x0, 1)) (20.37)

where the functions a (-), b (-) are from Hahn’s class K, then the stationary point
x* =0 of (20.1) is asymptotically globally stable.
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Proof. By the conditions of the theorem it follows that any trajectory X (¢, xo, t)
obligatory will arrive at some small neighborhood €2 containing the point x = 0 and will

d
never leave it. Indeed, by condition (2¢) EV (t, x (¢, x9, tp)) < 0 whenever || x| > 0 and,

hence, decreases reaching 2 in a finite time ¢ uniformly on #. By condition (1) after
this moment it will always belong to 2. Suppose that ||x (¢, xo, #)|| does not converge
to zero. By monotonicity of V (¢, X (¢, xo, tp)) (see the condition (20.37)), this means
that there exists € > 0 and a moment 7 = T (¢) such that for all 1 > T (¢) we have
lx (¢, x0, fo)]| > €. Since b (J|x||) belongs to Hahn’s class /C, it follows that

b (|lx (¢, xo0, 10)|I) > a >0
and, hence, by (20.37)
Vv (t’ X (ta X0, to)) = Vv (t07 X (tov X0, to))
t

_/bquwoyfmyngvaw_ape_m

s=t’

which contradicts the assumption (20.35) that V (¢, x) > a (||x]|). So, ||x (¢, xq, to)|| = O
as t — oo. Theorem is proven. (|

Corollary 20.2. (Halanay 1966) The result of Theorem 20.9 remains true if instead of
assumption (2c) there is

%V (t, x (¢, x0, 10)) < —cV (t,x (t, x0, tp)), c(-) € K (20.38)

Proof. 1t is sufficient to take in Theorem 20.9

b (llx]) :==c(a (llx))
since ¢ (V (¢, x)) = c (a (|x])). O

Theorem 20.10. (Chetaev 1965) Let there exist the function k (-) € C, a(-) € K and
V (¢, x) € C! such that

1. for any x € R" and any t > t,

V@, x) = k@maxl)| (20.39)

2. foranyt > t,

d _
EV (tv X (tv X0, tO)) = 0 (2040)
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3. k()ek, ie, foranyt >ty k(t) > 0and k (t) — o0 ast — <.
Then the stationary point x* = 0 of (20.1) is asymptotically globally stable.

Proof. Evidently, by condition (2), V (¢, X (¢, xo, fp)) is a nondecreasing function of ¢
and, hence, in view of condition (1),

oo > limsup V (¢, x (¢, x¢, o)) > liminf V (¢, x (¢, x¢, to))

t—00 1—00
> liminfk (r) a (||% (¢, X0, 2)]) = 0
1—>00

But, by condition (3), k (t) — oo and, hence, a (||x (¢, xo, %)) — 0 as t — oo. And
since a () € K it follows that ||x (¢, xg, fp)|| = 0 as ¢t — oco. Theorem is proven. U

20.4 Stability of linear systems
20.4.1 Asymptotic and exponential stability of linear time-varying systems

Consider the linear time-varying system given by the following ODE:

() = A@)x ), x (o) = X0, t > 1o] (20.41)

Its solution can be presented as

[x (1) =@ (t,10) %0 (20.42)

where ® (¢, o) is the corresponding fundamental matrix defined by (19.56). This presen-
tation, evidently, implies the following proposition.

Proposition 20.1. The system (20.41) is
(a) locally stable if and only if

c:=supl||d(, 1)] < oo (20.43)

t>1

(b) asymptotically globally stable if and only if

]||q>(t,t0)|| — 0 whereas t — oo\ (20.44)

Let A (¢) satisfy the inequality

o0

/tr A(s)ds > —o0 (20.45)

s=t
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which by the Liouville’s theorem 19.7 implies that det ® (¢, #) # O for all ¢ > 1y, and as
a result there exists a constant a > 0 such that

[o¢]
/ DT (5,1) D (s,t)ds > a (20.46)
s=t
Below we present the criterion of exponential stability expressed in terms of Lyapunov’s

approach (see Theorem 20.3). It is interesting to note that for the class of linear systems
this approach turns out to be constructive.

Theorem 20.11. (on exponential stability (Zubov 1964)) For the solution X (t, X, ty)
of (20.41) satisfying (20.45) to be exponentially globally stable (see Definition 20.5) it

is necessary and sufficient to show the existence of two quadratic forms

|V (t,x) =xTP(t)x and W (1, x) = x7 Q(1)x | (20.47)

such that
1. both quadratic forms are positive definite and increase no quicker than the quadratic
function, i.e.,

ar x> <V (t,x) < a |1x|?
byllx|I> = W (1, x) > by |lx|? (20.48)

ai, a, by, by are positive constants

2. V(t,x) and W (t, x) are related as

%V(z,i(r,xo,to)) =-—-W(,x(t,xo,1)) (20.49)

Proof.
(a) Necessity. Let ||x (¢, xq, fp)|| < aexp (=B (t — t)). Define

W (t, x) = |Ix|?

Vi, x) 1=/W(s,)_c(s,x,t))ds (20.50)

Evidently, in this case b; = b, = 1. Show that V (¢, x) as it is defined above satisfies
the conditions (20.48) and (20.49). By (20.42) and in view of (20.46) we have

o0

Vit x)= /)_CT (s,x,)x (s, x,t)ds

s=t
o0

=xT /@T(s,t)CD(s,t)ds x>alx|?

s=t
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By the inequality (20.8) one has

(o)

: 1
allx|* <V x) < /Ot2 Il e=¢"ds = %az Il

s=t

1
This means that V (¢, x) satisfies (20.48) with ¢; = a and a, = —a?. Obviously,

2p
V (¢, x), as it is defined in (20.50), satisfies (20.49).
(b) Sufficiency. Show that (20.49) together with (20.47) and (20.48) imply (20.8). Inte-
grating (20.49) for V # 0 leads to

t t
av W (s, X (s, X0, o))
7 V (s, X (s, X0, 1))
s=loy s=lo
and, hence,

t
_ W (s, x (s, x9, to)
V (t, (1, %0, 1)) = V (fo, xo) exp | — v((s )E((s XO t“)))ds (20.51)
3 s A0s L0

S=iy

Notice that

by - XTO(s)x  Wi(s, x (s, xo, 1))
a ~ XTP()X  V (s, % (s, X0, To))

Application of these estimates in (20.51) gives

_ _ b
ai 1% (¢, xo, to)|I> < V (2, X (2, X0, 1)) < V (fo, Xo) exp (_al [t — to])

2

Using the estimates (20.15) for V (f, xo) implies
_ 2 . 2 b,
ar I (1, xo. 0)[I° <V (1, X (¢, %0, 1)) < a2 [lxol"exp { ——=[1 — to]
2

and, therefore, we obtain the exponential global stability (20.8) for the zero-state
x = 0 with

_ |2 . b
o= a,’ ,3.—202

Theorem is proven. [

Remark 20.5. Since

LV 0 t0) = S POT+ET L P(F + TP
ar A=, AP TRE dt

=xT |[AT (@) P(t) + %P(I) + P(t)A()| x
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and
W (t, x (2, x0, f0)) = xT Q(1)X

in view of (20.49), we have
XT AT (1) P(t) + %P(t) +PA@)| X =—XxTQ(@)x

which is true on any trajectory X = X (t, Xo, ty). This transforms the nonconstructive form
of Theorem 20.3 into the constructive one as in Theorem 20.11.

Corollary 20.3. For any solution x (t, xo, ty) of (20.41) satisfying (20.45) to be expo-
nentially stable (see Definition 20.5) it is necessary and sufficient that there exist two
symmetric positive definite matrices P(t) and Q(t) such that

%P(r) +ATOPH +POAG) +0F) =0 (20.52)

Equation (20.52) is known as the differential Lyapunov equation. If A(t) = A is a
constant matrix then we may take P(t) = P, Q(t) = Q and (20.52) is converted into the
algebraic Lyapunov equation

[ATP+PA+Q=0] (20.53)

Its property is seen in Lemma 9.1.

20.4.2 Stability of linear system with periodic coefficients

Consider again the linear system (20.41) where the matrix A (¢) is periodic with the
period 7, i.e., for any ¢ >

AW =AGC+T)| (20.54)

Proposition 20.2. For equation (20.41) the fundamental matrix is
X (ts tO) = q~) ([ — [0) =7 ([ _ IO) eR(t*tO)
Z(t)=Z(+T)

and, hence, all stability properties depend on the properties of the matrix R. But according
to (19.73) for T = 0 it follows that

R =o' (0) D (T)

So, we can derive the following results.
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Corollary 20.4.
1. the system (20.41) is exponentially stable if and only if

Re A (R) <Oforalli=1,...,n
2. the system (20.41) is Lyapunov stable if and only if
Re A (R) <Oforalli=1,...,n
and the multiplicity (; of the eigenvalues Re X; (B) = 0 does not exceed 1, i.e.,

wi=1

20.4.3 BIBO stability of linear time-varying systems

Consider again a linear nonstationary system governed by the following ODE

S =ADOxO+w@), x()=x R, > to\ (20.55)

where w, is an exogenous input from L, (see 22.154), i.e.,

el == esssupllw ()] < oo (20.56)

t>1

Below we present the criterion explaining when ||x||,_ is also bounded for any x,. Such
systems are called BIBO (bounded input—bounded output) stable.

Theorem 20.12. (Criterion of BIBO stability) For the system (20.55) |x|,, < oo
whereas ||lwl|, < oo if and only if the corresponding fundamental matrix ® (t, 1))
satisfies the following conditions:

1.
¢ = sup 1@ (1. 1) < 00
1>t
2.
/ 19 (t. 1)l di < 00 (2057)
1=Ip

Proof. By (19.64) we have

t

x(t) =D (1, 1) xo + / D (t,s)w(s)ds

s=ty
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Sufficiency follows directly from this formula since

b (O] < 190 (1, o) xoll + /  (1,5) 0 (5)ds

s=lp
t
=clxoll +lel., [ P 9)llds < oo
s=to

S=I,

Let us prove necessity. Suppose that |x||, < oo. Taking @ (t) = 0 we have x (t) =
D (1, to) xo that proves the necessity of which condition (1). Take now xy = 0 and suppose
that condition (2) is violated, that is, there exists at least one element (iy, jo) of the matrix
d (¢, ty) such that

t
/ ’CD,-OJ-O (t,s)’ds —o0ast — o0

s=ty
Hence,

t

e ()] = / (1. 5) o (s) ds

S=Ip
n ! n 2 n ! 2
= Z /Zq),-j (t, ) w;(s)ds| > Z / D, (t,8)wj (s)ds
i=1 |2 =1 =12

Taking then

. L [sign®;;, (t,s) if j=jo
‘”f(s)"{ 0 it # o

from the last inequality we obtain

t
||x(t)||2/’fl>,~0j0(t,s)]ds—>ooast—>oo

S=ty
But this contradicts the assumption that ||x||, < co. Theorem is proven. O

Example 20.7. Consider the system given by

@) +[a+sin(wt)]x () =w (), x () =x0€R, a>0
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The corresponding transition matrix (in this case it is a scalar function) is as follows

1

D (t,5) =exp] — / [a + sin (wyT)] dT

=5

=exp {—a (t—s)+ L [cos (wot) — cos (a)os)]}
(0]

So, it is bounded and, hence, the first condition of the theorem is fulfilled. Let us check
the second one:

) —
/ |D (1, )| dt = lim / exp {a (s —1) + [cos (wpt) — cos (wps)] } s
1—>00 (,()0
0 s=tg

=1
t
2 . 1 2
<expq— ¢ limsup [ exp{—a(t —s)}ds = —expq — ; < ©
wo t—00 a [O))

s=ty

This means that the second condition (20.57) of the theorem is also valid for any a > 0,
and, hence, this system is BIBO stable for any a > 0.

20.5 Absolute stability
20.5.1 Linear systems with nonlinear feedbacks

Consider the dynamic system given by the following ODE:

X@)=Ax@)+bu(®), t=>1

u®y=¢ (@), y@)=cTx() (20.58)

AeR™: b ceR u@), y@)eR

It can be interpreted (see Fig. 20.4) as a linear system given by the transfer function

(H(s)=cT(sI-A)'b (20.59)

with a nonlinear feedback

a0 e

We will consider the class F of continuous functions ¢ (y) (nonlinear feedbacks)
satisfying

05M5kfory;so,<p(0)=o (20.61)

y
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Linear system y

H (iw)

Fig. 20.4. A linear system with a nonliner feedback.

ky
o)

Fig. 20.5. A function u = ¢(y) from the class F.

Definition 20.9. The nonlinear system (20.58) is said to be absolutely stable in the class
F if the solution x (t) = 0 (or zero-state) is asymptotically globally stable (see Definition
20.7) for any nonlinear feedback (20.60) satisfying (20.61).

In this section we are interested in finding the conditions guaranteeing the absolute
stability of the system (20.58) in the class F.
20.5.2 Aizerman and Kalman conjectures

Proposition 20.3. (Conjecture of M.A. Aizeman, 1949) Let the system (20.58) be stable
for any

‘P()’)=05)”05 E[O’k]

It seems to be true that this system remains stable for any feedback ¢ (y) satisfying
(20.61), namely, for any ¢ (y) such that

0<&

=k for y#0, ¢(0)=0
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Proposition 20.4. (Conjecture of R. Kalman, 1957) Let the system (20.58) be stable for
any

p(y)=ay,acl0,k]

It seems to be natural to admit that this system remains stable for any feedback ¢ (y)
satisfying the conditions:

o () is differentiable, ¢ (0) =0
0<¢'(y) =k

Claim 20.2. Conjectures of Both M.A. Aizerman and R. Kalman are not valid.
Proof. See a number of counterexamples in Pliss (1964). (]
Counterexample (Pliss 1964) Let

S2

(s + 0.5 + (0.9)] [(s +0.5)> + (1.1)°]

H(s) =

The closed-loop system is stable for any u = ky with
k € [0, 7124, c0)

It follows for example from the Routh—Hurwitz criterion (see Theorem 9.2), applied to
the closed-loop system. But for

W)z{f for |yl < VKl
ky for |y| > JIk|

in this system auto-oscillations arise, and, hence, there is no asymptotic stability.

These conjectures were proposed before the keystone result of V.M. Popov who found
the exact conditions of absolute stability of the linear system (20.58) with any feedback
satisfying (20.61).

20.5.3 Analysis of absolute stability
To guarantee the absolute stability of the system (20.58)—(20.61), according to the

Barbashin—Krasovskii theorem 20.7, it is sufficient that there exists the Lyapunov function
V (x) such that

(a) V(0)=0and
Vx)>0 forany x #0
(b)

V(x) > oo whereas |x| — o0
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(c) for any 7 > fg

d _

EV (tv-x (ts-x()v to)) < 0

In Lurie & Postnikov (1944) it was suggested that the function V (x) as a quadratic
form plus the integral of the nonlinear feedback be found, that is,

y=cTx

Vx)=xTPx+gq / o () dy (20.62)

y=0

where P = PT is a real matrix and ¢ is a real number.

Remark 20.6. Notice that if

’P:PT>O and qZO‘ (20.63)

the function V (x) (20.62) satisfies conditions (a) and (b) given above.V Indeed, by the

condition (20.61) we have yp (y) > 0 for any y € R, and, therefore, / o (y)dy = 0.
=0
Below we shall see that q is also admitted to be negative. ’

Calculating the time derivative of (20.62) on the trajectories of (20.58) we obtain

i V(t,x (t,x0, 1)) =2xT (t) P (Ax (t) + bu (t)) + qu (t) y (t)
dt (20.64)

y () =cT (Ax (1) + bu (1))
The right-hand side is a quadratic form of variables x and u, namely,
Qo (x,u) :==2xTP (Ax + bu) + quc™ (Ax + bu) (20.65)

So, (20.64) is

d
77V X (%o, 0)) = Qo (x (1), u (1)) (20.66)

Therefore, to fulfill condition (c), given above, one must fulfill the condition
Qo(x,u) <0 forallreal x € R" andall uelR

which, by (7.6), is equivalent to fulfilling of the following inequality:

Qo (z,u) <0
for all complex z € C" and all complex u € C (20.67)
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Next, return to the constraints (20.61), and notice that they can be rewritten as
0<u/y<k, 0< u? < kuy, uy > k™ ly?

or, equivalently, as

O (x,u):=u (k‘lu — y) <0,y=cTx (20.68)

Notice that Q; (x, u) is also a quadratic form of x and u, and in fact defines the constraint
for these variables.

Theorem 20.13. (Gelig ef al. 1978) Suppose that

® the matrix A in (20.58) has no pure imaginary eigenvalues;
® the nonlinear feedback ¢ (y) is from the class F (20.61).

To guarantee the existence of the function V (x) of the form (20.62) for which

d
—V (t, x (t, xp, I 0
di (t,x (2, x0, o)) <

in any points x = x (t) € R" and any u = u (t) € R satisfying the constraints (20.61), it is
necessary and sufficient that for all w € [—00, 00] the following “frequency inequality”
(it is known as Popov’s inequality) would be fulfilled:

k™' —Re[(1 + Giw) H (iw)] > 0 \ (20.69)

where the complex function H (s) is the transfer function (20.59) of the linear subsystem
and q is a real number.

Remark 20.7. In fact, the frequency inequality (20.69) is the necessary and sufficient
condition for fulfilling only condition (c) of the Barbashin—Krasovskii theorem 20.7 which,
together with conditions (a) and (b), is sufficient for asymptotic global stability of the
zero-state of the system given by (20.58).

Proof.

(a) Sufficiency. Evidently, inside the constraint (20.68) there exists a point (X, iz) such
that Q (¥, 1) < 0. Hence, S-procedure (see subsection 12.3.2) may be applied in its
version given in Corollary 12.2, that is, for some T > 0 and any (x, u) (|lx|| + |u| # 0)
define the quadratic form

Qr (x,u) == Qo (x,u) =10 (x,u) (20.70)

Obviously,

%V(l,x) =0 (x,u) + 10 (x,u)
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and, hence, the condition
Q. (x,u) <0 ([lx]l + [u] #0) (20.71)

d
is sufficient to guarantee that a7 V (¢, x) < 0. Expanding the quadratic form Q. (x, u)

up to its Hermitian form (20.67) (see by (7.6)) we get that the condition (20.71) is
equivalent to the following

O (z,u) = Qo (z,u) — 10 (2, )
= 2Re " P (Az + bu) + g Re[u*cT (Az + bu)]
—tRe [u* (k7'u —y)] <0
(lzll + lul # 0)

Let now z and u be connected in such a way that (after the application of the Laplace
transformation (17.73))

iwz = Az + bu
where w is a real number for which det[A — iwI] # 0. Then

Rez*P (Az + bu) = Reiw (z*Pz) =0
and

Q. (z,u) = q Re[iwu*y] — tRe u” (k’lu — y)
By (20.59), we also have that

y=H(iw)u
So, finally, we obtain

Q. (z,u) = Q. (z,u) =Re [giwH (iw) + TH (iw) — tk~'] [u]> < 0
whereas (|u| # 0). Since for w = 0 it follows that T > 0, dividing by 7 and denoting
g = q/t we get (20.69).

(b) Necessity. It follows directly from the properties of S-procedure (see Theorem 12.3),
if we take into account that it gives necessary and sufficient conditions of the “equiv-
alency” of the sets defined by the inequalities Qg (x, #) < O under the constraints
Q1 (x,u) <0and Q, (x,u) <O (||x|| + |«| # 0). Theorem is proven. O

Remark 20.8. Theorem 20.13 still does not guarantee the global asymptotic stability

for each admissible nonlinear feedback, since we have still not proved the validity of

properties (a) and (b) of the Barbashin—Krasovskii theorem 20.7 for the Lyapunov function
(20.62).
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20.5.4 Popov’s sufficient conditions
The next theorem gives such additional conditions.

Theorem 20.14. (Sufficient conditions (Popov 1961)) Let

(a) in (20.58) the matrix A is stable (Hurwitz);

(b) for some q (not obligatory nonnegative) and for all v € [—o0, 00| Popov’s frequency
condition (20.69) holds.
Then the system (20.58), (20.61) is absolutely stable in class F.

Proof. To complete the proof we need to prove the validity of conditions (a) and (b). Let
(20.69) hold. For u = 0 the inequality (20.71) implies

Qr(xau)ZZXTPAXZXT(PA+ATP)X<O
or, equivalently,
PA+ATP <0

So, by the Lyapunov Lemma 9.1, it follows that P > 0.
(a) For ¢ = gr > 0, by the condition (20.61) we have y¢ (y) > 0 for any y € R, and,

therefore, / ¢ (y)dy = 0. Hence we derive that V (0) =0, V (x) > 0 for any x # 0
=0
and V (x) —)> oo whereas ||x|| — oo. 4
(b) Letg = gr < 0. Takingu = uy (0 < u < k) we get EV (t, x) < O for the system

(20.58), (20.68) with u = py. Then, the matrix A, := A 4+ ubcT of the corresponding
closed-loop system has no eigenvalues on the imaginary axis since A, is Hurwitz for
any i : 0 < u < k. For such a system the direct substitution shows that the Lyapunov
function (20.62) is

qr

Ve(x) =xT (P—i— ccT)x

d
and, since EV (t, x) < 0, it follows (by the same Lyapunov Lemma 9.1) that
P+ %CCT >0
2
which gives k # oco. For u = k we get

k
Vi(x) =xT (P—i—qzccT)x>O for x#0
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Let now ¢ € F. In this case the form V (x) (20.62) can be represented as

y=cTx
V(x)=xTPx+gq / ¢ (y)dy

y=0
y=cTx

=xT (P—i-qz](ccT)x—q / [ky — @ (»)]dy

y=

So, V(0) =0, V(x) >0 for any x # 0 and V (x) — oo whereas |x|| — oo completes
the proof. g

Remark 20.9. As it is mentioned in Gelig, Leonov & Yakubovich (1978), Popov’s
frequency condition (20.69) guarantees the absolute stability for the system (20.58),
(20.61) with a much wider class of nonlinear feedback, namely, for all nolinearities that
satisfy the condition

In

/ u@) (y@) =k u (@) +qu@)y@®)]dt > -y > —o0 (20.72)

1=Ip

for some {t,},t, — oo. It may include also unstable linear systems (where A is not
obligatory stable).

Remark 20.10. For g = 0 in (20.69) the corresponding Popov’s frequency condition is
called “the circle criterion” which is valid also for a much wider class of nolinearities
including multi-valued functions such as hysteresis elements.

20.5.5 Geometric interpretation of Popov’s conditions

Let us represent the transfer function H (iw) as

H(iw)=U(w)+iV (w)
(20.73)
U (w) = Re H (iw), V(w) :=Im H (iw)
Then Popov’s frequency condition (20.69) can be represented as follows:
GV (@) > U @) — k| (20.74)
Definition 20.10. The line
[GoV (@) =U @) — k| (20.75)

in the plane (U (w), V (w)) is called Popov’s line, with tan = q (see Fig. 20.6).
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wV(w) wV(w) wV(w)

(a) (b) (©

Fig. 20.6. The geometric interpretation of Popov’s “criterion”.

Claim 20.3. Popov’s frequency condition (20.69) is fulfilled if there exists a real number
q such that the “modified godograph” (U (w), oV (w)) of the transfer function H (iw)
lies “above” Popov’s line (see versions (a)—(c) of Fig. 20.6) for all € [0, oo]. If such
a line does not exist (it cannot be drawn), then such a system cannot be referred to as
absolutely stable.

Example 20.8.

) l—iw 2—o* 3w
H (iw) = — = —1
24io 440 4407
U )_2—602 V(@)= 3w’
@ 44 0¥ wrier= 4 4+ o?

The corresponding godograph is depicted at Fig. 20.7. The Popov’s line can be drawn
with § < 0 crossing the point (k=',0) for any k > 0.5.

20.5.6 Yakubovich—Kalman lemma

As mentioned above, Popov’s frequency condition (20.69) can be generalized for a
significantly wide class of dynamic systems. All of them are based on the verification of
negativity (positivity) of some Hermitian (quadratic) forms obtained as a time-derivative
of a Lyapunov function (usually of the form (20.62)) on the trajectories of a linear
system resembling (20.58) and (20.61). This verification can be done using the, so-called,
“Yakubovich—Kalman lemma” known also as the “frequency theorem”. Its simplified
version oriented to the systems governed by (20.58) and (20.61) is given below.

Lemma 20.1. (Yakubovich 1973) Let the pair (A, b) in (20.58) be controllable (see
Criterion 3 in Theorem (9.8)) and

D(s) = (s — A" (20.76)
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wV(w)

U(w)

Fig. 20.7. Analysis of the admissible zone for the nonlinar feedback.

Let
G (x,u) :=x*Gx 4+ 2Re (x*gu) — |y u*u

be a Hermitian form of (x,u) where x € C" and u € C.

I If

|G [® (i) bu,u] <0 (20.77)

for all u € C and all w € [—00, 00], then there exist a Hermitian matrix P = P* €
C™" a vector h € C" and a constant y € C such that the following identity holds

]2Rex*P (Ax + bu) + G (x,u) = — |h*x — yu|* (20.78)

where P, h and y satisfy the equations (the “resolving Lourie’s equations”)

PA+ATP+hh*+G =0
Pb—hy+g=0 } (20.79)
(If A, b and G are real, then P = PT, h and y can be also real.)
2. If
|G [® (i) bu,u] < 0| (20.80)

for all w € [—00, 00] and all u # 0, then there exists a Hermitian matrix P = P* €
C"™" such that

]2Rex*P(Ax+bu)+G(x,u) < 0\ (20.81)

whenever || x| + |u| # 0.
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3. Ifforallu eC

(G O.w)=—IyPlul, y #0]

then

det (sI — (A_—blz*)) =1yl g (s)
k:=lyl""h
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(20.82)

(20.83)

where the polynomial g, (s) can be selected as stable (Hurwitz) by the corresponding

selection of h.

Proof. To prove (1) it is sufficient to compare the vector and matrix parameters in both
parts of equation (20.78) which leads to (20.79). Indeed, the right-hand side of (20.78) is

— |h*x — yul* = x*hh*x — |y > u*u + 2x* (hy)u
= —x*(hh*)x — |y|* u*u + 2Re x* (hy) u

In turn, using the identity
2Rex*PAx =x*(PA+ ATP)x
the left-hand side of (20.78) can be represented as

2Rex*P (Ax + bu) + G (x,u) = 2Rex*PAx
+ 2Rex*Pbu + x*Gx + 2Re (x*gu) — |y |* u*u

= x*(PA+ATP+G)x +2Re (x* [g+Pb]u) — |yl u*u

Comparing the coefficients in (20.84) and (20.85) we get

PA+ATP+ G = —hh*
g+ Pb=hy

which coincides with (20.79).
To prove (2) let us rewrite (20.81) as follows

G[® (iw)bu,u] = —T1 (iw) |ul?
where IT (iw) is continuous and satisfies

M (iw) > Iy > 0

Introduce also the regularized Hermitian form G, (x, u) defined by

G.(x,u) =G (x,u)+¢& (IxI” + [u®), >0

(20.84)

(20.85)
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Then, evidently,
Ge (x,u) < =T [ul® + & (1 +¢) (Ix[* + ul*) <0

where the constant ¢ satisfies the inequality ||® (iw)b||* < c. But, by property (1) it
follows that there exists P = P* such that

2Rex*P (Ax + bu) + G, (x,u) = — |h*x —yul> <0

which proves (20.81). Property (3) follows directly from the assumptions of the
theorem. 0

Remark 20.11. This lemma is also valid when b = B is a matrix. This generalization
can be found in Vidyasagar (1993).

Corollary 20.5. The matrix algebraic Riccati equation

PA+ATP-KTPK+0=0

RK — BTP (20.86)

has a unique positive definite solution P = PT > 0 and the corresponding K such that
the matrix [A — BK] is stable, if R > 0, the pair (A, B) is controllable and one of two
conditions is fulfilled:

(a)
0>0

(b)

0=C"C
the pair (C, A) is observable

Proof. The existence of P and K satisfying (20.86) is equivalent to fulfilling the identity

2Re [x* (=P) (Ax + By)] — (x*Qx + y*Ry)
=—(+Kx)*R(y+ Kx)

valid for all complex x and y. By the Yakubovich—-Kalman Lemma 20.1 to have this
identity it is sufficient that

G[®(iw)by, y] = —(x"Qx + y"Ry) =0
Since R > 0 this property holds. Moreover, the strict condition (20.80) also holds and

G@O,y)=—y"Ry<0
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if y # 0. Hence, from Lemma 20.1 it follows also that there exists a unique solution P,
K for which A :=[A — BK] is stable. Since (20.86) is equivalent to

PA+ATP=—KTRK—-Q=0Q, K=R'BTP

then for Q > 0 we have Q > 0 and, by the Lyapunov Lemma 9.1, there exists P > 0
resolving the last matrix equation. If 0 = CTC, the existence of the positive definite
solution also follows from Lemma 9.1 (statement (2)). ]

Remark 20.12. It seems to be useful to compare the statement of Corollary 20.5 with
Theorem 10.7 which gives the same conditions for the existence of a strictly positive
solution of the matrix Riccati equation making the closed-loop system stable.
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2 I Finite-Dimensional Optimization

Contents

21.1 Some properties of smooth functions . . . . . . ... ..o 601
21.2 Unconstrained optimization . . . . . . . . . . . . ... ... 611
21.3 Constrained optimization . . . . . . . . . .. .. ..o 621

This chapter deals with the simplest problems of optimization in finite-dimensional spaces
starting with unconstrained optimization of smooth convex functions and proceeds to
investigate the influence of different complicating factors such as nonsmoothness, singu-
larity of a minimum point and constraints of equality and inequality types. Each class of
problems is analyzed in a similar way: first, the necessary conditions of extremality are
derived, then sufficient conditions of an extremum are proved, followed by the results
concerning existence, uniqueness and the stability of a solution. Finally some numerical
methods (with their analysis) are presented. The selected method of the presentation
follows (Polyak 1987).

21.1 Some properties of smooth functions
21.1.1 Differentiability remainder

Definition 21.1. The function f : R" — R is said to be

1. differentiable at a point x € R" if there exists a vector a € R" such that for all y € R"

fx+y) =f) +a(a, y)+odyl
a=Vfx)= [af(x)]
Xj i=

i=l1,...,n

(21.1)

(the vector a is usually called the gradient of f (x) at the point x € R");
2. twice differentiable at a point x € R" if there exists a symmetric matrix H € R"™"
such that for all y € R"

fa+y=Ff®+Vf (X),zy) + (Hy, y) +o (Ilyl*)

H=V2f (x) = roo) 212

0x;0x; j=1,.n

(the matrix H is called the matrix of second derivatives of Hessian of f (x) at the
point x € R").

601
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Lemma 21.1. (on a finite increment)

1. If f (x) is differentiable on [x, x + y], then

fa+y)=Ff@+NMVfx),y)
1

+ [F = VF e (21.3)
=0
2. If f (x) is twice differentiable on [x, x + y], then
1
FEEN=Ff@O+Vf@.0+5 (V2 (0).7)
P (21.4)
+/ / ([V2fe+y) = Vif @]y y)drdr
t=01t=0
Proof. For any x, y € R" define the function
(1) = f(x+1y) (21.5)

which is, obviously, differentiable (twice differentiable) if f (x) is differentiable (twice
differentiable). The identity (21.3) follows from the Newton-Leibniz formula

1
¢(1)=¢(0)+/¢'(f)dt (21.6)
=0

and (21.4) results from the Taylor formula

1 t
¢(1)=¢(0)+¢’(0)+//¢”(r)drdt

t=0t=0
Lemma is proven. ]

Corollary 21.1.

(a) If V f (x) satisfies the Lipschitz condition on [x, x + y], that is,

IVf@) = V@I =Lyllu—vlluvelxx+y] (21.7)

then for all x,y € R"

L,
lf x4+ = fx)=Vf), = 7] Iyl? (21.8)
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(b) If for all x,y € R"
IV2f (x + )| < Lez, T €0, 1]

then for all x,y € R"

L2
If (x+y) = fx) = (Vf@),pl < TV llylI?

(c) If forall x,y e R"
[V2f (x4 3) = V2 f )| < Le Iyl

then for all x,y e R"

1
FEAEN=F@=(Vf,0) -3 (V2f () y.y)

Lv2 3
< —
= — vl

603

(21.9)

(21.10)

(21.11)

(21.12)

Proof. The inequality (21.8) follows directly from (21.3), (21.7) and (21.11) if we take

into account that

1 1
/(Vf (x+1y) = VfQx),ydr| = /|(Vf (x+7y) = Vfx),ylde
=0 =0

1

1
L
=< / IVf(x+zy) =Vl llylldr < /Lff Iyl*dz < 7f Iy l?

=0 =0
The inequalities (21.10) and (21.12) result from (21.4) and (21.9) since

1 t 1 t
//(sz(x—i—ry)y,y)drdt 5//|(V2f(x~|—ry)y,y)|dtdt

t=0 =0 t=0 =0

1 t 1 t
L2
5//HV2f(x+ty)H ||y||2drdzs//va P dedr < 2 )P

t=01=0 1=01=0
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and
It
2 2
.//(Wf@+tw—vf@ﬂyﬁdnh
t=01t=0
1 t
= / / [([Vf G+ = V2 F )]y, y)|drdi
t=01t=0
It
S//||V2f<x+ry>—v2f<x)|| Iy d dt
t=0 =0
1t
3 LVZ 3
< Ly Iyl vdvdi < == |y
t=0t=0
which proves the corollary. ]

Exercise 21.1. It is easy to check that

1.
V||[[Ax = b], | = 247 [Ax — ], (21.13)
where
[Z]+ = ([ZILL ’ s [Zn]+>
_Jz if z=0 (21.14)
[z = {0 if z<0
2. Ifx #0
Vil = ”x—”
P (21.15)
V2l = o -
[l |l llx]°
3
| V2 (c.x)? = 2¢cT| (21.16)

The following lemma will be useful in the considerations below.

Lemma 21.2. (Polyak 1987) Let

(a) f (x) be differentiable on R";
(b) V f (x) satisfy the Lipschitz condition (21.7) with the constant L ;
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(c) f(x) be bounded from below, i.e., f(x) > f* > —oo for all x € R".
Then

IVF@I? < 2Ly (f(x) = f*)

Proof. Putting in (21.8) y := —L 'V f (x) we obtain
[r<fx+y)=fx=L7Vfx)
-1 Ly -1 2
S fEO = (V@ LV )+ = [L7VF &

e L7V f o
oL, "

which implies (21.17). Lemma is proven.

21.1.2 Convex functions

21.1.2.1 Main definition
Definition 21.2. A scalar valued function f (x) defined on R" is said to be

1. convex (see Fig. 21.1) if for any x,y € R" and any « € [0, 1]

[flax+d-a)y <af @)+ -0a)fQ)]

2. strictly convex if for any x #y € R" and any o € [0, 1]

flxt+(-ay <af O+1-a)f)]

f(x) af(x)+(1—a)f(y)

I
I
I
I
I
I

y

XB————————————

ax+y(1—a)

Fig. 21.1. A convex function.
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(21.17)

(21.18)

(21.19)
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3. strongly convex with the constant | > 0 if for any x, y € R" and any o € [0, 1]

flax+d—-a)y) <af x)+ (1 —a) f(y)
(21.20)

—la (1 —a)x =yl

4. concave (strictly, strongly with the given constant) if the function [— f (x)] is convex
(strictly, strongly with the same constant).

21.1.2.2 Some properties of convex (not obligatory differentiable) functions
Claim 21.1. From Definition 21.2 it follows directly that

(a) the affine function f(x) = (a, x) + b is both convex and concave;
(b) if the functions f; (x) are convex (concave) then the functions

k
fO =Y vfix), v=0G=1,...k
i=1
and

are convex (concave) too.

Claim 21.2. If f (x) is convex on R", then for any xV,... . x® e R" and any
o, ..., suchthata; >0 (0 =1,...,k), Zf:] o; = 1 the following inequality holds
k k
f (me“) <) af (x) (21.21)
i=1 i=
Proof. Tt follows directly from the Jensen inequality (16.152). O

Lemma 21.3. Any convex function is continuous.

Proof. Let us prove this result by contradiction. Suppose that there exists a point x where
a convex function f (x) is discontinuous. This means that in any §-neighborhood of x,
containing x as an internal point, there are always two points x’ and x” such that
[f(x)— flax"+ (1 —a)x")| >e>0forany0 < &~ < @ < ot < 1. Assuming that
f &)= f ("), wehave f(x') + ¢ > f (x”). But, by the convexity property, we also have

flax+(-a)x) <af (") + (1 —a) f (¥)
for any « € [0, 1], or equivalently,

@) +e = [ @2 S ()
ol @+ A=) = (@)= f (&) + 2

which, for « satisfying 0 < @~ < @ < ot < 1, implies contradiction. |
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Corollary 21.2. If f (x) is convex, then the set

Oy ={xeR"| f(x) Za} (21.22)

is convex and closed.
Lemma 21.4. Any convex function f (x) at any arbitrary point has a one side deriva-
tive in any direction y and this derivative is uniformly bounded with respect to this

direction.

Proof. One has

S fay) - fx)
m

o= Jim FEEE
i A xte+y) — fO)
= lim
a0 o (21.23)
o N A=) [0~ )
< lim
a—+0 o
=fla+y)—f)= max [f (x+2)— f0)]
which completes the proof. g

Corollary 21.3. (Rademacher theorem) Any convex function is differentiable almost
everywhere (excepting a set of measure zero).

21.1.2.3 Some properties of convex differentiable functions
Lemma 21.5. If a function f (x) on R" is differentiable, then

1. its convexity is equivalent to the inequality

[fa+2> fO)+(Vfx),0)] (21.24)

valid for all x,y € R";
2. its strict convexity is equivalent to the inequality

fa+> fF0)+(Vf(x),9] (21.25)

valid for all x € R" and all z #0 (z € R");
3. its strong convexity is equivalent to the inequality

!
fatzf@O+VfE.9+3 lIlz)1? (21.26)

valid for all x, z € R".
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Proof.

(a) Necessity. Suppose that (21.18), (21.19) and (21.20) hold. Show that (21.24), (21.25)
and (21.26) result from them. Taking there 1 —« = § — 0 and substituting y = z+x
we obtain the result. Indeed, from (21.18) we have

1
g[f(X+3(y—X)) —f@]=f»M-frx
and, when § — 0 in the left-hand side of this inequality, it follows that

Vi@, =) =f—fx)

which leads to (21.24) if we take y = z + x. The inequalities (21.19) and (21.20) are
derived analogously.
(b) Sufficiency. Suppose that (21.24) holds. Define the function

g, y)i=af )+ -a) f(y)— flax+ 1 —-a)y)
To prove (21.18) we need to prove that for all x, z € R" and all @ € [0, 1]
8o (x,y) =0 (21.27)
First, notice that all x, z € R”
8a=0 (X, ¥) = go=1 (x,¥) =0 (21.28)
All stationary points* € [0, 1] (if they exist) of the function g, (x, y) satisfy the identity
Bomar X =FO) = fON =V l@x+T—-a)y),x—y)=0
or, equivalently,

JO-fOM=Ff@x+d-a)y),x—y)

For any stationary point o*, after the application of the inequality (21.24) and in view
of the last identity, we have

oo (X, Y) =" f(X)+ (A —a") f(y)— fl@x+1—-a%)y)
=a*[f)—FfOM+fO)—f@x+{1—-a")y)

> [f()=fOWM]=(Vf@x+ A —-a)y),a'x—y)=0
(21.29)

which, together with (21.28), implies (21.27). Indeed, if we assume that there exists
a point o’ such that g, (x, y) < 0, then, by the continuity and taking into account
(21.28), it follows that there should be a minimum point «* where also g,—+ (x, ) < 0
which contradicts with (21.29). So, for all « € [0, 1] it follows that g, (x, y) > 0.
The validity of (21.19) and (21.20) may be proven by the same manner. Lemma is
proven. O
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Corollary 21.4. If a convex function f (x) is differentiable on R" then for any

x,y R

(VD=0 =fO)—fW®] (21.30)
and

[(Vf @) = V() (x—y) = 0] (21.31)

which means that the gradient of a convex function is a monotone operator.

Proof. The inequality (21.30) is proven just above. Changing y to x and x to y we
also have

Vi =y =f&x)—fO)
Adding this inequality with (21.30) we obtain (21.31). O

Corollary 21.5. If a function f (x) is twice differentiable on R", then

1. its convexity is equivalent to the matrix inequality

e

valid for all x € R";
2. the matrix inequality

21

valid for all x € R" implies its strict convexity;
3. its strong convexity is equivalent to the matrix inequality

’u <V2f (x) < Lfl‘ (21.34)

valid for all x € R";

4. if x* is an optimal (minimal) point of strongly convex function f (x) (with a constant
| > 0), then (taking x = x*, y = x and V f (x*) = 0) the inequalities above lead to
the following ones:

! 2
f@ =z f)+ 5l —x7| (21.35)

((Vf @), —x) = 1 — x| (21.36)

IV @l > 1x = x*]] (21.37)
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Example 21.1.

1. The function f (x) = x? is strongly convex (and, hence, convex and strictly convex)
with | = 2.

2. The functions f (x) = x* and f (x) = e* are strictly convex (and, hence, convex, but
not strongly convex).

The next two lemmas will be used hereinafter.

Lemma 21.6. (Polyak 1987) Let

(a) f (x) be convex and twice differentiable on R";
(b) V f (x) satisfies the Lipschitz condition (21.7) with the constant L.

Then for all x,y € R"

(V@) =V, x=y) = L7 IV = VDI (21.38)

Proof. By (21.6) we have

1

d
Vi =VSfx+ it
T

=0
1

Vikx+t(y—x))drt

=Vf(X)+/sz(erT(y—X))(y—X)df=A(y—X)

=0
where, by the strict convexity condition and the property (21.32),

1
A=AT ::/sz(x—l—t(y—x))drzo

=0
which, implies (in view of the inequalities ||A|| / > A and ||A|| < L)
V) =V @), —x)=0-xTAQy—x)

1
= T4l (y—x)TAV(JAI 1) A'* (y — x)

1
Z (y—x)TAZAA (y — x)

1 1
= — (v=X)TATA(y—x) = — A (v — x)|I?
IA] »y—x) »y—x) A A (y =)l

v

! A 2 1 v v 2
E” vy =2l —L—fll O =VFMI

Lemma is proven. O
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Lemma 21.7. If

1. the function f (x) is differentiable strongly convex on R" (see (21.20)) with the constant
[ >0,
2. x* is its minimum point, then for all x € R"

IV O = 2[f@) — f ()] (21.39)

Proof. The inequality (21.26) can be rewritten as follows

1 1 l
s s

which, for z := x* — x, leads to the following inequality

s
3 S )+ 52

which completes the proof. (I

2

2
Zfx)-fx+2+

2
1
2 IVF @I = f )= f &+ = f)—fE9

21.2 Unconstrained optimization
21.2.1 Extremum conditions

Definition 21.3.

® The point x* is called a local minimum of f (x) on R" if there exists § > 0 such that
f(x) = f ") for all x satisfying ||x — x*|| <.

® The point x* is called a global minimum (simply minimum) of the function f (x) on
R* if f (x) > f (x*) for all x € R".

21.2.1.1 Necessary conditions
Theorem 21.1. (on necessary conditions) Let x* be a local minimum of f (x) on R".

1. The first-order necessary condition (Fermat). If f (x) is differentiable at x*, then

140

2. The second-order necessary condition. If f (x) is twice differentiable at x*, then

v

Proof. To prove (1) suppose that V f (x*) £ 0. Then 7 > 0 we have

JOE =V =f &)+ V@), -tV &) +o(r)
=) =T IVFE)IP+o(r) > f (")
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for small enough t which contradicts the fact that x* is a minimum. So, (21.40) holds.
To prove (2) let us use (21.2) which for any y € R" and a small positive 7 > 0
gives

f (%)< f O +1y)
= f @)+ (V) ) + (V2 ) Ty, Ty) 40 (72)
=f @)+ (VA9 y,y) +o(?)

or, equivalently,
0= (Vf(x")y,y)+o(r?)

Dividing by 72 and tending T to zero implies (V2 &y, y) which is equivalent to
(21.41). Theorem is proven. O

21.2.1.2 Sufficient conditions
Theorem 21.2.

1. The first-order sufficient condition. Let f (x) be a convex on R" function differentiable
at a point x* such that the first-order necessary condition (21.40) holds, that is,
Vf (x*) =0. Then x* is a global minimum point of f (x) on R".

2. The second-order sufficient condition. Let f (x) be twice differentiable at a point
x* and

Vi) =0 V2f(x*) >0 (21.42)

Then x* is a local minimum point.

Proof. The first-order sufficient condition follows directly from (21.24) since for any
zeR”

f@+2) = )+ VG, 2)=f&5)
The second-order sufficient condition follows from the Taylor formula (21.2) since

fE+T1)=f ")+ (V) 12)
+22 (V2 (9 y,y) +o (22 yl?) = £ (x%)
A7 min (V2 ) Iy 1P 40 (22 yI7) = f (%)

for small enough t > 0 which proves the result. (]

21.2.2 Existence, uniqueness and stability of a minimum

21.2.2.1 Existence of a minimum
Theorem 21.3. (Weierstrass) If
(a) f (x) is continuous on R",
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(b) the set

[0, i={xeR"| f(x) <a}] (21.43)

is nonempty and bounded for some o € R.
Then there exists a global minimum of f (x) on R".

Proof. For some vector-sequence {x®} we have

f(x®)—>inf f(x) <a as k— o0
xeR?

Then x® € Q, for large enough k. But the set Q, is a compact and, hence, the sequence
{x®} has a limit x* € Q,. But from the continuity of f (x) it follows that f (x*) =
inﬂ{ f (x) which proves the theorem. [l
xeR”

21.2.2.2 Uniqueness of a minimum
Definition 21.4.

1. A minimum point is called locally unique if there are no other minimum points in
some neighborhood of this point.

2. x* is said to be a nonsingular minimum point if the second-order sufficient conditions
(21.42) hold, that is, if Vf (x*) =0, V2f (x*) > 0.

Theorem 21.4. A nonsingular minimum point is locally unique.

Proof. Suppose that x* is a nonsingular minimum point, but there exists another minimum
point x** # x* in any small neighborhood of x*, thatis, f (x*) = f (x™*) when || x™ — x*||
< § for any small enough §. Then we have

FE=f 65+ @ =x) = f () + (Vf (), x7 = x7)
+ (V2 (@) (7 =), 7" = x9) o (Il = 27|1?)
= £ )+ (V2 ) (67 =2, (7" = x9) +o (I =x7[1) > f ()

since
(sz ()C*) (x** _ x*)’ (x** _ x*)) >0 (”X** _ x*HZ)

So, we have obtained the contradiction that x* is a minimum point. Theorem is proven.
O

Proposition 21.1. A minimum point of a strictly convex function is globally unique.

Proof. 1t follows directly from the definition (21.19). Indeed, putting in (21.19) y := x*
we get (for & > 0)

1
O<—[fO+a@=—y)—fO]

1
=&[f(X*+Ol(x—X*))—f(X*)] <f@—=f&
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21.2.2.3 Stability of a minimum
Definition 21.5. A local minimum point x* of f (x) is called

(a) locally stable if every local minimizing sequence converges to x*, that is, there exists
8 > 0 such that

f(x®) = &, Hx(k> —x"

<4
implies

x® oy
k—o0

(b) globally stable if any minimizing sequence converges to x*.

Theorem 21.5. (Polyak 1987) A local minimum point x* of a continuous function f (x)
is locally stable if it is locally unique.

Proof. Let {x(k>} be a local minimizing sequence. By the compactness of a unit sphere
in R”, from any sequence there can be extracted a convergent subsequence, namely, there
exists {x*)} such that x*) — %. But from the definition of a local minimizing sequence
one gets ||x — x*|| < §. By the continuity property, we have

f@ = limf (x%) = f ("

which implies x = x* since x* is a local minimum point. The same is true for any other
convergent subsequence, so, x® — x* and therefore x* is locally stable. O

The next result turns out to be often useful in different applications.

Lemma 21.8. (on regularized (perturbed) functions) The stability property implies
that a minimum point of a nonperturbed functions is closed to a minimum point of a
perturbed function, namely, if x* is a nonsingular minimum point of f (x) and g (x) is
continuously differentiable in a neighborhood of x*, then, for sufficiently small ¢ > 0,
the function F, (x) := f (x) 4+ &g (x) has a local minimum point x} in a neighborhood of
x* and

xr=x"—e [V ()] Ve ) +o(e) (21.44)

Proof. By Definition 21.4 it follows that x; satisfies

VF, (x}) =V f(x)+eVg(x) =0
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and, hence, we have

0=VF (x) = V[ (x) +eVe (x)
=V (& + (5 = 27)) +6Vg (x7) = V2F ) (2 = x7)
+ ¢ [Vg (x*) + (Vg (x;‘) — Vg (x*))] +o0 (ij - x*||2)
By the continuity property of Vg (x) at the point x = x™ it follows that for any & > 0
there exists & > O such that ||x — x*|| < K implies ||[Vg (x) — Vg (x*)] < &. Taking

here x = x; = ke (where, maybe, k < 1) and & := ¢, from the last identity it
follows that

0=V>f(x*) (x) —x*) +eVg(x*) +o0(e)

which implies (21.44). Lemma is proven. O

Remark 21.1. When g (x) > 0 for all x € R" then g (x) is usually called a regularizing
term and the function F, (x) is called the regularized function.

21.2.3 Some numerical procedure of optimization
Let us consider the following numerical procedure for finding a minimum point

x* € R" of the function f (x) on R" using only the value of its gradient V f (x,) in a
current point x,,:

Xny1l = Xp — Van+1Vf (xn)

xo=x, n=0,1,2,... (21.45)

O<weR, O0<H,=HTeR™

21.2.3.1 Strong (argument) convergence
Theorem 21.6. (on strong (argument) convergence)
Assume that

1. x* is an optimal point of strongly convex differentiable function f (x) with a constant
| > 0 (such point always exists by Proposition (21.1));
2. V f (x) satisfies the Lipschitz condition (21.7) with the constant L ;;
3. foranyn=0,1,...
oy 1= )‘«max (Hl/an+ Hl/z) - 2)/nl)\min (Hn)
(21.46)
+ ynzLif)‘«max (Hn+l))‘max (Hn) = q < 1

Then for the sequence {x,} generated by (21.45) with any initial conditions X we have
the following exponential convergence:

W, = llx, — x5 = 0 (¢") = O ([¢"*]") - 0 (21.47)

whereas n — 0.



616 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

Proof. We have the following recursion:

Wt == X041 — x*||§1;+11
= 16 = %) = Y Hr VF Gl = e — 2712,
=2 (i BV F (), %0 = ) + v Haa V f Gl (21.48)

_ _*)2
= "xn X ”H;]/z (H,,I/ZH"jr'lH,ll/z)Hfm

= 2, (Vf (), %0 — x5 + 72 IV (),

1

Recall that

-1 —1/2 1/2 g7—1 1/2 —1/2 1/2 g7—1 1/2 -1
Hn+] = Hn / (Hn/ Hn+1Hn/ ) Hn / E )‘-max (Hn/ Hn+1Hn/ ) Hn

By the condition (21.36),
(Vf (), %, — x) = 1 lx, — x*||°
and by (21.7)

IVf )=V =1Vl <Lgllx, — x|
We also have

Ix, — x*I1* = ((x, — x*), H V2 H,H'2 (x, — x*))

)Vmin (Hn) Wn = ”xn - X*Hz = )Vmax (Hn) Wn
Substitution of these inequalities into (21.48) implies

Wikt < dmax (H)H i HYP) Nl — x*115,-
— 29l 1%, — X1 4 Y2 L2 Amax (Hogt) Il — x|
< homax (H)PH 3 HYP) Wy = 29l hmin (Hy) W,
+ V2L dnax (Hoi1) Manax () W,

=aan San <. SqnW0_>0
Theorem is proven. ]

Corollary 21.6. (on the gradient method convergence) If in
(21.45) we take

o=y, Hy:=1 (21.49)
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we get the gradient method
Xpo1 =X, — YV (xy), xo=x, n=0,1,2,...
(21.50)
2
0<y<2l/L%
which converges exponentially as
W, = llx, — x> = 0 (¢")
with
q:l—y(Zl—yLi)
Corollary 21.7. (on the modified Newton’s method) If in (21.45) we take

o=y, Hyo=[VAf (o] (21.51)

we get the modified Newton’s method

Xt =% — y [V2F )] VF ()
xo=x, n=0,1,2,... (21.52)
y =I/L}

which converges exponentially as
W, 1= [, — x* 13- = 0 (¢")
with
Ay = Amax (Hnl/zl_ln_+11 Hnl/z) - zylkmi" (H,)

+ yzLif)‘-max (Hn+l) )‘-max (Hn)
<Lg/l=2yl/L;+ y’L3 /P =L/l -1*/L} :=q < 1

within the class of strongly convex functions satisfying
0.755 <1l/L; <1

Proof. 1t follows from the estimates (in view of (21.34)) that

_ 1
Amax (Hn+1) = Amax [vZf (-xn)] : = = -
(1 ) Amin ([V2S ()]) (21.53)
)\'min (Hn) = N ) = l/Lf

max ([V2f ()]
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and

Amax (Hnl/an_Jrlllinl/z) = Amax (H"_Jrll) Amax (Hy)

<L/l

) 1
— homer (V2 (5)) Do ([V2f(xn)] 1) < wa <

if we use them in (21.46). Moreover, defining x :=1/L; < 1, we get
gq=Ls/l-1*/L} =x""—x" <1

if x > 0.755. |

Below we show that there exist other modifications of Newton’s method working
within much wider classes of functions.

21.2.3.2 Weak (functional) convergence
Theorem 21.7. (on weak (functional) convergence) Assume that

1. the function f (x) is differentiable and is bounded from below, i.e.,

fx) > f">—o00 (21.54)
2. V f (x) satisfies the Lipschitz condition (21.7) with the constant L ;;
3. foralln =0,1,2, ...

)Lmax (Hn+1) = )LJr

- 20 -3
Yo <Y = 7, »¢€(0,1) (21.55)

yn)"min (Hll+l) > Cc_ > 0

Then for the sequence {x,} generated by (21.45) with any initial conditions X we have
the following property:

f(xn+l) = f(xn)

21.56
IVFf @)l =0 as n— oo ( )

whereas n — 00.

Proof. By (21.3) and (21.53) we have

f (xn+l) - f (xn) —Vn ”Vf (xn)”?-]nﬂ

1
— Wn / (Vf (xn - 7:J/nl_[n+lvf (xn)) - Vf (-xn)s Hn+lvf (xn)) dt

=0
L
< ) = v IV @l + 7250 1V f @)l

L,
< f (xn) — W (1 - Vn?f)"max (Hn+1)> ”Vf (xn)”i]nﬂ =< f (xn)
- Vn””vf (xn)”%],ﬁl =< f (xn) - %yn)\min (Hn-H) ”Vf (xn)||2
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or, equivalently,

c_ ”Vf (xn)”2 = Vn)\min (Hn+l) ”Vf (X,,)||2
(21.57)
E %71 [f (X,,) - f (xn+1)]
We also have

f(xn-H) = f(-xn)

which, by the Weierstrass theorem 14.9 in view of the boundedness from below, implies
the existence of the limit

lim f (x,) = .f > —00

Summing the inequalities (21.57) on n =0, 1, .., T and taking T — oo, we get

DIV @I < Gee)™ [f (o) = f] < 00
n=0

which implies |V f (x,)|| = 0 as n — oco. Theorem is proven. (I

Corollary 21.8. (on the gradient method) If in (21.45) we take
Yo=Yy, H,:=1
we get the gradient method

Xpp1 =Xs — YV (X)), xp=x, n=0,1,2,...

_ 2 =>3)
O ' < = —
<Vm=V L,

for which

lim f (x,) = f>—00, f 1) < f(x)

”Vf (xn)” —0asn— o©

(21.58)

for any initial conditions ¥ € R".

Corollary 21.9. (on the modified Newton’s method) If in
(21.45) we take

Yo =V, Hn = [sz (anl)]il
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and if we get the modified Newton’s method

Xn+l = X — Y [sz (xn)]71 Vf (xn)
xo=x, n=0,1,2,...
_ 2(1 — %)
O<y<y=—-

Lat
then again (21.58) is valid.

Remark 21.2. (One more modification) Let the function f (x) be twice differentiable,
its second derivative satisfies the Lipschitz condition with the constant L2 and be strongly
convex (with the constant | > 0) on R". Taking in (21.45)

. 20—l ) 2[?
y<y=—7—— 20D i [VfGx)l=—

o LV?- LvZ
Vo = . o2
1 i VGl < To

V2

Hn = [sz (xn—l)]71

we get the modified Newton’s method with a switched step-parameter for which, at the
end of optimization, we obtain the, so-called, ‘“quadratic” exponential convergence

21, L
ey — ) < —¢%. g =2

I =5 VS )l
f

(21.59)

— inf Lo wreal <1
KXpx 1= _(1)‘1’},2”" xn' 212 f(xn) <

starting from x,- which is sufficiently close to the minimum point x* such that

Lv2

o IV Gl <1

Proof. First, notice that in this case Amay (H,+1) < A = [~!. Evidently, by Theorem
21.7 we have |V f (x,)|| = 0 as n — oo, and, hence, there exists the number n* for

L _
which 722 IV f (x,)]| < 1. Consider n > n*. Taking x = x, and y := —y [sz (x,,)] !

Ly
Vf (x,) in the inequality HVf x4+y)=VfKx)—Vif(x) yH < TV Iyl* we get
Xng1 = X + y and

|97 Gy = V5 ) = V27 ) (= [V2F )] 9 )|

Ly —11|? L2
= IVF Gl = 55| (V27 ][ 19 £ Gl = S5 19 7 ol

- 21

Denoting z, := ||V f (x,)|l we obtain z,4; < (Lv2/2/%)z2. Integrating this inequality
22,
we get 7, < L—qz . Applying then the inequality (21.37) we get (21.59). Corollary is
V2

proven. U
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Many other methods of unconstrained optimization can be found in (Polyak 1987) and
the references within.

21.3 Constrained optimization
21.3.1 Elements of convex analysis

21.3.1.1 Convex sets
Definition 21.6.

1. A set Q C R" is convex if it contains any segment with the endpoints lying in Q, i.e.,
Ax + (1 —A)y € Q for any ) € [0, 1] whenever x,y € Q.

2. The convex hull conv Q of a set Q < R" is an intersection of all convex sets
containing Q, or, equivalently, Carathéodory’s lemma, see Rockafellar (1970),

n+1 n+1
conv Q = {x = Z)»,«xi |xi € Q, & >0, Z’\f = 1} (21.60)
i=1 i=1

Claim 21.3.

® [t is easy to check that
® if Q is bounded and closed then

conv Q =Q
® if Q is convex then the sets

aQ={x=ax'eR"|aeR, x'e€Q}
AQ:={x=Ax eR"|AeR™, x'€Q}

are convex too,
® if Oy and Q, are convex then QN Q, is convex.

Claim 21.4. For a convex function f (x) the set

[0, i={xeR"| f(x) <a}] (21.61)

is convex.
Proof. Let x’, x” € Q,. Then, by the convexity property (21.18),

fFOX+A=0)x")<Af )+ A =4) f(x")
<+ (1—-MNa=«a

which means that z := Ax’ + (1 — L) x" € Q,. ([l

Definition 21.7. A function f (x) is called quasi-convex if the sets Q, (21.61) are convex
for any «.
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Remark 21.3. Ifthe sets Q, are convex, then f (x) is not obligatory convex, for example,

fx) = e,

21.3.1.2 Projections and their properties
Definition 21.8. The projection of the point x € R" onto the set Q C R" is a point
o {x} € Q such that

7o {x} = argmin ||x — y|| (21.62)
yeQ

Proposition 21.2. The following assertions seem to be evident:

(a) If x € Q then

mo{x}=x
(b)
o {x} = argmin ||x — y||?
yeQ
(c) If Q is closed convex then my {x} is unique, since ¢ (y) = |lx — ylI* is a strictly

convex function and, hence, has a unique minimum point.

Lemma 21.9. If Q is closed convex then

1. forallx e R" and all y € Q

(x =mo{x}, y—mp{x}) <0 (21.63)

2. forallx,y e R"

o tx} = 7o (Y]] < llx =yl (21.64)

Proof.

1. Since, by Definition 21.8 and in view of the closeness and the convexity of Q, for any
y € Q we have

[ = 7o (x}|” < = yI?
and
b = 7o ) = & = )+ (v =70 1) | = lx = I
+2(x =7 dx),y — o (x)) + ||y = 7o ()| < Ix — yIP

or, equivalently,

2(x —molx),y = molx}) < = [ly 7o {x}][* < 0
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2. By Definition 21.8 we have

70 tx) = 710 WY|” < ||x = 70 0}
[0 13} = 70 WY|* < ||y = 70 i}

Summing both inequalities with the weights « € [0, 1] and (1 — «) one gets:

|70 tx} = 7o O|” < @|jx = mo 9} + (1 = ) |y = 7o )|
=al|c—y+(-m )+ 1 -a) [ —0+ (x = mo I}
= lx = yI* + o ||y = 7w W} + (1 = @) [|x — 7o {x}]|°
+20 (x =y, y =7 () +2(1 =) (y = x,x — 7g {x})
= lx—yI*+ally =7 | + A =) ||x — 7o 3}
+ 2o ([x — 7o {y}] — [y — o (¥}, y — 70 {1})
+2(1—a)([y —mo {x}] — [x — o {x}]. x — g {x}) = [lx — y|?
+ 2 (a[x —mo {x}]. [y — 7o (¥}]) +2 (x — 7o {x}, A — @) [y — 7o {¥}])
—afy =m0 = A=) |x — 7o 2} < llx — ¥l
+2va|lx — 7o (x| ||y = w0 O}
+2VT—a|lx — 7o (x}| ||y = o (V1
—afy =7 = A=) [x — 7o x| < lx — yI?
— (VT |lx = o )] = @ x o ) < e — v
Lemma is proven. 0
21.3.1.3 Separation theorems
Here we will formulate and prove the theorem, named the separation theorem, see

Fig. 21.2 for a finite dimensional space (in infinite dimensional spaces this result is known
as the Hahn—Banach theorem), which plays a key role in constrained optimization.

a Q
X

(a,x)

Fig. 21.2. Illustration of the separation theorem.
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Theorem 21.8. (Alexeev et al. 1979)
Let Q € R" be a convex subspace (or a set) of R" which does not contain the point 0,

that is, 0 ¢ Q. Then there exists a vector a = (ay, ..., a,)T € R" such that for any x =
(X1, ..., X,)T € Q the following inequality holds:
(@x)=> ax >0 (21.65)
i=l

In other words, the plane Y o;x; = 0 separates the space R" in two subspaces, one
of which contains the set Q completely.

Proof. Let lin Q be a minimal linear subspace of R" containing Q. Only two cases are
possible:
linQ #R"orlinQ =R"

1. If lin Q # R”, then lin Q is a proper subspace in R" and, therefore, there exists a
hyperplane Y _, o;x; = O containing Q as well as the point 0. This plane may be
selected as the one we are interested in.

2. Iflin Q = R", then from vectors belonging to Q we may select n-linearly independent
ones forming a basis in R”. Denote them by

el,...,e"(ei € Q,i= 1,...,n)

Consider then the two convex sets (more exactly cones): a nonnegative “orthant” /C;
and a “convex cone” K, defined by

K= {x eR":x :Zﬂiei, Bi <O}
i=1

5 (21.66)
xeR":x = ae, a >0 ¢& €
= 2 ¢

i=,1,...,5 (s € Nis any natural number)

These two cones are not crossed, that is, they do not contain a common point. Indeed,
suppose that there exists a vector

x = —zn:ﬁ_iei, Bi >0
i=1

which also belongs to K,. Then one is obliged to find s € N, a; > 0 and &' such that
X =);_, a;é. But this is possible only if 0 € Q, since, in this case, the point 0 might
be represented as a convex combination of some points from Q, i.e.,

s

s n
E (,_Ziél —X E C_l,'él + E ,3,-6'
i=1 i=l

_ =l

Zai""zgi Zdi"l'zlgi
i=1 i=1 i=1 i=1

0

(21.67)



Finite-dimensional optimization 625

~ (@+p)
=1 (@ + B;)
j=1

But this contradicts with the assumption that 0 ¢ Q. So,
KiNnk, =2 (21.68)

3. Since K, is an open set, then any point x € IC; cannot belong to conv K, in the same
time. Note that conv K, is a closed and convex set. Let us consider any point x° € K,
for example, x° = — 3" & and try to find the point y° € conv K, closer to x°.
Such point obligatory exists, namely, it is the point minimizes the continuous function
f (y) :==|lx — y|| within all y belonging to the compact

conv K, N {x € K; : ||x — [|x°|||| <& — small enough}

4. Then let us construct the hyperplane H orthogonal to the (x°—y°) and show that this
is the plane that we are interested in, that is, show that 0 € H and Q belongs to a half
closed subspace separated by this surface, namely,

int H Nconv C;, = &

and, since, Q C conv K5, then
0 < (R"\\intH)

By contradiction, let us suppose that there exists a point y € (int HN IQ). Then the
angle Zx°y°y is less than 7 /2, and, besides, since conv K, is convex, it follows that
[y, 3] € conv K,. Let us take the point ' € (y°, ) such that (x°, §') L (y°, 5) and
show that ' is not a point from conv K, close to x°. Indeed, the points y°, § and 3§
belong to the same line and 3’ € int H. But, if 3’ € [y, 3] and 3’ € conv K,, then
obligatory [|x° < ||x® = »°|| (a shortest distance is less than any other one). At

the same time, 3’ € ()%, §), so [|x® — ¥|| < |[x° — »°||. Also we have 0 € H, since

if not, the line [0, 0o), crossing y° and belonging to IC,, should obligatory have the
common points with conv /C,. Theorem is proven. O

Definition 21.9. The convex sets Q1 and Q, in R" are said to be disjoint (or separable)
if there exists a number o and a vector a € R" (a # 0) such that (a,x) > « for all
x € Q) and (a,x) <« for all x € Q,. These sets are called strictly disjoint (or strictly
separable) if (a,x) > oy forall x € Q, and (a,x) < a, for all x € Q, and o, < «;.

Lemma 21.10. (Polyak 1987) If Q., Q be convex disjoint (separable) sets in R" and,
additionally, Q, be closed and bounded. Then Q| and Q, are strictly separable.

Proof. First, notice that the function

@1 (x) = ||x — g, (0]
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is convex. So, by the properties of (5, this function attains its minimum on Q5.
Denote

a :=argmin ¢; (x), a;:=mg, (a2)
xeeQr

Then a, # a; and

llar — aoll = min{[lx — yll : x € @1, y € 0o}

a, =Tg, (ay)
Hence, by the disjointedness definition,

(ay —ay,x) > (ay —ay,ay) :=«a; forall x e QO

(ay—ay,x) > (g —ay,ay) :=a, forall xe Q,
which implies
2
ay—ay =llag —a|” >0

Lemma is proven. ]

21.3.1.4 Subgradient
Definition 21.10. A vector a € R" for which

[fO+y) = f@) + @) (21.69)

for all y € R" is called the subgradient of the convex function f(x) at the point
x € R" and is denoted by a = 0f (x). Sure, in the nonsmooth points there exist a set of
subgradients denoted by D f (x) (see Fig. 21.3).

x
[N P
<

Fig. 21.3. Subgradients.
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The following properties of the subgradients of convex functions seem to be evident.

Claim 21.5.

1. Analogously to (21.31) the subgradient of a convex function is a monotone operator,
i.e., for any x,y € R" and any of (x) € Df(x), of (y) €e Df(y)

@f x)—9f (»),x—y) =0 (21.70)

2. fi(x,y), as it is defined in (21.23), for any x,y € R" can be calculated as
follows

L(x,y) = , 21.71
fix,y) agrgl;}?gx)(a y) ( )

9 <Z vifi (x)> = Zw’)ﬁ x), 7.=0 (21.72)
i=1 i=1

4. For the convex functions fi (x) and f, (x) we have

Dmax {fi (x); f> (x)} = Conv[Df; (x) UDf> (x)] (21.73)
5. For any matrix A € R"™" and any x € R"

df (Ax) = ATOf (x) (21.74)

Exercise 21.2. The following relations seem to be useful:

1.

I it x£0
3 |lxll = Ixll (21.75)

a with Ja||l<1 if x=0

d Z ||(ai,x) - b,-|| = Zai sign ||(ai,x) - b,-|| (21.76)
i= i=1

Lemma 21.11. The set D f(x) at any point x € R" is nonempty, convex, closed and
bounded.

Proof. Consider in R"*! the set Q, := {x,a : f (x) < «} (which is called the epigraph
of f (x)). Obviously, this set is convex, and, by Lemma 21.3, it has an interior point,
since the points {x, f (x)} form its boundary. By the convexity of Q,, there exists a
supporting hyperplane for Q, at the point x, given by {a, —1} for some a. Thus, a is
a subgradient of f (x) at x. The convexity, closedness and boundedness follow from
Lemma 21.4. 0
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21.3.2 Optimization on convex sets

Here we will be interested in the following optimization problem

min f (x) (21.77)

where Q is a convex (not obligatory bounded) set and f(x) is assumed to be smooth
(differentiable) on Q if any special assumptions are accepted.

Definition 21.11. We say that the point x* € Q is

(a) a local minimum of f (x) on Q if f(x*) < f(x) for all x € Q and such that
lx —x*|| <6, 8 >0
(b) a global minimum of f (x) on Q if f(x*) < f(x) forall x € Q.

21.3.2.1 Necessary first-order minimum condition
Theorem 21.9. (The necessary condition) Let

1. f (x) be differentiable at the global minimum point x*;
2. the set Q be a convex set.
Then for all x € Q

[(VF @9, x—x) >0] (21.78)

Proof. We will prove this theorem by contradiction. Suppose that (V f (x*), x —x*) <0
for some X € Q. Then, by the convexity of Q, the point x, := x* + o (¥ — x*) € Q for
all ¢ € [0, 1], and, hence, for small enough «

[ @) =f @) +a (V@) 2 —x)+o(@) < f&xh)

which contradicts the assumption that x* is a minimum point. Theorem is proven. ]

21.3.2.2 Sufficient first-order minimum condition
Theorem 21.10. (The sufficient condition of optimality) Ler

1. f (x) be differentiable at the point x* € Q;
2. the set Q be a convex set;
3. for all x € Q the following inequality holds

[(Vf@).x—x) = plx — x|, > 0] (21.79)

Then the point x* is a local minimum point on Q.

Proof. Take ¢ > ¢; > 0, so that

Lf () = f &) = (VD) x —x)] =< % llx — x]l
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for all x € Q such that |x — x*|| < &;. Then, by (21.79),

J) = f )+ (V) x —x%)

L EFACO PR PR
which means the local optimality of x*. Theorem is proven. (I

Remark 21.4. Notice that x* in (21.79) cannot be an interior point of Q, and, therefore,
under the conditions of Theorem 21.10 the minimum is attained at a boundary point of Q.

21.3.2.3 Criterion of optimality for convex (not obligatory differentiable) functions
Theorem 21.11. (The criterion of optimality) Let

1. f (x) be convex on R";
2. QO C R" be a convex set.
Then the point x* € Q is a global minimum on Q if and only if

[@f (), x —x*) = 0 (21.80)

for some subgradient 3f (x*) € Df (x*) and all x € Q.

Proof.

(a) Necessity. Suppose that there is no such subgradient. Then the sets D f (x*) and
S:={yeR':(y,x —x*) >0, x € Q} do not intersect. Notice that S is convex
and closed. By Lemma 21.11, the set D f (x*) is convex, closed and bounded. So,
in the separation lemma 21.10, there exists ¢ € R” such that (¢, a) < —a < 0 for
alla € Df (x*) and (c, y) > O for all y € S. Denote by I' the closure of the cone
generated by all feasible directions, i.e.,

F::{xeR”:x:limkk(xk—x*), M > 0, xkeQ}

k—o00

If ¢ # TI', then again there exists a vector b such that (b,x) > O for all x € T
and (c,b) < 0. But b € S and, therefore, the inequality (c, b) < O contradicts the
condition (¢, y) > O for all y € S. So, ¢ =T, and, hence, one can find the sequences
A > 0 and x* € Q such that A; (x* — x*) — c. Taking k large enough such that

||Ak (xf = x*) — CH <a/(2a7), a*:= (Jax lall, o >0

we obtain

f (x4 ok (x*=x%)) = fx)

a—>+0 o

= B (42 (=)

- aelg?"é(*) @)+ aerg?é*) (a7 M (Xk B x*) B C)
= —a+ loz = —loz

2 2



630 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

and, hence, f| (x, 2 (x* —x*)) < 0. Therefore, for sufficiently small y > 0, it
follows that

f (x*~|—)/ (xk —x*)) < f(x

which contradicts the assumption that x* is a minimum point. The necessity is proven.
(b) Sufficiency. Let (21.80) hold for all x € Q and some subgradient df (x*). Then

J@) = &)+ @f ), x —x) = f(x")

i.e., x* is a global minimum point on Q. Lemma is proven. O

Remark 21.5. In the case of no constraints, the criterion (21.80) becomes

a1

21.3.3 Mathematical programing and Lagrange principle

21.3.3.1 Nonlinear programing problem
The general problem of nonlinear programing is formulated as follows:

min f (x)

xeR?
(21.82)
g x) =<0, i=1,...,r
hj(x)=0, j=1,...,7

Notice that any equality constraint /#; (x) = 0 can be represented as two inequality-type
constraints:

xeR"[h(x) =0} ={x eR" | h; (x) =0, —h; (x) <0}

So, the general nonlinear programing problem (21.82) can be represented as

min f (x)

xeR?

(21.83)

g x)<0, i=1,...,m

where m = r + 2r’ with

A _Johix) i i=r4j . ,
gt(x)—{_hj(x) if i=r—|—r/+j (]—1,...,}")
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21.3.3.2 Lagrange principle

The theorem below follows the scheme of presentation given in (Alexeev et al. 1979)
where the same result is formulated in a more general case in Banach (not obligatory
in finite dimensional) space. It permits to represent the given constraint optimization
problem as another (but already) unconstrained optimization problem.

Theorem 21.12. (Lagrange principle) Consider the general nonlinear programing
problem (21.83) where the functions f (x) and g; (x) (i = 1,...,m) are assumed to be
differentiable but not convex.

A. (Necessary conditions, Karush—John). If x* is a local minimum point, then there exist
nonnegative constants u* > 0 and v >0 (i =1, ..., m) such that the following two
conditions hold:

1. “local minimality condition to Lagrange function”

L(x,u,v):= Mf(x)—l—Zvigi (x) (21.84)
i=1
namely,
L(x*, u*,v) < L(x,u" v (21.85)

or, equivalently,

WV + ) viVe () =0 (21.86)

i=1
2. “complementary slackness”:
vigi(x) =0 (=1....,m) (21.87)

B. (Sufficient conditions). If u* > 0 (the regular case), or equivalently, if the vec-
tors Vg; (x*) (i =1, ..., m), corresponding to the active indices for which v} > 0,
are linearly independent, then conditions (1)—(2) above turn out to be sufficient to
guarantee that x* is a local minimum point;

C. To guarantee the existence of u* > 0 it is sufficient that the, so-called, Slater’s
condition holds, namely, that in a neighborhood Q2 (x*) of x* there exists X
such that

g(x)<0@=1,...,m (21.88)
Proof. First, define the set

C={neR"[IxeQ@*):

(21.89)
S —f&) <n, gx)<mn (=1,...,m)
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A. The set C is nonempty and convex. Indeed, the vector n with positive components
belongs to C since in (21.89) we may take x = x*. So, C is nonempty. Let us show
that it is convex. To do that we need to prove the existence of a vector x* € 2 (x*)
(€2 (x*) can always be selected as a convex set) such that for any n* :=n + a (' — ),
a € [0, 1] we have

O —f&x <ng, &) <n’ @(=1,....,m)
if for some x, x’ € Q (x*)

fO = f(x") <mo, &) =m (=1,....m)
fOY=f&) <m, &G =n (G=1....m)

Denote x® := x + o (x' — x), a € [0, 1] which, by the convexity of € (x*), also
belongs to 2 (x*). Since the functions f(x) and g;(x) (i =1, ..., m) are differentiable
in © (x*), it follows that

@O = fa)=NVfE),x—x)+o(lx —x*) <no
f&) = f&) =V D, x —=x)+o(lx" —x*|) <no
o(Ilx* —=x*ID =o(lx" = x*|I) + o (Ilx — x*|))

and, hence,

f&*) = fO&x)=(Vf(x™), x* —x*) +o([x* —x*)
=a[(Vf(x*), x" = x*) +o(x —x*|]
+(1 =) [(Vf(x), x —x) +o(llx —x*|D]
<an,+ (I —a)no =ng

Analogously, g;(x*) < n{, which implies * € C. So, C is nonempty and convex.
B. The point 0 does not belong to C. Indeed, if so, in view of the definition (21.89),
there exists a point x € X, satisfying

f()i)—f(x.) <0 (21.90)
gx)<0@G=1,...,m)

which is in contradiction to the fact that x* is a local solution of the problem. So, 0 ¢ C.

Based on this fact and taking into account the convexity property of C, we may apply

the separation principle (see Theorem 21.8): there exist constants (/L*, vy, ...,v,’;)

such that for all n € C

m

o+ Y vin =0 (21.91)

i=1

C. Multipliers p* and v (i =1,...,m) in (21.91) are nonnegative. In (A) we have
already mentioned that any vector n € R:*! with positive components belongs to
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C, and, particularly, the vector | ¢,...,¢e,1,¢,...,& | (¢ > 0). Substitution of this
——

lo
vector into (21.91) leads to the following inequalities

vi>—pre—ey v if 1<lh<m
i=ly (21.92)
W= —ey v it =0

i=l1

Tending ¢ to zero in (21.92) implies the nonnegativity property for the multipliers
pwrand v (i =1,...,m).

. Multipliers v} (i =1, ..., m) satisfy the complementary slackness condition (21.87).
Indeed, if g, (x*) = 0, then the identity v} g, (x*) = O is trivial. Suppose that
81, (x*) < 0. Then the point

8,0,...,0,g,(x",0,....0| ¢>0) (21.93)

lo

belongs to the set C. To check this it is sufficient to take x = x* in (21.89). Substitution
of this point into (21.91) implies

Vr gl (X°) = —u*8 (21.94)

Tending § to zero we obtain that vy g, (x*) > 0, and since g, (x*) < 0, it follows
that v < 0. But in (C) it has been proven that vy > 0. So, v = 0, and, hence,
Vg, () = 0.

. Minimality condition to Lagrange function. As it follows from (21.89), for x € Q (x*)
the point

(f )= f&)+8,81 ()., 8n (X))

belongs to C for any § > 0. Substitution of this point into (21.91), in view of (D),
yields

L(x, vy =" f(X) + > vigi (x)

i=1

= (u [f(X) = fF&)+8]+ > vig <x)>
i=l
W) = 8 =t f () = S
= WL D Ve () = WS = L, W v - 1
i=1

(21.95)

Taking § — 0 we obtain (21.85).
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F. If u* > 0 (the regular case), then the conditions (Al) and (A2) are sufficient for the
optimality. Indeed, in this case it is clear that we may take u* = 1, and, hence, for
any x satisfying g; (x) <0 (@ =1,...,m)

fO) = f)+> vig () =Lx, 1,07
i=1

> L5 Lo = fO)+ ) vig (8 = f(x")

i=1

This means that x* is the optimal solution. Notice also that, by (21.86), if u* = 0 it
follows that

D oviVa =) viVe ) =0
i=1

iwf>0

which means linear dependence of the vectors Vg; (x*) corresponding to the active
constraints.

G. Slater’s condition of the regularity. Suppose that Slater’s condition is fulfilled, but
u* = 0. We directly obtain the contradiction. Indeed, since not all v} are equal to
zero simultaneously, it follows that

L
L(%0.v) =) vig(¥) <0=L(x"0, v

=1

which is in contradiction with (E). Theorem is proven. O

21.3.3.3 Convex programing
Theorem 21.13. (Kuhn & Tucker 1951) Suppose that

1. all functions f (x) and g; (x) (i =1,...,m) in the general nonlinear programing
problem (21.83) are differentiable’ and convex in R";

2. Slater’s condition ( “the existence of an internal point”) holds, i.e., there exists x € R"
such that

gX)<0@=1,....,m) (21.96)
Then, for a point x* € R" to be a global solution of (21.83) it is necessary and
sufficient to show the existence of nonnegative constants v} > 0 (i =1,...,m) such
that the, so-called, saddle-point property for the Lagrange function (21.84) holds for any

x€eR'andanyv; =0 (G =1,...,m)

L(x,1,v)>L " 1,v>L(x*1,v) (21.97)

' Here we present the version of the theorem dealing with differential functions. In fact the same result
remains valid without the assumption on differentiability (see (Polyak 1987)).
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or, in another form,

min L (x, 1, v*) = min max L (x, 1, v)
xeR” xeR* v>0

=L x*1,v% (21.98)
=max min L (x, 1,v) = max L (x*, 1, v)
v>0 xeR” v=>0

Proof.

(a) Necessity. By Slater’s condition (see item C in Theorem 21.12) we deal with the
regular case, and, therefore, we may take p* = 1. If x* is a global minimum of
(21.83), then, in view of the convexity condition, it is a local minimum also. Hence,
by Theorem 21.12, we have L (x*, 1, v*) < L (x, 1, v*). On the other hand,

L(x*, 1,v) = f(x)+ > vig (x") = f(x?)
il (21.99)
> [+ vig (") =L (x*(T), 1, v)

i=1

which proves the necessity.
(b) Sufficiency. Suppose that (21.97) holds. Then

L 1v) = f(x*) + Y g (x7)

i=1

> L, 1,v) = f() 4+ ) vig ()

i=l

which implies

Z vig (x*) > Z v;gi (x¥)
i=1 i—1

for all v; > 0 (i = 1,...,m). This is possible if and only if (this can be proven by
the contradiction)

& (") <0, vVg@@H=0(3G=1,...,m)
So, we have

L(x* 1,v)=f(x")+ Zvi*g; (") = f(x")

i=1

SL(x L) =f)+ Y vig() < fE)+ Y vig )= fx)

i=l1 i=1

which means that x* is a solution of (21.83). Theorem is proven. O
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Remark 21.6. The construction of the Lagrange function in the form (21.84)

L(x, p,v) = nf () + Y vigi (x)

i=1

with u > 0 is very essential. Indeed, the usage of this form only as L (x,1,v), when
the regularity conditions are not valid, may provoke a serious error in the optimization
process. The following counterexample demonstrates this effect. Consider the simple
constrained optimization problem formulated as

ho(x) := x; — min
xeR2 (21.100)

g(x):=xl+x3<0

This problem evidently has the unique solution x; = x, = 0. But the direct usage of the
Lagrange principle with = 1 leads to the following contradiction:

L(x,1,v") =x, +v* ()cl2 +x22) — miI}
xeR
0
— L& Lv)=14+2v"% =0
8)61
P (21.101)
—L x5 1L,vY)=2vx2=0
o (x v*) v*x;
1
2p*

£0

v'#E0, x;=0, x{=
Notice that for this example Slater’s condition (21.96) is not valid.
21.3.4 Method of subgradient projection to simplest convex sets
Let us consider the constrained optimization problem (21.77)
gleig )

where the function f(x) is supposed to be convex, and the set Q is convex and having a
simple structure such that the projection operation g {x} (21.62) can be easily realized.
Consider also the following iterative procedure:

Xn+l = 7TQ {-xn - ynaf (-xn)} (21102)

where 0f (x,) is any subgradient form D f (x,), and y, > 0 is “the step of the procedure”.
Denote by x* € Q the solution of the constrained optimization problem (21.77) with the
convex f.

Theorem 21.14. (on strong convergence) Suppose that

1. f (x) has on Q a unique global minimum point x*, that is,

fx) > f&x") forall x € Q, x # x* (21.103)
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2. for any x € Q and any of (x) € Df (x)
19f (I < co+er llx —x*I° (21.104)

3. the step size y, satisfies the conditions

=0, Y yu=o00, > yl<oo (21.105)
n=0 n=0

Then for any initial value xy € Q the vector sequence {x,}, generated by the procedure
(21.102), converges to x* whereas n — oo.

Proof. By the projection operator property (21.64), and in view of the inequality (21.70)
@f x)=af M, x—=y)=0
it follows that

X1 — 217 = |70 f60 — 7df ()} —x*||”
< Nty = vudf (x) — x*II° = 15, — x> = 29, Of (x4), X, — x*)
+ y210f ) lI? = llx, — x*1> = 25, (3f (xa) — Of (x*), x, — x¥)
= 29, O (%), %, — x*) 4+ ¥2 (co + c1 lx —x*|%)
< (14 c1y2) llxe — x*1* = 2, B (), x4 — x*) + y2co

So, defining v, := ||x, — x*|1%, we have

Va1 < (L4 1)) va + v0co — 2y Of (x%), x, — x*) (21.106)
By (21.80) it follows that (3f (x*), x, — x*) > 0, and hence, (21.106) implies

Va1 < (1+c19)) va + vico (21.107)

Let us consider the sequence (Gladishev’s transformation) {w,} defined by

w, = vnH(l—i—clyf) —i—cOny H (1+c17/52) (21.108)
i=n i=n s=n+1

The variable w, is correctly defined since, in view of the inequality 1 + x < e, it
follows that

H (1+cy?) < exp<c1 ny) <00

i=n i=n
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For this variable, using (21.107), we have

Wyt1 = Upti H (1 + Clyiz) + Co Z yiz H (1 + Clyxz)
i=n+1 z—n+1 s=n+2
< H 1+C1Vz)+VnCOH 1+c1yl)+cozyi2H (1+c|yyz)
i=n z—n+1 i=n+1 s=n+2
= H(I—I—Cl)/l +Cozyl H (1+C1y52):
i=n i=n s=n+1

So,0 < w,4; < w,, and, hence, by the Weierstrass theorem, this sequence converges, i.e.,
w, = w" as n— oo

In view of (21.108), it follows that v, also converges (in fact, to the same limit point),
that is

v, > V" as n— o0

Returning to (21.106), after summing these inequalities, we obtain

Vit SV e Y ViAo Yy ¥ =2 v (Of (¢), xi — x7)
i=0 i=0

i=0

or, equivalently,

22 Vi Of (), x; —x™) <vg+ ¢ Z V,'Zvi + ¢o Z V,-2 — Unt1

i=0 i=0 i=0
n n

<vy+c E Y2 + co E y? < const < 00
i=0 i=0

Taking n — oo, we get

D v (Of (%), %, — x7) < 00

i=0

Since, by the assumption of this theorem, Y -y, = 0o, we may conclude that there
exists a subsequence {n,} such that (8f (x*), X, — x*) — 0 whereas k — oco. But, by the
uniqueness of the global minimum (see the condition (21.103)), we derive that x,, — x*
as k — oo, or equivalently, v,, — 0. But {v,} converges, and, therefore, all subsequences
have the same limit v*, which implies v* = 0. Theorem is proven. ]
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21.3.5 Arrow—Hurwicz—Uzawa method with regularization

Consider again the general non-linear convex programing problem in the form
(21.83), i.e.,

min f (x)
e (21.109)
g x) <0, i=1,....,m

when all functions are assumed to be convex (not obligatory strictly convex), the set Q
is a convex compact, and Slater’s condition (21.96) is fulfilled. Additionally, we will
assume that

Qﬂ( f {xeR":gi(x)50}> # 0

i=1,...m

Associate with this problem the following regularized Lagrange function

Ls(x,1,v) :=L(x,l,v)+%(||x||2—||v||2), §>0
m (21.110)
L(x,1,v)=fx)+> vig (x)

i=1

First, notice that the function L; (x, 1, v) for § > 0 is strictly convex on x for any fixed v,
and it is strictly concave on v for any fixed x, and, hence, it has the unique saddle point
(x*(8), v* (8)) for which the following inequalities hold: for any v with nonnegative
components and any x € R”

Ls(x,1,v"(8)) = Ls (x* (), 1,v*(8)) = Ls (x*(§),1,v) (21.111)

As for the function L (x, 1, v), it may have several (not obligatory unique) saddle points
(x*, v*). The next proposition describes the dependence of the saddle point (x* (§), v* (§))
of the regularized Lagrange function (21.110) on the regularizing parameter § and analyses
its asymptotic behavior when § — 0.

Proposition 21.3.

1. For any x € R" and any v with nonnegative components the following inequality
holds:

(x @), Ly (e 1, v)) - (v v 0), L, v))
; dx v (21.112)
> = (lx —x* @I+ v — v ®)I?)
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2. For any §,68 > 0 there exists 0 < ¢ < 0o such that the following “Lipschitz-type”
continuity property holds:

-5 (9)

3. When0 <6, —> 0

v (&) <c|s -4 (21.113)

(x* (8,), v* (8,)) = (x™,v™) asn — 00

@, v*) = argmin (" | + [v*) (21.114)
(x*,v%)

Proof.
1. In view of (21.30) for any x, y € R" we have

V@), y=—x)=f—-f®
V@), x=y)=f&x)—fO»)

So, since L (x, 1, v) is convex on x for any fixed v, and it is linear on v, in view of
(21.30) it follows that

(x —x*(6), %Lg (x,1, v))

= (X—x* (8)’8iL ()C,l,\))) +5(x—x* ((S),X) (21115)
X

>L(x,1,v)—Lx*),1,v)+8(x—x*(),x)

and
(1w gtaten)
v—v*(), —L;s(x,1,v)
ov

d

N (v TV g R U)) —i v @) (21.116)

Z = (8)) & (x) = 8 (v — " (8), v)

i=1

which leads to the following relation:

(x —x*(8), iLg (x, 1, v)) - (v —v* (), iL,; (x, 1, v))
dx av
>L(x,1,v)—Lx*@),1,v)+68x—x*(),x)
=D (v =V (®) g (x) + 8 (v — v (8),v)
i=1

= [f () + Y v (®) g (x) + % Ix[* — % ||v*||2]

i=1
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8
- L(x (8), 1 v)+ [lx* (5)I|2 2 IIVIlz}

)
+ 2||x|| —8(x*(9), X)+ [lx* (5)II]

) k)
+ |5 I =5 0 (8>,v>+2||v*||2] = Ly (x, 1, v* (8)) (21.117)
— Ly (x* (8). 1) + = (||x—x G + v —v* ®IP)

8
z 3 (e = x* O + v = v* ®)I?)

which proves (21.112).
. The inequality (21.113) results from the linear dependence of the regularized Lagrange
function on §.
. Taking in (21.117) x = x*, v = v* (one of the saddle points of the nonregularized
Lagrange function) and applying the inequalities

L(x*,1,v*)— L x*(),1,v") <0

ST (- ®) g ) =— Zv 88 () 20

i=1 i=1
leads to the following relation:
O0<L(x*1,v)—=L(x*(),1,v)+8x"—x*(5),x")
Xm: (v = v/ (9) & () + 8 (v* = v*(8), V")
<8(x=* —x*(8),x*) + 8 (v* —v*(8), v
Dividing both sides by § > 0 we obtain

0<(x*—x*(8),x")+ (" —v*(8),v") (21.118)

which is valid for any saddle point (x*, v*) of the nonregularized Lagrange function.
We also have

* * * * 6 * 2 3 *112
Ls(x*(8), ,v)=L (x (8),1,v)+§||x Ol _EHU l

) )
SLES LY 6) + 5 [l ))> — 7 v ®I?
=L; (x*, 1,v*(8))

Dividing by 6 > 0 implies

2
Il G)I7 + Iv* B < 3 [L (x* (), 1,v) = L(x*, 1,07 ()]
+ 1 + v )1?
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This means that the left-hand side is uniformly bounded on &, and, hence, if § — 0,
there exists a subsequence 8, (k — 00) on which there exist the limits

xX* (&) = X%, v() — V" as k— o0

Suppose that there exist two limit points for two different convergent subsequences,
i.e., there exist the limits

x*p) = x*, v () >V as kK — o0
Then for § = §; — 0 and § = § — 0 in (21.118) we have

From these inequalities it follows that points (x*, V*) and (x*, v*) correspond to the
minimum point of the function

1
s@T V) = (™ 1%+ 1 11%)

defined for all possible saddle points of the nonregularized Lagrange function. But the
function s (x*, v*) is strictly convex, and, hence, its minimum is unique which gives
X* = Xx*, v* = v*. Proposition is proven. O

Consider the following numerical procedure?

a
Xny1 = nQ {xn - Vnafos,, (-xnv 11 Vn)}

(21.119)

0
Vpt1 = |:Vn + Yn %Lén (-xna 17 vn):|
+

where the operator [-], acts from R" into R" as follows:

[x], = ([x1]+,...,[x,,]+)
X if x>0 (21.120)
il = { 0 if x<0

Theorem 21.15. Assume that

1. f(x)and g;(x) (i =1,...,m) are convex and differentiable in R";
2. the estimates (x,, v,) are generated by the procedure (21.119);

2In Arrow et al. (1958) this procedure is considered with § = 0, that is why the corresponding convergence
analysis looks incomplete.
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3. the step size y, and the regularizing parameter 8, satisfy the following conditions:

0<y,—>0,0<4,—>0 as n— o0

i Vuby = 00
i 5|

Spa1 —
“— — A which is small enough, |+178 -0
n yn n

as n — oo

Then for any initial value x, € Q and any vy with nonnegative components the vector

sequences {x,}, {v,}, generated by the procedure (21.119), converge as n — 00 to
xX**, v** defined by (21.114).

Proof. Using the property (21.64) of the projection operator we get the following recur-
sion for the variable w, = ||x, — x* (8,)[|* + [lv, — v* 8

2
Wy = ||X

d
- VnaLén (xm 17 Vn) —x* (8n+1)

+

a
Vn + VnaivLSn (xns 17 Vn) -V (811+1)

2

0
[xn - x (8 )] a LB (xnv 1 Vn) + [x (5") X* (&H—l)]

2

+

d
[vn - V* (6n)] + VnaLs” (-xna la vn) + [V* (811) - "'* (5n+l)]

=wy, + [|x* (8,) — x* (5,.+1)|I2 + 1V (S2) = v* Gupn)II?
—21/,,{( —X (5) La (xXu, 1, vn)>—< — v (5) La (Xn, 1, vn)ﬂ
8
+2 (X* (8n) = x* Bps1), [0 — X" (8)] — Ls (xns 1, vn))

8
2 (U* ((Sn) - V* (8n+1)7 [vn - V* (Sn)] + )/naLa,, (xna 17 Vn)

9 2
2
+V,, (H LB,, ()Cn,l,l),,) )
ox

2

a
+ H LS,I (Xn, 1» Vn)
av

Taking into account that

2

0]
HaxLE,, (xnv 1a vn) < Co + C ”Vn”2 = CO + Clwn

2

d
’ —L;, (x, 1,v))|| <
ov
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and applying the inequalities (21.112) and (21.113) the last recursion can be estimated as
follows:

Wort S Wy + € (841 — 84> — Vuduwy
+20x% (8) = 2 Gue )l (I = x* G 4 7 (VCo + V/Ciywy))
+ 2" (8,) — v* Gus )l (e — v* Gl + van/c2)
+ 72 (Co+ Crw, + ¢2) < w, (1 = Vuby + Cl)’nz) + 81 — 80 (21.121)
+ Ca 18n41 = 8ul /Wi + C3 18451 — 8al + ¥, (Co + ¢2)
<w, (1= ¥u8u [1 = C1¥a/84]) + Ca (801 — 8l /Wy
+ Cy 8,41 — 8al + y,2Cs

Herec; i =1,2)and C; (i =0, ...,5) are positive constants. By Lemma 16.17 applied
for the case r = 1/2 and for

oy 1= Vnan - Clynz = Vnan [1 - Clyn/‘sn] = yn(Sn [] + 0(1)]
:311 = C4 |8n+1 - 8n| + VnZCSv 8n = C2 |8n+1 - 8n|

in view of the conditions of this theorem, we have
c is any large real number, b5 =0, d=0
and, hence, u(c) = 0 which proves the theorem. O

Corollary 21.10. Within the class of numerical sequences

Vo=~ ypumoy > 0
n - (l’l—i—l’lo)y’ 0, 7t0,
(21.122)
3
pi= s 8, §>0
(n + no)
the conditions of Theorem 21.15 are satisfied if
]y+551, y > 8, y<1\ (21.123)

Proof. It follows from the estimates that

1
Yaby = O (ny+a>

1 1
Soir — 80 =0 [~ — ———
et = ol (rﬁ (n+1)“>

o [+ -1)
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] ! Ly +o(1) 0 !
= —— —_— 0 — —
n+1° [\ n né+1
and
|6n+1 - 6n| -0 1
VS n'=v
which implies (21.123). Corollary is proven. O

Corollary 21.11. Within the class (21.122) of the parameters of the procedure (21.119)
the rate » of convergence

1
”xn _ x**HZ + ”Vn _ U**”2 =0 <)
n%
is equal to
’%:mmW—&l—yﬁ” (21.124)

The maximal rate »* of convergence is attained for

ly=y'=2/3 §=¢8=1/3] (21.125)

Proof. By Lemma 16.16 and in view of (21.121) it follows that for s¢ characterizing the
rate of convergence

* 2 * 2 1
w, = ”xn_x (Sn)” +||vn_v (Sn)” =O<n%0)

we have s = min {y — §; 1 — y}. But, by (21.113), it follows that

10 = x* 1> + v, — v > = w, + O (5,)

=0 ! (0] L =0 71
- 7 + n ] pmin{ >20:5}

which implies (21.124). The maximal value s* of s is attained when y —§ = 1 —y =,
i.e., when (21.125) holds which completes the proof. O

Remark 21.7. Many other numerical methods, solving the general nonlinear programing
problem (21.83), are discussed in (Polyak 1987).
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Since the fabric of the universe is most perfect, and is the work of a most wise Creator,
nothing whatsoever takes place in the universe in which some form of maximum and
minimum does not appear.

Leonard Euler, 1744.

22.1 Basic lemmas of variation calculus

The following lemmas represent the basic instrument for proving the main results of
variation calculus theory and optimal control theory (see, for example, Gel’fand & Fomin
(1961), Ivanov & Faldin (1981) and Troutman (1996)).

22.1.1 Du Bois—Reymond lemma
First, let us prove the following simple auxiliary result.

Lemma 22.1. If 0 < p € Cla,b] and fxb:ap(x) dx = 0, then p(x) = 0 for all
x € [a, b].
Proof. Since p (x) > 0, for any x € [a, b] we have

x b

0<P((x) :=/p(t)dt§/p(t)dt=0

t=a t=a

So, P (x) = 0on[a, b], and, hence, P’ (x) = 0too. This exactly means p (x) = P’ (x) =0
which proves the statement of this lemma. U
647
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Lemma 22.2. (Du Bois-Reymond) If i € C[a,b] is a continuous on [a,b] scalar
function of the scalar argument and

b

/ h(x)v (x)dx =0 (22.1)

forallv e D, := {v € C'la,b]:v(a) =v(b) :0}. Then

h (x) = c =const on [a, D]

Proof. For a constant ¢, the function v (x) := [ [h (1) —c]dt is in C'[a, b] (it has
a continuous derivative) and v’ (x) = & (x) — ¢ so that v (a) = 0. It will be in Dy if,
additionally, it satisfies the condition v (b) = 0, that is, if v (b) := | b [h(t) —c]dt =0,

t=a

orc=(b—a)’ ftb:a h (t) dt. Thus, for these ¢ and v (x), in view of (22.1), we have

b b
05/[h(x)—c]zdxz/[h(x)—c]v/(x)dx

b

= /h(x) vV (x)dx —cv(x) [}=0=0

and, by Lemma 22.1, it follows that [k (x) — c]2 = 0 which completes the proof. |
The next lemma generalizes Lemma 22.2.

Lemma 22.3. If h € C [a, b] and for some m = 1,2, ...

b

/ h(x)v™ (x)dx =0

X=a

for all v € D,, where
D, :={veC"[a,b]: v¥ (@) =v*(b)=0, k=0,1,...,m—1}
Then on [a, b] the function h (x) is a polynomial of a degree | < m, that is,
h(x)=co+c1x+...+cx!

Proof. By a translation, we may assume that a = 0. The function

x Im—2 Im—1

H(x)::/ / /h(t)dt dt,_1 |- | dy

1n=0 ty—1=0 t=0
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is in C™ [0, b] with the derivative H™ (x) = h (x), and, fulfilling the identities
HO)=H 0)=...=H™"Y0)=0

Then, if g is a polynomial of a degree [ < m, then P (x) := x"q (x) vanishes at x =0
together with P¥ (x) for i < m, while p (x) := P™ (x) is another polynomial of the
degree [ < m. Define v (x) := H (x) — P (x), so that v™ (x) = h (x) — p (x). Show
next that with the proper choice of g (x) we can make v® (b)) =0 (k =0,1,...,m —1).
Supposing that this choice has been made, the resulting v € D,,, and, moreover,

b

/ p ) V™ (x)dx = —

x=0 x

P @)Y (x) dx

g\v

b
= .= (=D" / p™ (x)v(x)dx =0

x=0

since the boundary term vanishes. By the assumptions of this lemma it follows that

b b
0= / [h (x) = p ()] dx = / [h () = p ()] 0™ (x) dx
x=0 x=0
b
= / h(x)v™ (x)dx =0
x=0
So, by Lemma 22.1, we get & (x) = p (x) on [0, b]. Lemma is proven. O

Lemma 224. If g,h € C[a, b] and

b

/ [ v(x)+hx)V (x)]dx =0

forallve Dy :={veC'[a,b]:v(a)=v®b) =0} Then h € C'[a,b] and
K (x)=gx) foral xé€]a,b]

Proof. Denote G (x) := [* g (t)dt for x € [a,b]. Then G € C'[a,b] and G’ (x) =
g (x). The integration by part implies

b b
0=/[g(x)v(X)Jrh(X)v/(x)]dx: /[h(X)—G(X)]v'(X)dx

b

+G v 2= / [h (x) = G ()] (x) dx

X=a
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By Lemma 22.2, it follows that & (x) — G (x) = ¢ = const, so that
h(x) =G x)+c, h(x) =G (x)=gx)
which proves the lemma. |

Corollary 22.1. Ifg € C [a, b] and fxb:a gx)v(x)dx =0forallv € Dy, theng (x) =0
on [a, b].

Proof. 1t is sufficient to put 4 (x) = 0 in Lemma 22.4. O

This corollary also admits the following generalization.

22.1.2 Lagrange lemma

Lemma 22.5. (Lagrange) If g € C [a, b] and for some m =0, 1, ...

b

/g(x)v(x)dx:O

X=a

for all v € D,, where
D, :={veC"[a,b]:v¥ (@) =v* () =0, k=0,1,....m—1}
then g (x) =0 on [a, b].

Proof. Suppose, by contradiction, that g (¢) > 0 for some ¢ € (a, b). Then by continuity,
there exists an interval [«, 8] C (a, b) which contains ¢ and such that

lg(x) —g () =g (c)/2
or, equivalently, g (x) > g (c)/2 > 0. On the other hand, the function

v(x):=

(x—a)(B—x)""" for x € |a,p]
0 for x ¢ [, B]

isin C™ [a, b] and nonnegative. This implies that the product g (x) v (x) is also continuous,
nonnegative, and not identically zero. Thus, fxb=a g (x)v(x)dx > 0, which contradicts
the hypotheses of this lemma. Lemma is proven. (|

The vector-valued version of Lemma 22.4 is also admitted.

Lemma 22.6. Ifd =1,2,3,...and G, H € (C[a,b])" (G (x), H (x) € R") so that

b
/ [(G(x), H(@x)+ (H (x), V' (x))]dx =0
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for any V € D, := {v € (Cl [a, b])n V)=V ®)= (_)} (here 0 is the zero-vector),
then H € (C'[a, b])"and H' (x) = G (x) on [a, b].

Proof. It follows directly from Lemma 22.4 after Tits application to each individual

component taking V (x) = ( 0,...,v(x),0,...,0 | fori =1,...,n. O
~~

1

Corollary 22.2. If H € (C[a,b])" and fx”:a (G (x), H (x))dx =0 forall V € Dy, then
H (x) = const € R" on [a, b].

Proof. Tt is sufficient to take G (x) = 0 in Lemma 22.6. (I

22.1.3 Lemma on quadratic functionals
Lemma 22.7. (Gel’fand & Fomin 1961) If ¢, p € C [a, b] and

b

I(y)= / {q ®) ¥ @) +p @) (Y (X))z] dx >0 (22.2)

X=a

for any function' y € D, := {y eC'[a,b]:y@) =y = O}, then p (x) > 0 on [a, b].

Proof. By the contradiction method, suppose that there exists xo € (a,b) such that
p (x9) < 0. Select the function

X — Xp

v (1+

y () =yo (x) = ﬁ<1—x_x°> if xp<x<x+o

o

) if xo—0 <x<x
o

0 if x¢[xo—o0,x+0]

(here o > 0 is small enough). Then (y(’, ()c))2 = o~! and, by the mean-value theorem,

b xo+o

/q(X) ye (x)dx| = / q (x) 2 (x)dx| < |q (x0)| 207

x=a X=x0—0

and

b xo+o

/ p ) (v, () dx = / p ) (v, (1)) dx =2p &)

x=a X=X0—0
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where X € [xo — o, xo + o]. For small enough o, so that p (x¥) < 0, we have

b b
I(y) < /q(x)y,i (x) dx +/p(x) (v, (x))* dx

<lg (x0)|20% +2p (x) <0

which contradicts the hypotheses of this lemma. So, p (xo) > 0 for any internal point of
the interval [a, b]. As for the boundary points a, b, the values p (a), p (b) also cannot
be negative since, if so, by the continuity property, p (x) should be negative in a small
internal neighborhood which is impossible. Lemma is proven. (|

22.2 Functionals and their variations

Here we will briefly remember the main definitions of the first and second variation
of functionals in some functional Banach space B.

Definition 22.1. The functional J (y) defined in a Banach space B with a norm ||-| g is
said to be

1. strongly differentiable (in the Fréchet sense) at the “point” y, € B, if there exists a
linear (with respect to variation h € B) functional ¢, (o, h) such that for any h € B

AJ (yo, ) :=J (yo+h) — J ()
(22.3)

= @1 (Yo, ) +a (yo, h) l|hl5

where o (yo, h) — 0 as ||hllz — O;
2 twice strongly differentiable (in the Fréchet sense) at the “point” y, € B, if AJ (yo, h)
(22.3) can be represented as

1
AT (Yo, h) = @1 (o, ) + 502 (o, ) + @ (o, 1) a3 (22.4)

where @1 (o, h) is a linear (with respect to the variation h € B) functional, ¢, (o, h)
is a quadratic functional with respect to the variation h € B, i.e., for any A, 1y € R
and any h, hy, hy, h, hy, h, € B

(%)} ()’07 h) = @2 (yO’ h’ ﬁ) |h:fzeB
) (yo, Athy + Azhs, ﬁ) =M@ <y0, hy, fl) + A ()’07 hs, E)
2 ()’Oa hy Ak + )\252) =M@ <)’0, h, El) + 120, ()’o, h, flz)

and, again, o (Yo, h) — 0 as ||h||z — O.
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Definition 22.2. The functionals ¢, (yo, h) and ¢, (o, h), defined above, are called the
first and second strong differentials of J (y) and are denoted (according to (18.93)) by

d® (xo | h) = (h, D' (x0)) := @1 (Yo, h)
(22.5)
d*® (xo | h) :== @5 (yo. h)

There exist other differentials, namely, weak differentials (in the Gateaux sense). For
details concerning these functionals and their relation with strong ones see section 18.7.2.
Below we shall use only Fréchet differentials.

22.3 Extremum conditions
22.3.1 Extremal curves

The, so-called, variation principle (see Theorem 18.18) will be actively used in this
section for the solution of various problems of variation calculus theory.

Definition 22.3.

1. A functional J (y), defined in a Banach space B with a norm |-||g, has a local
extremum in a region G (defining some additional constraints to the class of admissible
functions) at the curve (function) yo € BN G, if there exists a neighborhood

Q:={yeBngGlly—yls <38}

such that for all y € Qs one has J (y) = J (yo). The function y, is said to be an
extremal curve.

2. If J (y) = J (y) forall y € BN G, then the extremal curve y, is said to be a global
extremum of the functional J (y) on BNG.

22.3.2 Necessary conditions
Reformulate here Theorem 18.18 for the case of the Fréchet differential existence.

Theorem 22.1. (on the necessary conditions) Let the curve y, € int (BN G) be a local
extremal (minimal) curve of the functional J (y) which is assumed to be strongly (Fréchet)
differentiable at the “point” y,.

1. (The first-type necessary conditions) Then for any admissible h € BN G

@20

2. (The second-type necessary conditions) If, additionally, J (y) is twice strongly
(Fréchet) differentiable at the “point” yo, then for any admissible h € BN G

@2)
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Proof. Let J (y) = J (yo) for all y within some ;5.

1. Then, by Definition 22.3 and in view of the property (22.3), for any (yo + h) € ;s
we have

AJ (o, h) == J (yo+h) = J (vo) = ¢1 (Yo, ) +a (yo, h) ||l 5 = 0

If o1 (yo, ho) < O for some admissible A, then for small enough « it follows that
AJ (yo, ) = @1 (yo. h) +a (o, h) [|h]l5 < O

which contradicts the optimality of y, in €2s5. Suppose that ¢ (o, #) > O for some

admissible /. Since the strong (Fréchet) differential is linear on 4 and y, € int (B N G),
it follows that (yo — hg) € 25 and, therefore,

@1 (Yo, —ho) = —@1 (Yo, ho) <0
and, as the result, again
AJ (Yo, h) = =1 (Yo, ) +a (yo, B) [|hllg <O

for small enough «, which contradicts the optimality of y, in ;.
2. According to the first-type necessary condition (22.6) in view of the optimality of the
curve yy € int (BN G) we have

1
AJ (yo, h) = Efﬂz (Yo, h) + & (Yo, h) Al = 0

Again, if for some admissible g ((yo — ho) € 2s) we suppose ¢, (yo, ho) < 0, then
for small enough ¢ > 0 we have

1
AJ (yo, eho) = E% (Yo, €ho) + o (o, €ho) ||8h0||23
1
= ¢’ 52 (¥o» ho) + & (¥o, €ho) ol | < O

since « (yo, ehy) — 0 whereas ¢ — O for any hy. But the last inequality contradicts
the condition of optimality of the curve yy. 0

22.3.3 Sufficient conditions

Theorem 22.2. (on the sufficient conditions) Ler

1. the functional J (y) be twice strongly (Fréchet) differentiable in BN G;
2. for some yy € BNG and any admissible h : (yo —h) €e BNG, h € Q5

@1 (Yo, h) =0
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and

@ (o, h) = kIRl k>0

Then Yy, is the unique local minimal curve of the functional J (y) on BN G.

Proof.

1. By (22.4) and in view of the condition of this theorem, for any admissible

1
AT (yo. h) = 52 (o, h) + & (yo. h) IR

For any small enough ¢ > 0 it follows that

1
AT (o, 8h) = 5¢2 (o, €h) + & (3o, £h) leh iz

1
= 82 |:2(p2 (y(), h) + o (y07 Sh) ”h“%:|
(22.8)

1
> &’ Lk 1115 + e (o, h) IIhllé}
2 2 1
=& llhlls | Sk +a(yo.eh)| =0

since « (yo, €h) — O whereas ¢ — 0 for any admissible 4. This means that y, is a
local extremal (minimum) curve.

2. Suppose that in €2, there exists two extremal curves y, and y, such that J (yo) =
J (¥,) < J (). Then, taking h := y; — y, in (22.8), we get

1
AT (o, h) =0 = 592 (yo, h) + e (o, h) IR
1
> ||kl Lk + a (yo. h)}

1
For small enough § and any 4 €: Q;, we have Ek +a (¥, h) > 0 which together with

the previous inequality leads to the following conclusions: 0 = ||h||§3, or, equivalently,
Yo = Yo. Theorem is proven. O

22.4 Optimization of integral functionals

In this section we will consider the following main problem of variation calculus:

b

/ F (x, v, y’) dx — min (22.9)
yeCl{a,b]

where the function F : R*— R is assumed to be twice differentiable in all arguments.
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22.4.1 Curves with fixed boundary points

22.4.1.1 Scalar case

Here, we will additionally suppose that we are looking for the extremum (minimum)
of the integral function in (22.9) over all continuously differentiable curves y € C! [a, b]
satisfying the following boundary conditions:

y@=a, yOb) =p] (22.10)

The necessary conditions for this problem are given below.

1. The first-type necessary condition (22.6):

d ay’
= (22.11)
] d 9
= —F — ——F | hdx
ay dx 0y’

where the variation curves & € C![a,b] and satisfies the boundary conditions
h(a) = h(b).
2. The second-type necessary condition (22.7):

0= (y, h)
P2, 02 , 02 N2
= | |75 Fh*+2—=Fhh'+ ——F (k)" | dx
J ay dydy ay'dy (22.12)
/ 9? d 32 02
- / —F————_F )i+ F ()| dx
ay? dx 0ydy’ ay’ay’

where y(x) satisfies (22.11) and the variation curves & € C'[a, b] and fulfills the

boundary conditions h(a) = h(b).

In (22.11) and (22.12) the following relations obtained by the integration by parts are
used:
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and

b b
3> ) 9’ S d @ 2
2 Fhh'dx = F|h (2 — — F | h*dx
ay dy’ ay oy’ dx dy dy’

X=a X=a

b
d 0?

:/ _— F ]’lzd.x
dx 0y dy’

X=a

Theorem 22.3. (Euler-Lagrange) The first-type necessary condition for a curve y €
C![a, b], satisfying (22.10), to be an extremal curve is:

0 , d 9 ,
—F Oy, y)-——Fx,yy)=0 (22.13)
ay dx 0y’

Proof. Tt follows directly from (22.11) if we apply Lemma 22.4. O

The condition (22.13) is referred to as the Euler—Lagrange condition.

Theorem 22.4. (Legendre) The second-type necessary condition for a curve y €
C!'a, b, satisfying (22.10) and (22.13), to be an extremal (minimizing) curve is:

2

——F(x,y,y)>0 (22.14)
ay’ ay’

Proof. 1t follows directly from (22.12) if we apply Lemma 22.7. O

The condition (22.14) is often referred to as the Legendre condition.
The sufficient conditions, guaranteeing that a curve y (x) is minimizing for the func-
tional J (y), may be formulated in the following manner.

Theorem 22.5. (Jacobi) If for some curve y € C'[a, b], verifying (22.10), the following
conditions are fulfilled:

1. it satisfies the Euler-Lagrange necessary condition (22.13);
2. it satisfies the strong Legendre condition

2

ay’ ay’

F(x,y,)>k>0 (22.15)

3. there exists a function u € C'[a, b], which is not equal to zero on [a, b), and satisfying
the next ODE (the Jacobi ODE):

0u— L (Puy=0
" dx =

02 d o* 02
Q:=-—F—— F, P:=
dy? dx 3y dy’ ay’ay’

(22.16)

then this curve provides the local minimum to the functional J (y).
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Proof. 1t follows directly from Theorem 22.2 if we define IIhIIf3 for B = C'Ja, b]
(see (18.6)) as

h = h(t n
Illcijas = max [k 6] + max |h' (x)]
Indeed, by the assumptions of this theorem, we have

b
2
o Oy, h)_/ on* + P (h }dx:/{(Qu);;vLP(h’)z}dx

X= X=a

|

fo — + P (h/)z} dx = (P:/Z) 7=t

[_pu/;; () p = o [0 ()]
[(h’f — o (h;‘) + Z—z (u/)z} dx = /b P (h’ - h:,>2dx

X=a X=a

b ' 5 b ]71/ 2
’ u 2 " u
oy e

X=a

where /1 := B/l c1pq,p) satisties

h <1

Clla.b] —

<1, ‘

|
Ca,b]
Notice also that

b
»wi=_ _inf /
Follll ety =t 17 lleruy=t A@=her=0

[a.b] ="

2
) dx >0

=0, and, as a result, h=u. But, by the assumption of this

-

since, if not, one has i’ —

theorem, u (a) # 0 and u (b) # 0, which contradicts with & (a) = h (b) = 0. So, finally,
it follows that

b

- N2
- hu
@2 (s 1) = kNG, / (h - u) dx = ko ||hllE1g, 4

Theorem is proven. U
Example 22.1. (“Brachistochrone” problem) The problem (formulated by Johann

Bernoulli, 1696) consists of finding the curve AB (see Fig. 22.1) such that, during the
sliding over of this curve in a gravity field with the initial velocity equal to zero, the
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Fig. 22.1. Tllustration of the Brachistochrone problem.
material point of the mass m can realize the sliding from the initial point A to the final
point B in the shortest time.

So, we have to minimize J (y) = T (y) where y(x) is the altitude of the point at the
curve at the point x € [a, b] which satisfies the relation

mv?
mgy + - = E = const

Since, by the initial condition, when y = y(a) = a we have v = 0 which implies
E = mga. That is why

E
. z(m—gy)=m
v = dS mdx

dt dt

which leads to the following formula for the functional T (y):

dx 1+(y)
o= / J_/ (a—y)

Since the function F (y,y') = 1(:_(};))2 does not depend on x, the first-type Euler—
Lagrange condition (22.13) for this functional has the first integral
F(y,y)=y " F (v.y)= ! (22.17)
ay’ c
Indeed,
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Multiplying both sides by y' we get

d , 0
O0=—|(F—-y F
dx ay’

which implies (22.17). In our case it is equivalent to the following ODE:

1 vt L+
Sy [ T
c (x—1y) (—y)

N2
V1+()? (1 (y)>

C1+07) 1

(@—y) S nV1+ ()

Squaring gives

G=@-y[1+ ()]

o (a_y)
L=y |5 = (22.18)

With the introduction of the dependent variable 6 = 0 (x) such that

or,

, .20 c?
(¢ —y) =c"sin EZE(I_COSQ)’ 0 € [0, 2]
then
0 0
cz—(oz—y)=c2coszi, y/=c26?’sin§cos§

By substitution of these expressions into (22.18) yields

_2/-29 _Cz,
1 = ¢"8'sin 3 or 1—56 (1 —cosB)

2 2
c c
Integrating gives 0 [6 —sin@] = x — ¢;. Denoting ¢, = = we get the parametric

(Brachistochrone) curve (of the cycloid type)

xX=c [0 —sinf]4+c, ¢ >0

22.19
y=a—c (1l —cosh), 6¢€]l0,2n] ( )

The constants ¢, and c, can be found from the boundary conditions

0=0,=0:A=c, y(A) =«
0=60g:B=A+c[0p—sinbz], y(B)=B8=a—c, (1 —cosbp)
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Example 22.2. Let us try to answer the following question: which stable linear system
of the first order, given by

() =ax (), x(0)=xp, x(c0)=0 (22.20)

provides the minimum of the functional

(o)

J(x) :=/[a0x2 (1) + o, % ()] di (22.21)

t=0
where o, a; > 0.
1. Variation calculus application. The first-type necessary condition of the optimality
for this functional is
oox (1) —a1 X (1) =0

since F = agx?* + o, x> Its general solution is

x (1) =cre ™ e, k= Jay/a

Taking into account the boundary conditions we get: ¢; = 0, ¢ = xo which gives

x (t) = xoe™™, or, equivalently, % (t) = —kx (t). So, the optimal a = a* in (22.20) is

a =a" = —/ap/ay. Let us show that the obtained curve is minimizing. To do this

we gzeed to check conditions (2) and (3) of the Jacobi theorem 22.5. First, notice that
ad

Y F = 2a; > 0. So, condition (2) is fulfilled. The Jacobi equation (22.16) is as
X 0x

follows

oou —ou” =0

92 d 9> 32
F F=2qa, P:=

C=92" " &ayay "9y ay

F=20€1

It has a nontrivial solution u (t) = upe™" > 0 or uy > 0. This means that condition

(3) is also valid. So, the curve X (t) = —kx (t), x (0) = xo is minimizing.

2. Direct method." Assuming that the minimal value of the cost functional (22.21) is finite,
i.e., x (t) = 0 with t — 00, we can represent it in the following equivalent form

J(x):= / [aox? (1) + 2/atgarrx (1) X (1) + gk (1)] dt
=0
—ZW/X(Z)X(I)dtz / [Mx(t)+ﬂi(t)]2dt
t=0 t=0

+ Jagonx? (0) > Jagonx? (0)

! The author has been informed of this elegant and simple solution by Prof. V. Utkin.
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The last inequality becomes the equality when

Vaox (1) + i (1) =0

or, equivalently, when

X ()= —kx (), k=+ag/a

which coincides with the previous result.

22.4.1.2 Vector case
Consider the following optimization problem

b

/F(x,yl,...yn,yi,...,y;)dx—> min

vieClla,b]

X=da

(22.22)

where the function F : R”+! — R is assumed to be twice differentiable in all arguments,

and the functions y; satisfy the following boundary conditions

i@=a, y®)=pG=1...n)

(22.23)

Theorem 22.6. (The Euler-Lagrange vector form) The first-type necessary condition

for curve y; € C!'[a, b], satisfying (22.23), to be extremal curves is:

1 xs:,a:’ 1 xv:&v:’ O
yi X yl/

Yi=One)" Y= ()T

Proof. Tt follows directly from the identity

b
n 8 a
0=g (y,h)= / Z (Fhi + ,Fh;.) dx
= i ay;

"/ d 9
:/Z(ﬂ_ ,F>h,«dx
=/ \dyi  dx 9y,

if we take into account the independence of the variation functions A; (i
and apply Lemma 22.4.

(22.24)

=1,...,n),
O

Theorem 22.7. (The Legendre vector form) The second-type necessary condition for
curve y; € C'[a, b], satisfying (22.23) and (22.24), to be extremal curves is:

2 ’
Vy/’y’F(-xv Y»Y) Z O

(22.25)
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where the matrix in (22.25) is defined by

2

Ve F (xy,y) = [ Fxy.y)|

dy; 9]

Proof. 1t follows directly from (22.7) and the relation
b

0= (v, h)= / [(V2,F (x.y.¥) h.h)

X=a

+2(V} F (x,y,y)h W) + (V] F (x,y,y) W, W)] dx

b
d
= / [([V;yF (x.y.¥) - Evj.y/F (x.y, y/)] h, h)

+ (Vg F (x,y,y) I, W) |dx

if we apply the vector version of Lemma 22.7.

663

O

The next theorem gives the sufficient conditions for the vector function y to be a

minimizer in the problem (22.22).

Theorem 22.8. (The Jacobi vector form) If for some vector function'y € (C'[a, b])

verifying (22.23), the following conditions are fulfilled:

1. it satisfies the Euler—Lagrange necessary condition (22.24);

2. it satisfies the strong Legendre vector condition

VayF @.y.¥) 2 ks k>0

3. there exists vector functions u' € (C1 [a, b])" (i =1,...,n), such that

det [u' (x)---u" (x)] #0 forall x €|[a,b]

. d . .
(=0 —u@=¢:=10,...,1,0,...,0
dx N——

i

T

and satisfying the next ODE (the Jacobi vector form ODE):

Qu — % (Pu') =0

with
— VZ F ’ d VZ F /
Q'— y.y (xvy’Y)_dx vy (xvy’Y)

. 72 ’
P L Vy’,y’F (-xv yv y)

then this vector function provides the local minimum to the functional J (y).

n
s

(22.26)

(22.27)

(22.28)
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Proof. Tt follows directly from the vector form of Theorem 22.2 if we define ||h||f3 for
B = (C'[a,b])" (see (18.6)) as

d ' (x)

—n' (x

dx

and, practically, repeat the proof of Theorem 22.5. ]

n

h|? wi= h(t
LY ;(gl[%]| ()|+Xrg%]

X

22.4.1.3 Integral functional depending on derivatives of an order more than one
Let us consider the first-type necessary condition of the optimality for the integral
functions

b
J(y)=/F(x,y,y“),-..,y("))dx (22.29)

X=a

within the functions y € C" [a, b], satisfying the boundary conditions

DO @=a, YO B = G=1....n (22.30)

First, notice that
b 5
F .
_ (@) o ._
wl(y,h)—/[il 0:3y(i)h ]dx, Y=y

where the variation functions &) satisfy the conditions

W@ =h"B)=0@G=1,...,n)

IF
Integrating each integral term Xb:a e h® dx of this equality i-times we derive
y 1
/ oF - d OF
Jh) = — -1 ——1|hd 2231
@1 (v, h) / 3y+;( N Taym | M (22.31)

Theorem 22.9. (Euler-Poisson) Let the curve y € C"[a, b], satisfying (22.30), be an
extremal (minimum or maximum) curve for the functional (22.29). Then it should satisfy
the following ODE:

oF - . d O0F
— 1)) ——=0 22.32
% +;( ' T By (22.32)

Proof. 1t follows directly from (22.31) applying the Lagrange lemma 22.5. ]
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22.4.2 Curves with non-fixed boundary points

Problem formulation: among all smooth curves y = y (x) with the boundary points
(x0, yo) and (x1, y1), belonging to the given curves (“sliding surfaces”) y = ¢ (x) and
y = ¥ (x), find one which minimizes the functional

x1:y(xep)=v (x1)
J(y) = / F(x,y (), y (x))dx (22.33)

x=x0:y(x0)=¢(x0)

Realizing the function variation (y + &) such that

h(x) =8y (x;)) —y (x)dx;, i=0,1

, , (22.34)
8y (x0) = ¢ (x0) 8x9, 8y (x1) = ¥ (x1) dx;
and integrating by parts, we derive
t(oF  9F -
@1 (y()sh)z @h_kay/h dx+F(x’y’y)8_X |x:X0
X=X(
7 8F d 8F hd + th |x=x1 + F( /) 8 |x=x1
= _— - X X,V, x |2
dy dx dy’ oy T Y =T
X=X(
(22.35)

Remark 22.1. Since the problem in 22.4.2 contains as a partial case the problem (22.9)
with fixed boundary points, then any solution of the problem in 22.4.2 should satisfy the
Euler—Lagrange condition (22.13), which simplifies (22.35) up to
oF
ay’

hZ) +F (x,9,)) 8x L2 (22.36)

=xq X=Xx0

@1 (Yo, h) =

Applications (22.34) to (22.36) imply

oF x=x oF ’ xX=x
D1 (yO’ h) = 5)’ |x;x(l) + | F - ay,y dx |x;,nl)

ay’
oF oF
= v+ F — V| le=y 8% (22.37)
ay’ ay’
oF | oF |
+ @+ F ——Y| li=x 8X0
ay’ ay’

Theorem 22.10. If some curve y = y(x) € C' with the boundary points (xy, yo) and
(x1, y1), belonging to the given curves (“sliding surfaces”) y = ¢ (x) and y = ¥ (x)
provides an extremum to the functional (22.33), then
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1. it satisfies the Euler—Lagrange condition (22.13), i.e.,

2. it should, additionally, satisfy the, so-called, transversality conditions

OF ,
{F . )} -
Y (22.38)

oF
{F‘Fa/(lﬂ’—y/)} |x:xg:O
y

Proof. The relations (22.38) result from (22.37) if we take into account that the variations
8x¢ and 8x; are independent. |

Example 22.3.

xiy(e)=2-x

/ V1t () i
X

X0=0:y(x0)=0

J () =

d /
The Euler—Lagrange condition (22.13) is —— Y

dx x\/1+ (y)*

= 0, which leads to the fol-

lowing relation
_y
V14

XCq
V1 —x2c?

1
y=FoVI-xcdte, (oo =1/d-
1

=c, Y==%£

The boundary condition y (0) = 0 gives ¢} = 1/c3. So, finally, the Euler-Lagrange

condition (22.13) is (y — ¢2)* + x2 = c}. The transversality conditions (22.38) imply
X

0 = y, = -

= 1, which, together with y = 2 — x, gives ¢; = 2. Finally, the
y -G
extremal curve is as follows:

(-2 +x’=4
22.4.3 Curves with a nonsmoothness point

If an extremal curve has a nonsmooth point x* € [a, b] in the problem (22.9) with a
fixed boundary point, that is,

y(x) 1is continuous in x*
y/ (x) |X*>X**O 7& y/ (x) |x%x*+0

then
01 Yo, h) = 1,1 Yo, h) + @12 (yo, h) =0
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where (we can consider at each semi-interval [a, x*] and [x*, b] the boundary point x*

as a non-fixed one)

ad
@11 (Yo, ) = —
dy

oF
ay’

@12 (Yo, h) = 8Y ly=xt0 — (F

which gives

0= ¢ (yo, h)

_ (o, OF
8y/ x=x*-0 ay/

+[ (-

|x—x*+0> (Sy

F IF
8y lx=vr—o + | F —

") 8x X=x*—
By/y> | 0

V/ 1) |
X |x=x*
9y’ E +0

IF IF
y |x=x*—0 e A y |x=x*+0 ox
ay’ ay’

Since here éy and dx are admitted to be arbitrary, we obtain the, so-called, Weierstrass—

Erdmann conditions:

oF | _ IF |
ay, x=x*-0 — ay, x=x*40

FoOF LN _(p_3F
ay,y x=x*-0 — ay,

y/) |x:x*+0

Example 22.4. Consider the functional

b

J(y) = / () (1-y) dx

X=a

(22.39)

The boundary points are assumed to be fixed. The Euler—Lagrange condition (22.13)

gives y = c1x + ¢;. The Weierstrass—Erdmann conditions (22.39) are
2y (A =y) (A =29 limermo = 29" (1 = ¥) (1 = 2¥) |x=s0

—ONA=y)A =39 lmeo = — () (L= ¥) (1 = 3Y) Lemrito

which are fulfilled for extremal curves such that

y, |x=x*—0 =0, y, |x=x*+0 =1 or y/ |x=x*—0 =1,

y, |x=x*+0 =0
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22.5 Optimal control problem
22.5.1 Controlled plant, cost functionals and terminal set

Consider the controlled plant given by the following system of ordinary differential
equations (ODE)

S0 = f @, u),n, ae tel0,T] (2240)
x (0) = xo '
where x = (x!, ...,x")T € R" is its state vector, u = (u', ...,u’)T € R’ is the control

that may run over a given control region U C R" with the cost functional

T

J () = ho(x (T)) + /h (x (), u (1), 1)dt (22.41)

t=0

containing the integral term as well as the terminal one and with the terminal set
M C R” given by the inequalities

(M={xeR:gx) <0 (=1,.., L) (22.42)

The time process or horizon T is supposed to be fixed or nonfixed and may be finite or
infinite.
Definition 22.4.

(a) The function (22.41) is said to be given in Bolza form.
(b) If in (22.41) ho(x) = 0 we obtain the cost functional in Lagrange form, that is,

T

Jw() = / B (e (0).u 0. 1) di (22.43)

t=0

(c) If in (22.41) h(x, u,t) = 0 we obtain the cost functional in Mayer form, that is,

[ () = ho(x (T)) ] (22.44)

Usually the following assumptions are assumed to be in force:

(A1) (U, d) is a separable metric space (with the metric d) and T > 0.
(A2) The maps

fiR'"xUx|[0,T] > R"
h:R'"xUx[0,T] >R
hy :R*"x U x[0,T] > R
g RP—-R" (I=1,...,L)

(22.45)
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are measurable and there exist a constant L and a continuity modulus @ : [0, co) —
[0, 00) such that for ¢ = f (x,u,t), h (x,u,t), ho(x,u,t), g (x) (=1,...,L)
the following inequalities hold:

o out) =g (£,4.1)| <
Vi €[0,T], x,xeR",
le O, u, )| <L Vu,teUx]|[0,T]

ol ed)

U (22.46)

(A3) The maps f,h,hy and g (I =1,...,L) are from C' in x and there exists a
continuity modulus @ : [0, 0c0) — [0, c0) such that for ¢ = f (x,u,t), h(x,u,t),
ho (x,u,t), g (x) I =1,..., L) the following inequalities hold:

0 A~
’(p(x u, t)——(p(x t)‘
}x—x”—i—d(u u)) (22.47)
Vie[0,T], x,xeR", wu,nelU

<w

22.5.2 Feasible and admissible control

Definition 22.5. A function u(t), to <t < T, is said to be

(a) a feasible control if it is measurable and u(t) € U for all t € [0, T]. Denote the
set of all feasible controls by

ulo, 7] := {u G0, T]=>U|u@ is measumble} (22.48)
(b) an admissible or realizing the terminal condition (22.42), if the corresponding

trajectory x(t) satisfies the terminal condition, that is, satisfies the inclusion
x(T) € M. Denote the set of all admissible controls by

Uaamis [0, T]:={u () :u () eU[0,T], x(T)e M} (22.49)
In view of Theorem 19.1 on the existence and the uniqueness of an ODE solution, it

follows that under assumptions (A1)—~(A2) for any u (t) € U [0, T] equation (1.4) admits
a unique solution x () := x (-, u (-)) and the functional (22.41) is well defined.

22.5.3 Problem setting in the general Bolza form

Based on the definitions given above, the optimal control problem (OCP) can be
formulated as follows.

Problem 22.1. (OCP in Bolza form)

Minimize (22.41) over U,gmis [0, T] (22.50)
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Problem 22.2. (OCP with a fixed terminal term) If in the problem (22.50)
M={xeR :g(x) =x—x;, <0, gx)=—(x—x;) <0} (22.51)

then it is called the optimal control problem with fixed terminal term x ;.

Definition 22.6. Any control u* (-) € Uugmis [0, T] satisfying

J W ()= inf J () (22.52)

u(-)€Uadmis[0,T]

is called an optimal control. The corresponding state trajectories x* (-) := x* (-, u* (+))
are called an optimal state trajectory, and (x* (-), u* (-)) is called an optimal pair.

22.5.4 Mayer form representation

Summary 22.1. Introduce (n + 1)-dimensional space R'™' of the variables x =

(X1, .+, X, Xnp1) T Where the first n coordinates satisfy (22.40) and the component x,
is given by
t
Xpp1 (2) := /h (x (1), u(r), r)dr (22.53)
=0

or, in the differential form,
Xpr1 @) =h(x(t),u(),t) (22.54)
with the initial condition for the last component given by

X1 (0) =0 (22.55)

As a result, the initial optimization problem in the Bolza form (22.50) can be reformulated
in the space R"™' as the Mayer problem with the cost functional J (u (-))

J () = ho(x (T)) + Xui1 (T) (22.56)

where the function hy(x) does not depend on the last coordinate x, . (t), that is,

ho(x) =0 (22.57)

Xn+1

Summary 22.2. From the relations above it follows that the Mayer problem with the
cost function (22.56) is equivalent to the initial optimization control problem (22.50) in
the Bolza form.

There exist two principal approaches to solving optimal control problems:

e the first one is the maximum principle (MP) of L. Pontryagin (Boltyanski et al. 1956;
Pontryagin et al. 1969 (translated from Russian));
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e and the second one is the dynamic programing method (DPM) of R. Bellman (1957).

We will touch on both of them below.

22.6 Maximum principle

The maximum principle is a basic instrument to derive a set of necessary conditions
which should satisfy any optimal control. As an optimal control problem may be regarded
as an optimization problem in the corresponding infinite dimensional (Hilbert or, in
general, Banach) space, the necessary conditions (resembling the Kuhn—Tucker conditions
in the finite-dimensional optimization) take place. They are known as the maximum
principle which is really a milestone in modern optimal control theory. It states that any
dynamic system closed by an optimal control strategy or, simply, by an optimal control
is a Hamiltonian (with the doubled dimension) system given by a system of the forward—
backward ordinary differential equations and, in addition, an optimal control maximizes
the function called Hamiltonian. Its mathematical importance consists of the following
fact: the maximization of the Hamiltonian with respect to a control variable given in a
finite-dimensional space looks and really is much easier than the original optimization
problem formulated in an infinite-dimensional space. The key idea of the original version
of the maximum principle comes from classical variations calculus. To derive the main
MP formulation, first one needs to perturb slightly an optimal control using the so-called
needle-shape (spike) variations and, second, to consider the first-order term in a Taylor
expansion with respect to this perturbation. Tending perturbations to zero, some variation
inequalities may be obtained. Then the final result follows directly from duality.

22.6.1 Needle-shape variations
Let (x* (-), u* (-)) be the given optimal pair for the problem (22.52) and M, C [0, T']
be a measurable set of the time interval with Lebesgue measure |M,| = ¢ > 0. Let now
u (-) € Uygmis [0, T] be any given admissible control.
Definition 22.7. Define the following control
u* (1) if tel0, TI\M.

ut () = (22.58)
u (t) € Z/[admis [O, T] lf t e Mg

Evidently u® (-) € Uugmis [0, T]. Below u® (-) is referred to as a needle-shape or spike
variation of the optimal control u* (t).

The next lemma plays a key role in proving the basic MP theorem.

Lemma 22.8. (The variational equation) Let x° (1) := x (-, u® (-)) be the solution of
(22.52) for the plant model given by (22.40) under the control u® (-) and A° (-) be the
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solution to the following differential equation

Ar @) = % f @ @), u (1), 1) A* (1)
+ [ G @), uf 1), 1) = f (@), u” (1), 0] X, (©) (22.59)
A*(0)=0
where xu, (t) is the characteristic function of the set M., that is

1 if teM,
Xum, (1) -—{0 i teM, (22.60)

Then
max [lx? (t) —x* ()| = O (¢)
t€l0,T]
max [A® @] = O (e) (22.61)

max ||lx® (£) —x* (1) — A* ()] = o (¢)
t€l0,T]

and the following variational equations hold
(a) for the cost function given in Bolza form (22.41)

d
JW () —J W ()= (axho (x*(T)), A® (T)>
r d
+ / {(axh(x* (1), u* (1), 1), A° (r)) (22.62)
t=0

+ [h @), ut (1), 1) = h (x* (1), w* (1), )] xm, (t)}dt +o(e)
(b) for the cost function given in Mayer form (22.44)

d
JW () —J W ()= <8xh0 (x* (1)), A (T)) +o(e) (22.63)
Proof. Define 8° (1) := x* (1) — x* (¢). Then assumption (A2) (22.46) for any ¢ € [0, T']
implies

t

15 ()1l < / L1I5° ()]l ds + Ke (22.64)

5=0

which, by the Gronwall lemma 19.4, leads to the first relation in (22.61). Define

@) :=x"(t) —x"(@)— A°(t) =68°(t) — A® (1) (22.65)
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Then
n° @) =[f @), u® @), 1) — f (@), u* (1),1)]

d
— S @O (0,0 A (1)
X

= [f T @, uf @), 0) = f @), u” (0), D] xu, (1)

= / [af(x* (1) +65° (1), u® (1), 1) — if(X* (1), u* (t),1)| dOS* (t)
0x 0x

0=0

—[f & @, ut @), 1) = f @), u @), D] xu, (©)

d
o f O O @)
X
(22.66)

Integrating the last identity (22.66) and in view of (A2) (22.46) and (A3) (22.47), we
obtain

1

lIn° (t)llf//[@(Q 16° (Il +d W (s), u* (HIN] IS ()]l dOdss

s=06=0
t

[
+ / w(d (u5 (s), u* (s))) AM, (s)ds +\/af (x* (s), u*(s), s) ;78 (s)ds
s=0

s=0

t
< Const - ¢ - 0 (1) 4+ Const - / In® ()|l ds

s=0

(22.67)

The last inequality in (22.67) by the Gronwall lemma directly implies the third relation in
(22.61). The second relation follows from the first and third ones. The same manipulations
lead to (22.62) and (22.63). d

22.6.2 Adjoint variables and MP formulation

The classical format of MP formulation gives a set of first-order necessary conditions
for optimal pairs.

Theorem 22.11. (MP for Mayer form with a fixed horizon) If under assumptions
(Al)—(A3) a pair (x* (-),u* (-)) is optimal then there exist the vector functions ¥ (),
satisfying the system of the adjoint equations

. 3
Y =~ OO0 O.0TY@) ae 1e[0.T] (22.68)
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and nonnegative constants 4 > 0 and v > 0 (I = 1, ..., L) such that the following four
conditions hold:

(a) (the maximality condition): for almost all t € [0, T

HW @), x* (1), u™(1), 1) = max H(y (t), x*(t), u, 1) (22.69)

where the Hamiltonian is defined by

HW,x,u,t) :=vy7f(x,u,t)

(22.70)
t,x,u,¥ € [0,T] x R" x R" x R”
(b) (transversality condition): the equality
3 I
Y (T) + po—ho(x™ (T) + > v (1) =0 (22.71)
I=1

holds;
(c) (complementary slackness conditions): either the equality g;(x*(T)) = 0 holds, or
v, =0, that is, forany (I =1,...,L)

[vgx*(T) = 0] (22.72)

(d) (nontriviality condition): at least one of the numbers |\ (T)| and v, is distinct from
zero, that is,

L
Iy (I +p+> w>0 (22.73)

=1

Proof. Let ¢ (¢) be the solution of (22.68) corresponding to the terminal condition ¥ (T) =
b and 7 € [0, T]. Define M, := [7,7 + €] € [0, T]. If u*(r) is an optimal control, then
according to the Lagrange principle (see Theorem 21.12), formulated for a Banach space,

there exist constants > 0 and v, > 0 (Il =1, ..., L) such that for any ¢ > 0
LW () gy v) = L™ (), 11, 0) = 0 (22.74)
where
L

I1=1
Taking into account that ¢ (7)) = b and A® (0) = 0, by the differential chain rule, applied
to the term ¥ (1) T A® (¢), and, in view of (22.59) and (22.68), we obtain
bTA*(T) = y(T)TA*(T) — y(0)TA* (0)
T T

=/d(w(r>w (r))=/(¢(:)TA8 () + Y (OTA (1) dr

t=0 =0
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T

0
=/ [—AE O 2 f (O, O.07 Y0
X

=0

d
+ 1/f(t)Taf (" (1), u™ (1), 1) A® (1)

+YyOT[f @), u @), 1) — f & @), u” (), )] xu (0)|dt

T
= /I/I(t)T Lf &5 (@), u® (1), 0) = f (7 (), u™ (1), )] xm, (1) dt
t=0

(22.76)
The variational equality (22.62) together with (22.74) and (22.76) implies
0 S E (us ()7 M, V) - 'C (u* ()s M, V)
=N (aaxho (" (1)), A (T)> +bTA(T)
T
—/ww (f &5 @), u® (1), 1) — f (X7 (1), u™ (1), 1) xm, (1) dt
t=0
+ > vile (x (1) — & (x* (T)] + 0 (e)
=1
= 0 ho (x* (T b L (T)), A° (T
il ™ o (X" (1)) + +;vzagz(x (T)), A™(T)
i+e
—/[ww(f (0, u” @), 1) = f &7 (@), u” (1), )] dt + 0 (e)
= 9 ho (x* (T b ; 9 (T)), A*(T
= {15 o (x™ (1)) + +;vl£gz(x (T)), A™(T)
f+e
—/[H(lﬁ (), x* (D), u (1), 1) = HY (1), x* (1), u™ (1), )] dt
(22.77)

1. Tending ¢ to zero from (22.77) it follows that

3 I
0< (Maxho " (T)) +b+ lz:l: VI8 (x* (1)), A* (T)> le=0
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which should be valid for any A® (T') |.—o. This is possible only if (this can be proved
by contradiction)

9 . Lood .
poho (x (T)>+b+;wag; (x*(T)) =0 (22.78)

which is equivalent to (22.71). So, the transversality condition is proven.
2. In view of (22.78), the inequality (22.77) may be simplified to the following one

I+e

0= —/[H(lﬂ (0, x" (0), u" (), 1) = HW (1), x* (1), u* (1), )] dt

t=t

(22.79)

This inequality together with separability of metric space U directly leads to the
maximality condition (22.69).

3. Suppose that (22.72) does not hold, that is, there exist an index [, and a multiplier ¥,
such that v;g;(x*(T)) < 0. This gives

L
L@ (), 0) i= pd () + Y ougr (" (1))
=1

= pd W () + U8, (" (T)) < pud (w* () = L " (), w,v)

It means that u* () is not optimal control. We obtain the contradiction. So, the com-
plementary slackness condition is proven too.

4. Suppose that (22.73) is not valid, ie., [¥(T)| + p + S, v = 0. This implies
v({T) = 0,p = v = 0 = 1,...,L), and, hence, in view of (22.68) and
by the Gronwall lemma 19.4, it follows that ¢ (r) = O for all + € [0, T]. So,
H@r(t), x(t),u(),t) = 0 for any u(t) (not only for u*(z)). This means that the
application of any admissible control keeps the cost function unchangeable which
corresponds to a trivial situation. So, the nontriviality condition is proven too. O

22.6.3 The regular case

In the, so-called, regular case, when p > 0 (this means that the nontriviality condition
holds automatically), the variable (z) and constants v, may be normalized and change
to ¥ (t) := ¥(t)/n and v; := v;/u. In this new variable the MP formulation looks as
follows.

Theorem 22.12. (MP in the regular case) If under assumptions (A1)~(A3) a pair

(x* (), u* (+)) is optimal, then there exists a vector function (t) satisfying the system of
the adjoint equations

d - 9 -
d—w(t) =——f "0, u" @), )T Y @) ae te€]0,T]
t 0x
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andvi >0 (I =1,..., L) such that the following three conditions hold:

(a) (the maximality condition): for almost all t € [0, T']
H (), x* (1), u*(1), 1) = max HW (1), x*(1), u, 1) (22.80)
ue
where the Hamiltonian is defined by

HW,x,u,t) =97 f (x,u,1)
t,x,u, ¥ € [0,T] x R" x R" x R”

(b) (transversality condition): for every a € A, the equalities
T+ Lo @+ 35 L @) =0
—_— X Vv, — X =
ax ° = ]Bxgl

hold;

(c) (complementary slackness conditions): either the equality g;(x*(T)) = 0 holds, or
v =0, that is, forany I =1,...,L) vigi(x*(T)) = 0.

Remark 22.2. This means that without loss of generality we may put u = 1. It may be

a
shown that the regularity property takes place if the vectors a—gl (x*(T)) are linearly
X

independent. The verification of this property is usually not so simple a task.

22.6.4 Hamiltonian form and constancy property

Corollary 22.3. (Hamiltonian for the Bolza problem) Hamiltonian for the Bolza prob-
lem has the form
HW,x,u,t) :=¢Tf(x,u,t)—ph(x@),u?),t)

(22.81)
t,x,u, ¥ €[0,T] xR" x R" x R"

Proof. 1t follows from (22.53)~(22.57). Indeed, since the Mayer’s form representation
(Xnt1 (1) = h (x (), u (t), 1)) implies ¥, 41 () = 0, then Y41 (T) = —p. U

Corollary 22.4. (Hamiltonian form) Equations (22.40) and (22.68) may be represented
in the, so-called, Hamiltonian form (the forward—backward ODE form):

d
i (1) = 5 - HW (0, 30,4 (0), 1), x*(0) = xy
%
¥ (0 = = HW ), x*©),u” (1), ) (22.82)
T) = 0 h (T - 9 *(T
Y(T) = —p—ho (x° ( >>—]Z:ljwagl(x (T))

Proof. 1Tt directly follows from comparison of the right-hand side of (22.70) with (22.40)
and (22.68). O
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Corollary 22.5. (Constancy property) For stationary systems when in (22.40), (22.41)

f=f&@,u@), h=hx@),u?) (22.83)

it follows that for all t € [ty, T']
HW (@), x*(), u” (Y (1), x*(t))) = const (22.84)

Proof. One can see that in this case the Hamiltonian H = H (Y (t), x(t), u(t)) does not
0

depend on ¢ directly, that is, &H = 0. Hence, u*(¢) is a function of ¥/ (¢) and x*(¢) only,

ie., u*(t) = u* (Y(t), x*(t)). Denote

HW @), x*(0), u* (Y (1), x" (1)) := H W (1), x* (1))

Then (22.82) becomes
't—aﬁ 1), x*(0), ¥ () = aﬁ 1), x*(t
x()—@ (W (@), x*(1)), Iﬂ()——a (W (@), x*(1))
which implies

%ﬁ (W @), x*(1)) = %H (W @), x* ()T Y (@)

+ iﬁ(wm,x*(z))%m =0
0x

and hence H (¥ (1), x*(t)) = const for any t € [t, T]. O

22.6.5 Nonfixed horizon optimal control problem and zero property
Consider the following generalization of the optimal control problem (22.40), (22.44),

(22.50) permitting terminal time to be free. In view of this, the optimization problem may
be formulated in the following manner: minimize

J () =ho(x(T), T) (22.85)
over u (+) € Upamis [0, T] and T > O with the terminal set M (T) given by
MT)=xT)eR":g(x(T), Ty <0 (I=1,...,L)} (22.86)

Theorem 22.13. (MP for non fixed horizon case) If under assumptions (Al)—(A3) the
pair (T*, u* (-)) is a solution of the problem (22.85), (22.86) and x* (t) is the corre-
sponding optimal trajectory, then there exist the vector functions ¥ (t), satisfying the
system of the adjoint equations (22.68), and nonnegative constants i > 0 and v; > 0
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(I=1,...,L) such that all four conditions of the previous Theorem 22.11 are fulfilled
and, in addition, the following condition to the terminal time holds:

HW (T), x (T),u (1), T) :==yT @) f(x(T),u(—0),T)

(22.87)

3 ~
= o mho(t (1), T) + ; v Sme (1), 1)

Proof. Since (T*, u* (-)) is a solution of the problem then evidently u* (-) is a solution
of the problem (22.40), (22.44), (22.50) with the fixed horizon T = T* and, hence, all
four properties of the Theorem 22.11 with 7 = T* should be fulfilled. Let us find the
additional condition to the terminal time 7* which should be satisfied too.

(a) Consider again the needle-shape variation defined as
w @) if 1€ [0, TN (M, A(T*— ¢, T"))

W (1) = u (1) € U [0, T*] if 1€ M. C[0,T* —é) (22.88)
u (t) € Uadmis [0, T*] if te [T* — &, T*]

Then, for £ (u (), u, v, T),

L
L) p,v,T)i=pd (), T)+ Z vigr (x(T),T) (22.89)

=1
it follows that

O S E (us ()a u, v, T* - ‘9) - E (M* ()a u, v, T*)

L

= ftho (x (T* =€), T* — &) + > g (x (T &), T* —¢)
=1

L
— pho (" (T, T*) =Y vigy (5" (T7), T%)

I=1
Hence, applying the transversality condition (22.71) we obtain:
0= —e (oo (X(T*). T%) 4 vy (6 (T).T%) ) + 0 (&)
—e | u—=ho (x , v—g (x , o(e
= MBT 0 lang
0
—& <Mho x (T, T7)
ax

Lood
+Z Vg8l @ (T, T, f (T, u" (T*-0), T*)>
=1

oT
+e YT (T fx(T),u (T*=0),T*) +0(¢)

0 a
=—¢ (MaTho (x(T*), T*) +vi—& (x (T7), T*))

0 a
=—¢ <M8Th° (x(T*), T") + Ryt (x (T"), T*))

+e HY (T*), x*(T*),u* (T —0),T*) 4+ o0(¢)
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which, by dividing by ¢ and tending ¢ to zero, implies
H@ (T*), x*(T*),u* (T —0),T7)

9 9 (22.90)
> Mﬁho x(TH, T") + Vig 8 x(T*), T)

(b) Analogously, for the needle—shape variation

u*(t) if te[0, T\ M.
u® (1) := < u(t) € Upamis [0, T*] if 1€ M, (22.91)
u* (T*—=0) if re[T*T*+¢]

it follows that
0 = L (MS ()7 Mm, v, T + 8) - L (M* ()7 M, v, T*)

a a
=e (MaTho & (T, T + g (2 (T7), T*))

— e HW (T, x*(T*),u* (T —0), T*) 40 (¢)

and
H Y (T), x*(T*), u* (T = 0), T%)
0 d (22.92)
< Mﬁho (x (T, T*) + Ryt (x(T*), T%)
Combining (22.88) and (22.91), we obtain (22.87). Theorem is proven. ]

Corollary 22.6. (Zero property) If under the conditions of Theorem 22.13 the functions
ho(x,T), g (x,T) I =1,...,L) do not depend on T directly, that is,

0 0
—hy(x,T) = — ,Th=0({(=1,...,L
5T o(x,T) 8ng(x ) ( )
then

H@ (T, x* (T, u* (T = 0), T") =0 (22.93)

If, in addition, the stationary case is considered (see (22.83)), then (22.93) holds for all
t € [0, T*], that is,

H (1), x* (1), u™ (Y (1), x*(1))) =0 (22.94)

Proof. The result directly follows from (22.84) and (22.93). |
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22.6.6 Joint optimal control and parametric optimization problem

Consider the nonlinear plant given by

Xa (0) = xo

X ()= f (O u®).t:a), ae. te[O,T]} (22.95)

at the fixed horizon T, where a € R? is a vector of parameters which also can be selected
to optimize the functional (22.44) which in this case is

| (), a) = ho(x, (T))] (22.96)

(A4) It will be supposed that the right-hand side of (22.95) is differentiable on a at all
a € R”.
In view of this OCP is formulated as follows:

Minimize J (u (-), a) (22.96)

22.97
over u () € Upgmis [0, T] and a e R? ( )

Theorem 22.14. (Joint OC and parametric optimization) If under  assumptions
(Al)—(A3) and (A4) the pair (u* (-), a*) is a solution of the problem (22.85), (22.86) and
x* (t) is the corresponding optimal trajectory, then there exist the vector functions V (t)
satisfying the system of the adjoint equations (22.68) with x* (t), u* (t), a* and nonnega-
tive constants > Q0 and vy > 0 (I =1, ..., L) such that all four conditions of Theorem
22.11 are fulfilled and, in addition, the following condition to the optimal parameter
holds:

T
/ %H(w(z‘), x* (@), u* (t),t;a*)dt =0 (22.98)
t=0

Proof. For this problem L (u (-), u, v, a) is defined by

L
L (), v, a) = pho(x (T)) + Y wigi (x (T)) (22.99)

=1

0
Introduce the matrix A? (¢t) = a—x* (t) € R"™7, called the matrix of sensitivity (with
a

respect to parameter variations), which satisfies the following differential equation:
A () 47 (1) 8'*(t) 8f(*(t) T (1), 1;a%)
= X" (1) = X" () = —f (" (1), u" (1), 1;a
dt da da da
0
=5 ST @, (@), 10 (22.100)
a

a
+ 5f (x* (@), u* (1), 1;a%) A1),  A“(0) =0



682 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1
In view of this and using (22.68), it follows that

0 = L (I/l* ()7 M, v, a) -L (M* ()a M, v, a*)
d o
=(a—a")T AY(T)T (Maxho (x*(T)) + 12:1: Vi 8 (x* (T))>

+o(la—a*ll) = (a—a’)T AT)TY(T) +o(lla —a”)
=(a—a)" [A(D)TY(T) — A“O)TY O] + o (lla —al)

T

=(@—-a")’ /d [A*OTY (O] +o(la —a*l)
t=0

T

d
=(a—a")’ / {—A“ 7 P (@), u™ (1), t;a7) T P (1)

t=0

a
+ AT (DT P (@), u™ (1), 1;a) T Y (1)

a
+ gf(X* O, u* @), t;a")T Y (@)| dt +o(lla —a*|)
[ d
=(a —a*)T/af(x* ), u” (1), t;a")" Y (t)dt + o (lla —a*[|)
t=0

But this inequality is possible for any a € R? in a small neighborhood of a* if and
only if the relation (22.98) holds (which may be proved by contradiction). Theorem is
proven. U

22.6.7 Sufficient conditions of optimality

The necessary and sufficient conditions of the constrained concave optimization
problem on x € X C R” is (see (21.80))

(Of &™), x =x") =0

which should be valid for all x € X (X is supposed to be a convex set and f (x) is
concave on X).
Here we will also need an additional assumption concerning the control region.

(A4) The control domain U is supposed to be a convex body (i.e., it is convex and has a

nonempty interior).

Lemma 22.9. (on a mixed subgradient) Let ¢ be a convex (or concave) function on
R" x U where U is a convex body. Assuming that ¢ (x,u) is differentiable in x and
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is continuous in (x, u), the following inclusion turns out to be valid for any (x*,u*) €
R" x U:

{(ox " u"),r) |7 € 0, (x", u™)} S 0rupp (x7, u7) (22.101)

Proof. For any y € R”, in view of the convexity of ¢ and its differentiability on x, it
follows that

ety ut) —o (" u) = (o (x7,u%), y) (22.102)

Similarly, in view of the convexity of ¢ in u, there exists a vector » € R" such that for
any x*,y e R"and any u € U

o +y,ut i) — @ +y,ut) > (r, i) (22.103)
So, taking into account the previous inequalities (22.102)—(22.103), we derive

O+ y,ut+u) - (x*, u’)
=[p " +yu'+u)— ¢+ y u)] (22.104)
+o (* +y,u) — @ (X u)] = (ru) + (o (x5, u”), y)

Then, by the definition of subgradient (21.69), it means that
(fr (", u"); 1) © 0dyuip (X7, u™)
The concavity case is very similar if we note that (—¢) is convex. (]
Now we are ready to formulate the central result of this subsection.
Theorem 22.15. (Sufficient condition of optimality) Let, under assumptions (Al)—(A4),

the pair (x* (-), u* (-)) be an admissible pair and  (t) be the corresponding adjoint
variable satisfying (22.68). Assume that

1. ho(x) and g (x) I =1,..., L) are convex;
2. HW(t), x,u,t) is concave in (x, u) for any fixed t € [0, T] and any ¥ (t) € R".

Then this pair (x* (), u* (-)) is optimal in the sense of the cost functional J (u (-)) =
ho(x (T)) (22.44) if

H (0, x"(0), (), 1) = max H (1), x* (1), u, 1) (22.105)

at almost all t € [0, T

Proof. By (22.105) and in view of the criterion of optimality (21.80), it follows for any
u € U that

@HW @), x* (1), u™ (1), ), u —u*(t)) <0 (22.106)
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Then, by concavity of H(y(¢),x,u,t) in (x,u), for any admissible pair (x, #) and
applying the integration operation, in view of (22.106) we get

T T
/H(l//(t),x(t),u,t)dt— /H(l//(t),x*(t),u*(t),t)dt
=0 t=0

T
d
s/[(aH<w(r>,x*(t>,u*m,t),x(t)—x*@))
J 1\ (22.107)

+ @QHW(0), x* @), u* (1), 1), u — u*(t))]dt

T
S/(EiH(I/f(t),x*(t),u*(t),t)ax(f)—X*(t)> dt

t=0

Let us introduce the “sensitivity” process § (t) := x () — x* (¢) which evidently
satisfies

5(t)=n(@) ae.t€[0,T],8(0)=0

(22.108)
n ()= f x@),u), ) — f @), u"1),1)
Then, in view of (22.68) and (22.107), it follows that
0
aho C(TNTS(T) = —[Y (T)TS(T) — ¢ (0)T5(0)]
T T a
=- /d [v (DT ()] = / 3 HW @, X7, w (1), )78 (1) dt
t=0 =0
T
—/I/I(t)T (f @), u@), 1) — f(x*@), u™ (1), 1)) dt
=0
T
> / [H (1), x(2),u, 1) — H (1), x* (), u*, )] dt
=0 (22.109)
T
—/w(t)T (f (@O, u(®), 1) = f (@), u" (1), 1)) dt =0
=0
The convexity of hg(x) and g (x) (I =1,..., L) and the complementary slackness

condition yield (ag, x*(T)), 6 (T)) > 0 and, hence,
x
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%ho (e (1) 8 (T)
< | Loy + Z o L] s
= lox ° — ox” (22.110)
< ho (x(T)) — ho (*(T)) + i vy (¥ (1))
= o (1) — hy (*(TY)
Combining (22.109) with (22.110), we derive
J @) = J @)
= ho (2(T)) — hy (*(T)) = %ho (1) 8(T) = 0
and, since u(-) is arbitrarily admissible, the desired result follows. O

Remark 22.3. Notice that to check the concavity property of H({(t), x,u,t) (22.70) in
(x, u) for any fixed t € [0, T] and any ¥ (¢t) € R" is not a simple task since it depends on
the sign of the ;(t) components. So, the theorem given above may be applied directly
practically only for a very narrow class of particular problems where the concavity
property may be analytically checked.

Example 22.5. Consider the following variation calculus problem:

T
/ Ix @)l dt — xsgg[gﬂ (22.111)
t=0

xX(t)=a>0, x(0)=0, x(T)=¢

It can be represented as an optimal control problem. Indeed, denoting x := u, the initial
problem (22.111) can be represented as

T
/lu(t)ldt — inf
ueC[0,T] (22.112)
t=0
x@=u@), u@®)=a>0, x0)=0, x(T)=%§
According to (22.81), the corresponding Hamiltonian function is
HW,x,u,t) :=v%u — plu)
where W = (1) satisfies the following adjoint ODE (22.68) v (1) = 0 with the transver-
sality condition ¥ (T) = 0, which gives V¥ (t) = 0 for all t € [0, T]. The nontriviality
condition (22.73) implies u > 0. So, by the maximality condition (22.80), it follows that

argmax H(Y, x,u,t) =argmin u|u ()| =a
u>a u>a
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This leads to the following form for the optimal control: u (t) = a. The corresponding
optimal curve is x(t) = at + c. The boundary conditions imply ¢ = 0, aT = &.
So, finally, we may conclude that the initial problem (22.111) has the unique solution
x (t) = at if and only if the terminal value x (T) = & > 0 is equal to & = aT. In any
other cases the solution does not exist.

Example 22.6. Consider the following variation calculus problem

T — inf
xeC2[0,T]

% (1)] <2 (22.113)
x0) =1, x(T)=—1, #O0)=%(T)=0

Let us introduce u (t) := X (t) € C[—1,T], x; (t) := x (t) and x, (t) := x (t). Then the
initial problem (22.113) can be represented as the following optimal control problem:

T — inf
ueC[0,T]

Y =X, Fa=u, |u()|<2 (22.114)
0 =1, xx(M=-1, %0 =xT)=0

By (22.81), the corresponding Hamiltonian function is
H(W»X,”af) :=W1x2+¢2u_l/«, MZO

since T = f,iohdt with h = 1. Here v = v (t) satisfies the following system of the
adjoint ODE (22.68)

Ui (1) =0, Yh(t)=—y

which solution is a ramp function
Y (1) = ¢
Y, (t) = —cit + ¢a, ¢y, c; = const
So, by the maximality condition (22.80), it follows that
u* ()= argrlrulleg% H,x,u,t)
= arg rlrul&)% H (Yrou) = 2sign iy, = 2sign (c; — ¢t)

The corresponding optimal curve is
rs
x(t)=2 / / sign (c; —cit)drds + 3t + ¢4
$=07=0

X (1) = / sign (c; — c17)dt + 3

=0
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By the boundary conditions it follows that

C4=1, C3=O

T K
-1 = / /sign(cz—clr)dr ds +1
s=0 =0

0= / sign (¢c; — cyt)drt

=0
Changing the time scale as v’ := t/T leads to

1
0= / sign (¢, —c(7')d7’, ¢ =aT
/=0
which implies 2¢, = c|. Since sign (ab) = sign (a) sign (b)

T s
T
_lz/ /sign {cl <z—t>} dt| ds
5=l L7=0
T[T T
. T
= /str sign [cl (2 — ‘E)] dt | ds
s=0 Lt=0
T T T
. T . T
= / /szfds sign {cl (2 — rﬂ dr = / (T — 7)sign [c, (2 — r)] dt
=0 s=0 =0
T/2 T
. T ) T
= /(T — T)sign {cl (2 — ‘L'>:| dt + / [T — 7] sign [cl (2 — r)] dt
=0 =T/2
/2 T -
sign ¢ /(T—T)dl’— / (T —1)dr =Isignc1
=0 t=T/2

This leads to the following conclusion
<0 T=2

Many other interesting examples can be found in Alexeev et al. (1984).

22.7 Dynamic programing

The dynamic programing method is another powerful approach to solving opti-
mal control problems. It provides sufficient conditions for testing if some control is opti-
mal or not. The basic idea of this approach consists of considering a family of optimal
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control problems with different initial conditions (times and states) and of obtaining some
relationships among them via the, so-called, Hamilton—Jacoby-Bellman equation (HIB)
which is a nonlinear first-order partial differential equation. The optimal control can be
designed by maximization (or minimization) of the generalized Hamiltonian involved in
this equation. If this HJB equation is solvable (analytically or even numerically) then the
corresponding optimal controllers turn out to be given by a nonlinear feedback depending
on the optimized plant nonlinearity as well as the solution of the corresponding HJB equa-
tion. Such approach actually provides the solutions to the whole family of optimization
problems, and, in particular, to the original problem. Such a technique is called “invariant
embedding”. The major drawback of the classical HIB method is that it requires that
this partial differential equation admits a smooth enough solution. Unfortunately this is
not the case even for some very simple situations. To overcome this problem the so-
called viscosity solutions have been introduced (Crandall & Lions 1983). These solutions
are some sort of nonsmooth solutions with a key function to replace the conventional
derivatives by set-valued super/sub-differentials maintaining the uniqueness of solutions
under very mild conditions. These approaches not only save the DPM as a mathematical
method, but make it a powerful tool in tackling optimal control. In this section we do
not touch on this approach. But we will discuss the gap between necessary (MP) and
sufficient (DPM) conditions.

22.7.1 Bellman’s principle of optimality

Claim 22.1. (Bellman’s principle (BP) of optimality) “Any tail of an optimal trajec-
tory is optimal too.””

In other words, if some trajectory in the phase space connects the initial x (0) and terminal
x (T) points and is optimal in the sense of some cost functional, then the sub-trajectory,
connecting any intermediate point x (¢) of the same trajectory with the same terminal
point x (T'), should also be optimal (see Fig. 22.2).

22.7.2 Sufficient conditions for BP fulfilling

Theorem 22.16. (Sufficient condition for BP fulfilling) Let

1. the performance index (a cost functional) J (u (-)) with u (-) € Uygmis [0, T] be sepa-
rable for any time t' € (0, T') such that

T @) =0 (), h())) (22.115)

where uy (+) is the control within the time interval [0,1") called the initial control
strategy and u, (-) is the control within the time interval [t', T] called the terminal
control strategy;

2 Bellman’s principle of optimality, formulated in Bellman (1960), is as follows: “An optimal policy has the
property that whatever the initial state and the initial decisions it must constitute an optimal policy with regards
to the state resulting from the first decision.”
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X(T)
x(0)

\ 0 X2

Fig. 22.2. Tllustration of Bellman’s principle of optimality.

2. the functional J, (u; (-), J» (u> (-))) is monotonically nondecreasing with respect to
its second argument J, (u; (-)), that is,

Ji(uy () D (ua (D) =y (g (), o (uh ()

22.116
if D ()= (uh () ( )

Then Bellman’s principle of optimality takes place for this functional.
Proof. For any admissible control strategies u; (-), u, (-) the following inequality holds

J= et T ()

u€Uyamis [0, T

- inf Ty G O (2 () (22.117)
1 €EUadmis[0,17), u2 EUaamis[t',T]

< Ji(uy (), J2 (U2 (1))

Select

u, () =arg inf  J (usy (+)) (22.118)

2 €EUadmis[t', T

Then (22.117) and (22.118) imply

J* < J (u1 ), inf  J, (uy (-))) (22.119)
2 EUadmis[t', T
So,
up (1) = arguleu:dr}“{[ﬂ,r]J' <u| OF uzeuiﬁi[ﬂ,ﬂb (u2 ('))) (22.120)
leads to

JP< inf <u1(-), inf,T]Jz(u2(~))> (22.121)

U1 Eladmis[t', T 2 €Uadmis [t
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Since J; (u; (+), J» (45 (+))) is monotonically nondecreasing with respect to the second
argument, from (22.121) we obtain

inf (m(-), inf Jz(uz('))>
u1 €Uadmis[t' . T] 2 €U admis[t',T]

< inf inf G0 (), (2 () (22.122)

w1 €Uadmis[t' T] ur€Uaamis(t'. T

= inf J@()=J

u€Uadmis[0,T]

Combining (22.121) and (22.122), we finally derive that

w1 EUgamis[t',T) u2 €U gamis[t',T)
This proves the desired result. ]

Summary 22.3. In strict mathematical form this fact may be expressed as follows: under
the assumptions of the theorem above for any time t' € (0, T)

inf T @ ()

u€Uadmis[0,T

= inf[ Ji (ul ), inf ]Jz (ur (')))

u1 €Uadmis[t', T] w2 €Uadmis|t', T

(22.124)

Corollary 22.7. For the cost functional

T

J (u () = ho (X(T)H-/h(x (0), u(t), 1) de

t=0

given in the Bolza form (22.41) Bellman’s principle holds.

Proof. For any t' € (0, T) from (22.41) obviously it follows that
J @)= Ji(ur () + J2(u2(:)) (22.125)

where

’

t

Jy (uy (+) 1=/h(x (t),uy (2), 1) dt
o (22.126)

T

J2 (uz (1) := ho (x (T)) + /h(x (1), uz (1), 1) dt

t=t’

The representation (22.125) evidently yields the validity (22.115) and (22.116) for this
functional. 0
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22.7.3 Invariant embedding

22.7.3.1 System description and basic assumptions
Let (s, y) € [0, T) x R"” be “an initial time and state pair” to the following controlled
system over [s, T]:

x()=f@x@,u®,n, ae IE[S’T]} (22.127)

x(s)=y

where x € R” is its state vector, and u € R" is the control that may run over a given
control region U C R” with the cost functional in the Bolza form

T

J@,y;u())=ho(x(T))+ /h (x(@),ut),t)dt (22.128)

t=s

containing the integral term as well as the terminal one and with the terminal set M C
R" given by the inequalities (22.42). Here, as before, u (-) € Uagmis [s, T]. For s = 0 and
y = Xo this plant coincides with the original one given by (22.40).

Suppose also that assumption (A1) is accepted and, instead of (A2), its small modifi-
cation holds:

(A2") The maps

fR'xUx|[0,T] > R"
h:R'"xUx[0,T] - R
ho :R*"x U x [0,T] - R
g RP—->R' (I=1,...,L)

(22.129)

are uniformly continuous in (x, u, t) including ¢ (before in (A2) they were assumed to
be only measurable) and there exists a constant L such that for ¢ = f (x, u, t), h (x, u, t),
ho(x,u,t), g (x) I =1,...,L) the following inequalities hold:

o= ()] < 2 e =3
Vte[0,T], x,xeR", uelU (22.130)
lo ©,u, )| <L Vu,teUx][0,T]

It is evident that under assumptions (A1)—(A2’) for any (s, y) € [0, T) x R" and any
u (+) € Uygmis [$, T] the optimization problem

J(s,y;u(-)) >  min (22.131)

u(-)€Uadmis[s,T]

formulated for the plant (22.127) and for the cost functional J (s, y; u (-)) (22.128),
admits a unique solution x (-) := x (-, s, y, u (-)) and the functional (22.128) is well
defined.
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Definition 22.8. (The value function) The function V (s, y) defined for any (s,y) €

[0,T) x R" as
Viis,y)i=inf J(s,y;u())
u(:)€Uagmis[s, T (22.132)
VAT, y) = ho(y)

is called the value function of the optimization problem (22.131).

22.7.3.2 Dynamic programing equation in the integral form
Theorem 22.17. Under assumptions (Al)—(A2') for any (s, y) € [0, T) xR" the following
relation holds
V)= inf {/h(x(r,s,y,u<~>>,u<r>,r)dr
u(-) €EUadmis[5,T] 2 (22133)

+ V(§,x(§,s,y,u(-)))} Vs € [s, T]

Proof. The result follows directly from BP of optimality (22.124), but, in view of the
great importance of this result, we present the proof again, using the concrete form of the
Bolza cost functional (22.128). Denoting the right-hand side of (22.133) by V (s, y) and
taking into account the definition (22.132), for any u (-) € Uagmis [s, T] we have

V(s.y) G yiu )

= /h (x(t,s,y,u()),u@),0)ydt +J (8, x@);u ()

t=s

and, taking infimum over u (-) € Upgmis [, T], it follows that
V(s,y) <V (s, ) (22.134)

Hence, for any ¢ > 0 there exists a control u, (-) € Uygmis [$, T] such that for x, (-) :=
X ('vsa Y, Ug ())

V (s, y) +e=>J(s,y;u.(-)

> /h (6 (s, vty ()t (0.0t +V (3.3, () = V (5. 9) (22.133)

t=s

Tending ¢ — 0O the inequalities (22.134), (22.135) imply the result (22.133) of this
theorem. 0

Finding a solution V (s, y) to equation (22.133), we would be able to solve the origin
optimal control problem putting s = 0 and y = x,. Unfortunately, this equation is very
difficult to handle because of overcomplicated operations involved on its right-hand side.
That’s why in the next subsection we will explore this equation further, trying to get
another equation for the function V (s, y) with a simpler and more practically used form.
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22.7.4 Hamilton—Jacoby-Bellman equation

To simplify the sequent calculations and following Young & Zhou (1999) we will
consider the original optimization problem without any terminal set, that is, M = R".
This may be expressed with the constraint function equal to

g):=0-[x[*—e<0 (¢>0) (22.136)

which is true for any x € R”. Slater’s condition (21.88) is evidently valid (also for any
x € R"). So, we deal here with the regular case. Denote by C! ([O, T) x R”) the set of
all continuously differentiable functions v : [0, T) x R" — R.

Theorem 22.18. (The HJB equation) Suppose that under assumptions (Al)—(A2')
the value function V (s,y) (22.132) is continuously differentiable, that is, V €
C! ([O, T) x ]R"). Then V (s, y) is a solution to the following terminal value problem of
a first-order partial differential equation, named below the Hamilton—Jacoby—Bellman
(HJB) equation associated with the original optimization problem (22.131) without
terminal set (M = R"):

0 0
—EV (t,x) + ilelgH(—av t,x), x(t),u(®),t) =0 (22.137)
(t,x)e[0,T) xR, V(T,x)=hy(x), xeR
where
HW,x,u,t) :=v7f (x,u,t) —hx@),ut),t)
(22.138)
t,x,u, ¥ € [0,T] x R" x R" x R”

is the same as in (22.81) with u = 1 corresponding to the regular optimization problem.

Proof. Fixing u (t) = u € U, by (22.133) with § | s we obtain

Vis,y)— V(5§ x (8 s y,u()))
§—s

_§1S/h(x(t,s,y,u(.))’u(t)’t)dtSO

1=s

which implies
0 0
_*V(S,)’) - 7‘/(5’)’)1- f(SJ’»M) —h(S,u,t) = 0
ot ax
resulting in the following inequality

B bl
0>——V(s,y)+ supH(——V(,x), x(t), u(t),1) (22.139)
at uelU ax
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On the other hand, for any ¢ > 0 and s, closed to §, there exists a control u (-) := u.; (-)
€ Uagmis |5, T'] for which

§

Vis,y)+e(§—s)=> /h(x(t,s,y,u(~)),u(t),t)dt+V(§,x(§))

- (22.140)
Since V € C' ([0, T) x R"), the last inequality leads to the following
—& < — (S X(SA))_V(S y) = : /h(x(t,s,y,u(~)),u(t),t)dt
5 — _
- /E{—BV(t (r ()
CS—s ot ARG
a
—aV(l‘,x(I,S, yvu(')))Tf(tax(tasv y’”(')),u)
—h(x (@, s,y,u(),u(t),t)|dt
- j[—aV(I (r ()
S5 ot A YR
+ H(——V @, x (s y,ul)),xtsyul)), ul) t)]
=< ! | 9 V(t t
< [ |5V @x sy
+supH(—iV(t x(t,s,y,u(-),x s, y,u(-)),u), t)}
uelU
(22.141)
which for § | s gives
d d
—e<——V(s,y)+ supH(——V(s ), y,u,s) (22.142)

ot uelU

Here the uniform continuity property of the functions f and & has been used, namely,

lim sup @ y,u)—@(s,y,u)l =0, o= f,h (22.143)
s yeR" uelU
Combining (22.139) and (22.142) when ¢ — 0 we obtain (22.137). ]

The theorem below, representing the sufficient conditions of optimality, is known as
the verification rule.
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Theorem 22.19. (The verification rule) Accept the following assumptions:

d
1. Letu*(-) == u* <t, X, EP V (, x)) be a solution to the following optimization problem
X

0
H(—B—V(t,x),x,u,t) — sup (22.144)
X

uel

0
with fixed values x,t and B—V (t, x);
X

2. Suppose that we can obtain the solution V (t, x) to the HJB equation

—EV (t,x) + H(—iV (t,x), x,u*(),t)=0
at dx (22.145)

V(T,x)=hy(x), (¢t,x)€[0,T)xR"
which for any (t,x) € [0,T) x R" is unique and smooth, that is, V €
C' ([0, T) x R");

3. Suppose that for any (s,x) € [0, T) x R" there exists (a.e. t € [s,T]) a solution
x* (s, x) to the following ODE (ordinary differential equation)

. 3
= f (x* (t),u*(t,x* 1), =V (1. (t))), z) (22.146)

x*(s)=x

Then with (s, x) = (0, xq) the pair

(x* ), u* (t, x* (1), %V (t, x* (z)))) (22.147)

d
is optimal, that is, u* (t, x* (1), a—V (t, x* (t))) is an optimal control.
X
Proof. The relations (22.138) and (22.145) imply
dV(t * (1) aV(t *(1)
— , X =—— , X
dt ot

0 ol
+ =V, x )T f{x*@),ut,x* (), =V (& x* () )¢t

ax ax
d

=—h (X* (1), u* (t, x (), —V (@, x* (t))>, t)
ox

(22.148)
Integrating this equality by ¢ within [s, T'] leads to the following relation

VAT, x*(T)) =V (s, x" (5))
T

= — /h (x* ), u* (t, x* (1), %V (t,x* (t))), t) dt

t=s
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which, in view of the identity V (T, x* (T)) = ho (x* (T)), is equal to the following one

V(s,x"(5)) = ho (x*(T))
T

+/h (x* o). u* (t,x* o. B%V(t,x* (Z))) l) it (22.149)

t=s

By (22.133), this last equation means exactly that

(x* ), u* (l, x* (1), %V (t,x* (t))))

0
is an optimal pair and u* (t, x* (1), a—V (t, x* (t))) is an optimal control. |
X

22.8 Linear quadratic optimal control
22.8.1 Nonstationary linear systems and quadratic criterion

Consider in this section the dynamic plants (22.40) in their partial representation when
at each time ¢ € [0, T'] the right-hand side of the mathematical model is a linear function
with respect to the state vector x (f) and the control action u (¢) as well, namely, for
almost all 7 € [0, T']

xO=AMx@)+BOu)+d )
0=, } (22.150)

Here the functional matrices A (f) € R"*" and B () € R"*" are supposed to be bounded
almost everywhere and the shifting vector function d (t) € R" is quadratically integrable,
that is,

A()eL®(0,T;R™), B()eL>(0,T;R™), d()eLl*©O,T;R"
(22.151)

The admissible control is assumed to be quadratically integrable on [0, T'] and the terminal
set M coincides with all space R” (no terminal constraints), i.e.,

Unamis [0, T :={u () :u () € L2(0, T;R"), M =R"} (22.152)

The cost functional is considered in the form (22.41) with quadratic functions inside,
that is,

T
1 1
J ()= ExT (T)Gx(T) + 3 / [xT @) Q1) x ()
t=0 (22153)

4+ 2uT (1) S (@) x (1) +uT ()R (@) u(t)]dt
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where

GeR™, Q()eL>(0,T;R™")

(22.154)
S()eL®(0,T;R™), R()eL>®(0,T;R™)
such that for almost all ¢ € [0, T']
G>0, Q@) >0, R(@)=>8I, 8§>0 (22.155)

Note that all coefficients (except G) in (22.150) and (22.153) are dependent on time ¢.

22.8.2 Linear quadratic problem

Problem 22.3. (Linear quadratic (LQ) problem) For the dynamic model (22.150) find
an admissible control u* (-) € Uygpmis [0, T such that

J@w ()= inf J ) (22.156)

u(-)€Uadmis[0,T

where the cost function J (u (-)) is given by (22.153).

We will refer to this problem as the linear quadratic optimal control problem (LQ).

22.8.3 Maximum principle for LQ problem

22.8.3.1 MP formulation
Theorem 22.20. (Maximum principle for LQ problem) If a pair (x*(t), u* (-)) is opti-
mal, then

1. there exists a solution ¥ (t) to the following ODE on [0, T]

¥ (1) = —AT (O Y (@) + Q () x* (1) + ST (1) u* (1)

(22.157)
Y(T)=—-Gx*(T)
2. the optimal control u* (-) € Uygmis [0, T] is as follows
u* () =R ()[BT ()Y (t) — S (1) x* (1)] (22.158)

Proof. Since in this problem we have no terminal conditions, we deal with the regular
case and may take p = 1. Then by (22.81) and (22.82) it follows that

HW,x,u,t):=yT[A®)x+ B @O u+d@)]

- %XT OOOx@ —uT@SEHx@) — %MT () R@)u ()
(22.159)
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So,
. d
Y1) = —aH(lﬂ(t),x*(t), u* (1), t)
=—ATO Y@+ Q@) x* () + ST (H)u ()
d
Y(T) = —ZTho (x*(T)) = —-Gx*(T)
X

which proves claim (1) (22.157) of this theorem. Besides, by MP implementation,
we have

u* (t) € Arg m%gn H, x* u,t)
ueR"

or, equivalently,

%H(l//, X u ) =BT ()Y () — RO u* @) —S@)x* (t) =0 (22.160)
which leads to claim (2) (22.158). O

22.8.4 Sufficiency condition

Theorem 22.21. (on the sufficiency of MP) [f the control u* (t) is as in (22.158) and
QW) =SWOR ' (N)ST(1)=0 (22.161)

then it is a unique optimal one.

Proof. It follows directly from Theorem 22.15 on the sufficient conditions of optimality.

The uniqueness is the result of equation (22.160) which has a unique solution if R (¢) > §1

a.e.t €[0,T], § > 0(22.155). Besides, the Hessian of the function H (v, x, u, t) (22.159)
is as follows

32 2
@H(w,x,u,t) axauH(lp,x,u,t) _lew s
02 H( " 92 H( 9 - ST() R(t)
dudx v i, du? v,
1 S [
Let us show that e @) > 0. A symmetric block-matrix MlTl My with
ST() R(t) (M, M
M,, > 0 is nonnegative definite, that is,
Mll M12
>0
|:M1-5 M22:| -

if and only if

M, >0, M _M|2M2_21M1T2 >0
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So, by the assumption (22.161) of the theorem we have that

82 2
H 9 3 7t H ) 5 ,t
GE W s D gt
2 2 —
HW,x,u,t) —HW,x, u,t
P (Y, x,u,1) " W, x,u,1)

This means that the function H (Y, x, u, t) is concave (not obligatory strictly) on (x, )
for any fixed v (¢) and any 7 € [0, T]. (]

Corollary 22.8. If S (t) = 0, then the control u* (t) (22.158) is always uniquely optimal.

Proof. Under this assumption the inequality (22.161) always holds. (]

22.8.5 Riccati differential equation and feedback optimal control

22.8.5.1 Riccati differential equation
Let us introduce the symmetric matrix function P (1) = PT (1) € C' (0, T; R™") and
the vector function p () € C' (0, T; R") which satisfy (a.e. ¢ € [0, T]) the following ODE:

—PO)=POAD+AT ()P 1)+ Q)
—[BTOPO+SOI" RO [BTO) P 1)+ S )]

=POAMNO+ADTPO—P@®[BOR'O)BT®]P@®)+0®)

P(T)=G
(22.162)
with
A=At —B@O) R ()S () (22.163)
0W=0M)—ST(MOR®)S®) '
and
—-pO=[(AO)—BOR'®)S®)"
—POBORTOBT®)]|p@t) + P1)d (1) (22.164)

p(T)=0

Definition 22.9. We refer to ODE (22.162) as the Riccati differential equation and p (t)
is referred to as the shifting vector associated with the problem (22.156).

22.8.6 Linear feedback control
Theorem 22.22. (on a linear feedback control) Assume that

P(t)y=PT(t)eC"(0,T; R"™")
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is a solution of (22.162) and
p () € C' (0, T;R")

verifies (22.164). Then the optimal control u* (-) € Uynmis [0, T] for the problem (22.156)
has the linear feedback form

w @) =—-R'O[BTOPE+S®)x* )+ BT (1) p@)] (22.165)

and the optimal cost function J (u* (-)) is as follows

1
J W () = ExoTP (0) xo + pT (0) xo

|7 , (22.166)
+5 / [2pT 0 d () — |R™2 ()BT (1) p (1) } dr
=0
Proof.
1. Let us try to find the solution of ODE (22.157) in the form
Yvt)y=—P@®)x" 1) —p() (22.167)

The direct substitution of (22.167) into (22.157) leads to the following identity (¢ will
be suppressed for simplicity):

(Q—STR'S) x* — (AT = STR™'BT) [P () x* — p] =¥
= —Px* — P[Ax*+ B (u*) +d] — p = —Px*
—P [Ax*+ BR'[BT (—Px* — p) — Sx*]+d]| — p
=—Px*—P(A—BR'[BTP+S])x*+ PBR'p— Pd—p
This yields
0=(PO)+POAM+AT@)P )+ Q1)
—[BT@O PO +SOI" R ()[BT (1) P (1) + S (1)]) x*
(22.168)
PO+[(AO-BOR ®OS®)T
—PO)BMOR ()BT ()] p(t)+ P(1)d (1)

But, in view of (22.162) and (22.164), the right-hand side of (22.168) is identically
zero. The transversality condition ¥ (7)) = —Gx* (T) in (22.162) implies

Y(T)=—P((T)x"(T) — p(T) = =Gx"(T)

which holds for any x* (T) if P(T) = G and p (T) = 0.
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2. To prove (22.166) let us apply the chain integration rule for xT (¢) P (t) x (¢) and for
pT (¢) x (t), respectively. In view of (22.150) and (22.162) we obtain

xT(TYP(T)x(T)—xT(s)P(s)x(s)
=x*T(T)Gx*(T) —x*T (s) P (s) x* (s)

T T
:/%[xT(t)P(t)x(t)]dtz/[ZxT(t)P(t))'c(t)—i—xT(t)P(t)x(t)] dt

t:x t=s

/{x @ ([POB®+STOIRT () [P (1) B@®)+ ST O]

—Q x4+ 2u*T@)BT ()P (t)x (@) +2dT (1) P(t)x (1)} dt

(22.169)
and, applying (22.164),
pT(T)x (T) = pT (s)x (s) = —pT (s) x ()
T d T
= / T [pT (1) x (1)]dt = /[15* (O x @)+ pT (1) x(1)]dt
= / LTO([POBO+STOIR OB p@)—P@)d@))
T PTOB O @) +d ]} di

(22.170)

Summing (22.169) and (22.170) and denoting
1
J* (s, x(5)) := EXT )P (s)x(s)

T
Jr%/[XT(I)Q(I)X(t)Jru*T (O R @ u” () +2u™T (1) S (1) x (1]

we get

1
J (s, x (s)) — EXT () P(s)x(s)—pT(s)x(s)

T
:%/{M*T ()R (t)u* (1)

+xTO[POB@O+STOIR O [P@)B@)+ST 0] x ()
+ 2xT ([P @) B@)+ ST @] u* (@)
+ 2xTO[POB@)+STMO]" R )BT (t) p (1)
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+2u™ (1) BT (1) p (1) +2pT (1) d (1) } dt
1 T
T2 / {IRZ O RO w 1)+ [P 1) B 1)+ ST O] x" ()]

+BTOpOI*—|R2 @) BT @) p | +2p7 (1) d (r)} dt

(22.171)
which, taking s = 0, x (s) = x¢, and in view of
RO @ +[POBE+ST®]"xT(@#) =0
yields (22.166). Theorem is proven. |

Theorem 22.23. (on the uniqueness of the optimal control) The optimal control u* (-)
€ Upamis [0, T'] is unique if and only if the corresponding Riccati differential equation
(22.162) has a unique solution P (t) > 0 on [0, T].

Proof.

1.

Necessity. Assume that u* () € Usamis [0, T'] is unique and is given by (22.165). But
this is possible only if P (¢) is uniquely defined (p (¢) will be uniquely defined
automatically). So, the corresponding Riccati differential equation (22.162) should
have a unique solution P (¢) > 0 on [0, T'].

. Sufficiency. If the corresponding Riccati differential equation (22.162) has a unique

solution P (t) > 0 on [0, T'], then, by the previous theorem, u* (-) is uniquely defined
by (22.165) and the dynamics x* (¢) is given by

X(t)=[A@) —B@) R (1) (BT (1) P(t)+ S (1)] x* (1)
(22.172)
—BOR ' O)BT()p(t)+d (1)

So, the uniqueness of (22.165) follows from the uniqueness of the solution of
ODE (22.172). O

22.8.7 Stationary systems on the infinite horizon

22.8.7.1 Stationary systems and the infinite horizon cost function

Let us consider a stationary linear plant given by the following ODE

x(t)=Ax (@) + Bu(t), te]0,o00] (22.173)
x(0)=xp, Ae R, BeR"™

supplied by the quadratic cost function in the Lagrange form, namely,
J()= / [xT (@) Ox (t) +uT (t) Ru (¢)]dt (22.174)

t=0
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where 0 < Q0 = QT e R"", and 0 < R = RT € R™ are the weighting matrices.
The problem is as before: find a control u* (-) minimizing J (u (-)) over all controls
within the class of admissible control strategies consisting of all u (-) such that

® the solution of (22.173) exists;
ey (1) € L? (0, 00; R") (otherwise, the criterion (22.174) does not exist).

We will try to solve this problem by two methods: the, so-called, direct method
and DPM.

22.8.7.2 Direct method
Let us introduce the function V : R" —— R as follows

V(x):=xTPx (22.175)

where the matrix P is a symmetric matrix P = PT € R"*". Then, in view of (22.173),
we obtain

V (x (1)) = 2xT (¢) P% (1) = 2x7 (t) P [Ax (t) + Bu (1)]
The integration of this equation leads to the following:

Vx(T)—V x(0)=xT(T)Px(T)— x5 Pxo
T

— /ZxT (t) P [Ax (t) + Bu ()] dt

t=0

Adding and subtracting the terms x7 (r) Qx (¢) and u7 (¢) Ru (¢), the last identity may
be rewritten in the following form

xT(T) Px(T) — x§ Pxg

T
= / (2xT (t) P [Ax (t) + Bu ()] + x7 (t) Qx (t) + u™ (t) Ru (t)) dt
0 T T
— / [xT (@) Ox (t) +uT (t) Ru (t)]dt = / (xT &) [PA+ATP+ Q]x (1)
t=0 t=0

+2(RBTPx (1))" RVu (1) + | RV u (t)||2) dt

T
—/[xT @) Qx (1) +uT (¢) Ru (¢)]dt
;:0

= / (xT (@) [PA+ AP+ Q—PBR 'BTP]x (1)

t=0
T

+ ||[R7V*BTPx (t) + R'u (z)Hz) dt — /[xT(t) Qx (t) +uT (t) Ru (1)) dt

t=0
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which implies

T
/ [xT (t) Qx (1) +uT () Ru (t)]dt = x{ Pxo — x7 (T) Px (T)

t=0

T
* / |R™2BT Px (1) + R"?u )| di
t=0
T
+ /xT (t)[PA+ATP+ Q— PBR'BTP|x (1) dt
t=0

(22.176)

Selecting (if it is possible) the matrix P as a solution to the following matrix Riccati
equation

PA+ATP+Q—PBR'BTP =0 (22.177)

from (22.176) we get

T
/ [xT (1) Qx (1) + uT (t) Ru ()] dt = xJ Pxo — xT (T) Px (T)

t=0

T
+ / |R™'?BTPx (1) + R"*u (z)szt
t=0
> xg Pxo —xT (T) Px (T)
(22.178)

Theorem 22.24. If for the system (22.173) the pair (A, B) is stabilizable and the pair
(Q'72, A) is observable then the optimal control u* (t) minimizing (22.174) is given by

lu* () = —R"'BTPx (1) (22.179)

where P is the unique positive definite solution of (22.177) making the closed-loop system
asymptotically stable. Moreover, the minimal value of the cost functional is

oo

Jw()= / [xT () Qx (1) +uT (t) Ru (t)]dt = x§ Pxq (22.180)

t=0

Proof. First, notice that the dynamic system (22.173) closed by an optimal control should
be stable. Indeed, suppose that there exists at least one unstable mode of the controlled sys-
tem. Then, by the observability of the pair (C, A), it follows that the vector y (¢) = Cx (¢)
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(Q := CT7C) should tend to infinity and, hence, j;ioxT (t) Ox (t) dt tends to infinity
with T — oo that cannot correspond to an optimal control. So, the term xT (T) Px (T)
has to tend to zero and can be disregarded. By Theorem 10.8 there exists the unique
positive definite solution P of (22.177) which makes the closed-loop system stable since

X(t)=Ax (1) + Bu*(t) = (A— BR™'BTP) x (1) = Acioseax (1)

where Acosea 18 defined in (10.26). Taking this P in (22.179) and in view of (22.178)
under u (-) = u* (-) the equality (22.180) holds. Theorem is proven. O

Does the optimal control stabilize nonobservable systems?
Proposition 22.1. The optimal control does not necessarily stabilize a nonobservable
linear stationary system.

The next simple example illustrates the statement given above.

Example 22.7. Consider the following linear second-order controllable time invariant
system

W) =x0), L@®O=x@)+u, x0)=x90, x(0)=2xy

Let the cost functional be J (u (-)) = f;:o [xT @) Ox (t) +u? (t)] dt withx (t) := Bl g;]
2
and Q = [_11 _11 } > 0. In our case this system can be represented in the form

01

(22.173) with A = {1 0

] and B = {ﬂ Notice that this system is unobservable since

the column rank of the observability matrix O = [ = { ! _11 } is incomplete

C A] —1
and equal to 1. The statement of the proposition becomes evident if we define y (t) :=
x1 (t) — x5 (t) and represent this system as

y@)=—y@) —u

(o8]

sa = [ o+ o]

t=0

(22.181)

with
@ =y@) +x@) +tu

According to Theorem 22.24 the optimal control in (22.181) is u* (t) = py (t) where
p = ~/2—1. As it is expected, in the optimal system y (t) — 0 as t — oo. Evidently, the
second component x, (t) — 0o, and, hence, the optimal system is unstable which proves
the above proposition. This effect appears due to instability of the unobservable state
component x, (t)!
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The revealed fact permits to indicate the class of stable unobservable optimal systems.
If the pair (C, A) is unobservable then there exists a nonsingular linear transformation

Tx = <§1> such that the system (22.173) can be represented in the, so-called, canonical
2

observability form

X1 =Au + Biu, % = Ayx) + Anxs + Bou

- Cix (22.182)
— 141

with x; and x, being the observable and unobservable state components. Let us show
. . . v .
how this transformation can be found. Select T in the form T = (w) where the matrix

v € R¥" consists of k basis row vectors of the observability matrix (9.63)

C
CA
0= CA

CAn—l

Since the system is unobservable then k < n. The matrix w € R”~0*" is an arbitrary
one such that det T # 0. Denote

T7':= (N N,), N eR™

The identity TT~!' = I implies

r= () ey = (2 )

and
vN, =0 (22.183)
Since vA and vC are in the same basis there exist matrices L4 and L. such that
vA=L,,v, C=Lcv

Then
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In view of (22.183) and the relations
(v
TAT ' = (w> A (N N,)

LAU
. _ LAUNI 0
"\ wa (N N2) = (wANl u)ANz)
CT~'= (LcvN; LcuN,) = (CN, 0)
we finally get (22.182) and the cost functional (22.174) becomes

(o8]

J (u (-))=/[)€1T (1) Quxy (1) +uT (1) Ru ()] dt

t=0

where Q; = C[C; and the pair (Ci, A;;) is observable. Then, by Theorem 22.24, the
optimal control is

W () = —R™'BI Pix; (1)
with P; being the positive-definite solution to the reduced order Riccati equation
PiAy+ Al Pi+Q—PBiR'BP =0
which makes the first subsystem (with respect to x;) stable. It is evident that the optimal
system (22.173) is stable if the matrix A,, is Hurwitz (stable). According to the PBH test
9.1, such systems are called detectable. Finally we may formulate the following claim.
Claim 22.2. The linear time invariant system (22.173) optimal in the sense of the cost

functional (22.174) is stable if and only if this system is stabilizable and detectable.

22.8.7.3 DPM approach
Consider the following HBJ equation (22.137):

- 0
—h —l—supH(—aV(x),x,u) =0

uel_ (22.184a)
x €R", h=const, V(0)=0
with
HW,x,u) ==¢T(Ax + Bu) —x7Qx —uTRu
(22.185)

x,u, ¥ €[0,00] x R* x R" x R"

Theorem 22.25. (Verification rule for LQ-problem) If the control u* is a maximizing
vector for (22.185) with some h = const, that is,

1

]
w'=——R'BT—V (x)
2 0x
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where V (x) is a solution to the following HJ equation:

ad 19 0 -

—— VT (x)Ax —xTOx+-—VT(X)BR'BT—V(x)=h
ox 4 0x ox

and the closed-loop system is stable, then such u* is an optimal control.

Proof. 1t is evident that only admissible control may be stabilizing (if not, the cost
function does not exist). By (22.185) for any stabilizing u (-) it follows that

0 - B _
H(——V ", xu")=h, H——V (x),x,u) < h
0x 0x
and, hence,
0 0
H(——V (), x,u) < H(——V (x"), x*, u")
0x 0x

which, after integration, leads to the following inequality

/ {—;;VT (x) (Ax + Bu) —xTQx — uTRu} dt
=0

o0

a
< / {_SVT (x*) (Ax* + Bu®) — x*TQx* — u*TRM*] dt
x

t=0

or, equivalently,

T T o0
/ [x*TOx* +u*TRu*|dt < / [xTOx +uTRu]dt + /d V(x)—=V )
t=0 t=0 =0

T
VOO / [xTQx +uTRuldt + V (x (T)) — VT (x*(T))
t=0

Within the class of stabilizing strategies we have

Vx(T) =vie(T) — 0
which, in view of the last inequality, shows that u* (-) is an optimal control. (|
Try to find the solution to (22.185) as V (x) = xT Px with P = PT > 0. This implies
0
—V (x) = 2Px, and, hence,
ax
—2xTP (Ax — BR™'BTPx) —xTQx —xTPBR™'BTPx
=xT(-PA—ATP—-Q+PBR'BTP)x =0

The last equation is identically fulfilled for any x € R" if P is the solution to the same
Riccati matrix equation as in (22.177) for a stabilizable and observable system. So, finally,
the optimal control is u* (t) = —R™'BT Px (¢) which naturally coincides with (22.179).
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22.9 Linear-time optimization
22.9.1 General result

For this problem the cost functional is

22156

It can be obtained from the Bolza form functional

T

J () :=ho(x(T))+ /h (x(@),u(),t)det

=0

if we put ho(x) = 0, h(x,u,t) = 1. Then for a linear plant, given by (22.150), the
Hamiltonian (22.81) is

HW,x,u,t):=yT[A@x+B@u+d@)]—n (22.187)
and, hence, the maximality condition (22.69) becomes as follows:

u (1) € Argmaxy T (1) [A (1) x (1) + B () u (1) +d (1)]

= Argmaxy/T (1) B (1) u (1) = Argmax [BT (1) ()] u (1) (22.188)

= Argmax > [BT () ¥ (0l i (1)
k=1

Theorem 22.26. (on linear time-optimal control) If the set U of the admissible control
values is a polytope defined by

U={uelR tuy Sup () <uf, k=1,...,r} (22.189)
then the optimal control (22.188) is as follows

up if [BT()Y ()], >0
wl (1) = up if [BT@ Y ®)], <0 (22.190)
any ieU if [BT ()Y (1], =0

and it is unique.

Proof. Formula (22.190) follows directly from (22.188), (22.189) and the uniqueness
is the consequence of the theorem on the sufficient condition of the optimality which
demands the concavity (and not obligatory strict) of the Hamiltonian with respect to
(x, u) for any fixed v, which is evidently fulfilled for the Hamiltonian function (22.187)
which is linear on x and u. (]



710 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

22.9.2 Theorem on n-intervals for stationary linear systems

Consider in detail the partial case of linear systems (22.150) when the matrices of the
system are constant, that is, A () = A, B (t) = B. For this case the result below has
been obtained in Feldbaum (1953) and is known as the theorem on n-intervals. But first,
let us prove an axillary lemma.

Lemma 22.10. If Ay, As, ..., A, are real numbers and fi (t), ..., fu (t) are the polyno-

mials with real coefficients and having the orders ky, . .., k,, correspondingly. Then the
function
o)=Y fi)e" (22.191)

i=1

has a number of real roots which does not exceed

ng=ki+...+ k,+m-—1 (22.192)

Proof. To prove this result let us use the induction method.

1. For m = 1 the lemma is true. Indeed, in this case the function ¢ () = f; (¢t) €*'' has
the number of roots coinciding with k; since e*’ > 0 for any ¢.

2. Suppose that this lemma is valid for m — 1 > 0. Then let us prove that it holds for m.
Multiplying (22.191) by e’ we obtain

m—1

gy e =" fi@) e + f, (1) (22.193)

i=1
Differentiation by ¢ the relation (22.193) (k,, + 1)-times implies

d%n+D

m—1
o e =Y i@ e T = g0 @)
i=1

dt km+1)

where f, (t) are the polynomials of the same order as f; (¢). By the supposition before,
the function ¢; (¢) has a number of roots which do not exceed

Mg, +1 :=k|+...+km,1+m—2

Since between two roots of continuously differentiable function, there is at least one
kin

root of its derivative, then the function ¢, () :=

i (0@ e) will have ny, =

ny,+1 + 1. Continuing this process, finally we get that the function ¢, (t) := ¢ (¢) e~
will have

Amt

noznl—i—l=n2+2=...=nkm+1+(km—|—l)
=it t kg tm =2k + 1) =k 4.ty tm—1
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—Amt

And, since e > 0 always, we may conclude that ¢ (¢) has the same number of roots
as ¢ (t). Lemma is proven. O

Now we are ready to prove the main result of this section.

Theorem 22.27. (Feldbaum 1953) If the matrix A € R"™" has only real eigenvalues,
then the number of switches of any component of the optimal control (22.190) does not
exceed (n — 1), that is, a number of the intervals, where each component of the optimal
program (22.190) is constant, does not exceed n.

Proof. Let Ay, Ay, ..., A, be the different eigenvalues of the matrix A and r, 72, ..., 7
are their multiplicity numbers, correspondingly. Then a general solution of the adjoint
system of equations ¥ () = —AT(¢) may be represented as

Vi) = py@®e™ i=1,....n (22.194)
j=1

where p;; (t) are polynomials on ¢t whose order does not exceed (rj — 1). Substituting
(22.194) into (22.188) implies

(1) = = |1+ sign <Z bt (;)) 1 — sign <Z b, (t))]
i=1 i=1
—+ n m
- %k 1 + sign (; bi ; pij (1) ﬂj’)]
+ 7]( 1 — sign <Zb,k Zp,, (t) e Xf’)]
+
_ M

ug
+2

1 + sign (Z Dij () e A/t>

j=1

1 — sign (Z Pij (1) e“’)}

j=1

where py; (t) are the polynomials on ¢, whose order does not exceed (rj - 1), equal to

Py () = bupy; () (22.195)
i=1

Now the number of switches is defined by the number of the roots of the polynomials
(22.195). Applying directly the lemma above, we obtain that the polynomial function
ZLI Pi; (1) e7" has a number of real roots which do not exceed

rn-D+rH-DH+...+(nn—-—D+*k-D=rn+...+n—-1=n-1

Theorem is proven. O
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In this chapter we will present the material following Francis (1987), Zhou et al. (1996),
Curtain & Zwart (1995) and Poznyak (1991).

23.1 H,-optimization
23.1.1 Kalman canonical decompositions

The class of finite dimensional linear time invariant dynamic systems consists of
systems described by the following ODE with constant coefficients:

x(t)=Ax (@) + Bu (), x(t) = x
(23.1)
y(@)=Cx(t)+ Du(t)

where x (1) € R”" is associated with the system state, u (t) € R” is the input, and y (¢t) € R”
is the system output. A, B, C and D are appropriately dimensioned real constant matrices.
If r = p = 1, then a dynamic system (23.1) is called SISO (single input—single output),
otherwise it is called MIMO (multiple input-multiple output). In compact form (23.1)
can be rewritten as

(i) - [ég} (i) (23.2)

AB| . o .
where [ c D] will be referred to as a state space realization. The corresponding transfer

matrix G (s) from u to y which connected their Laplace transformations U (s) and Y (s)
(with zero-initial conditions) is defined by

] Y (s) =G (s)U (s) \ (23.3)

713
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and is equal to

G(s)=C(sI—A)"'"B+D (23.4)

Proposition 23.1. The transfer matrix G (s) is not changed under any nonsingular coor-
dinate transformation X = Tx (det T # 0) which converts (23.1) into

%i (t)=TAT "% (t) + T Bu (t)

(23.5)
y ()= CT~'% (t) + Du (1)
Proof. Evidently,
G()=C(I—A)"'B+D=CT"' (sI —TAT") 'TB+D 0

Proposition 23.2. The corresponding controllability C and observability (7) matrices are
related to the original ones C (9.55) and O (9.63) by

¢=TC, O=0T (23.6)

This implies that the controllability and observability properties are invariant under the
similarity (nonsingular) coordinate transformations.

Proof. Tt follows directly from the definitions (9.55) and (9.63). |

The next theorems, known as the Kalman decompositions, show (see the details in
Zhou et al. (1996)) that any linear system (23.1) can be transformed by a similarity
transformation into a system having two groups of the coordinates such that one of them
is obligatory controllable, or observable, or both properties hold simultaneously.

Theorem 23.1. (on the controllable canonical form) If the controllability matrix has
rank k. < n, then there exists a similarity transformation

X = <~xc ) =Tx
‘anC

such that

i ir _ A~c A~l2 ic + éc u
dt iunc - 0 ANun(f iumr 0

y= [éc éun(‘} (~xc ) + Du

xunr

where A, € Rk*k and the pair (/{C, ]}C) is controllable (see Criteria 9.8). Moreover,

~ - —1
G(S)ZC(SI—A)_IB—FD:CC(SI—AF) B.+D
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Proof. Since the pair (A, B) is uncontrollable and the rank of the controllability matrix
C is equal to k. < n, there exist k. linearly independent columns, say, (vl, R vk[)

of C such that v; := BA’ (j; € [0,n — 1]). Adding any linearly independent (among
themselves and with (vy, ..., v, ) ) vectors (V41 ..., v,) one can form the matrix

0= [vl R VS Vo -~-v,,] (23.7)
which is nonsingular by the construction. Then the matrix

T=0"' (23.8)
will give the desired decomposition. Indeed, since by the Cayley—Hamilton theorem 3.1
any vector v; can be represented as a linear combination of the columns of C, which
implies

ATil = [AU] ~-~Avkr Avkc+1 "'AU,,}

A, A A, A
:[vl...vkL vkt+1...v’l:||:0A"12:|:Q|:OAIZ:|

By the same way, each column of the matrix B is a linear combination of vectors
(vl, e, vkc), which also leads to the following relation

r-off] - [f

Notice also that C can be represented as

~ -~ o~ o\ ke—1 _ \n—1 _
C — T—l Bc AL‘BC e <AL‘) Bc e (AL‘> B(‘

Again, by the Cayley—Hamilton theorem 3.1 any matrix (A,) with i > k. can be

~\J
represented as a linear combination of the matrices (Ac) (G = 1,...,k.), which
is why
- . - Nke—1
rank [BC AB. - (AC> BC] = k.
So, the pair (AC, §C> is controllable. Theorem is proven. O

Corollary 23.1. According to Theorem 23.1 the state space {X} may be partitioned in

two orthogonal subspaces { ()(C)‘) } and ( ~0 ) where the first subspace is controllable
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from the input and the second one is completely uncontrollable from the input. Moreover,

since
1~ Xe
x=T"'%=[v; -+ v Uyt - v (2
xun(,‘

it follows that the controllable subspace is the span of the vectors v; (i = 1,...,k.), or

equivalently Im C.

Theorem 23.2. (on the observable canonical form) If the observability matrix has rank
k, < n, then there exists a similarity transformation

where AD e R*% and the pair (C’U, ANG) is observable (see Criteria 9.10). Moreover,

~ ~ -1 _
G(S)=C(S1—A)’IB+D=C,,(sI—AO) B,+D

Proof. By duality of the controllability and observability properties (see Criterion 6

in Theorem 9.10) the proof of this theorem can be converted to the proof of the

previous one. ]

Combining the two above theorems one can get the following joint result.

Theorem 23.3. (The Kalman canonical decomposition) The state vector x of any finite
dimensional linear time invariant dynamic system, given by (23.1), may be transformed
by a nonsingular transformation T (detT # 0) into the new states

Xe,0

Xe,uno = Tx
Xune,o

=1
I

Xunc,uno
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such that
ic,o
i Xe,uno
dt Xunc,o
Xune,uno
40,0 5 0 413 p ic‘,o Bc:,o
— A21 A(f,uno ~A23 A24 x:(,',um) + Bc,uno
0 0 Aunc,o 0 Xune,o 0
0 0 A43 Aunc,una Xunc,uno 0
x~c.u
~ ~ ~ X
y=1[C, 0][Cro 0 Cunco0] S|+ Du
unc,o
iunc,uno

where the vector X., is controllable and observable, X, ,,, is controllable but unobserv-
able, Xy, is uncontrollable but observable, and, finally, X,,c.uno is both uncontrollable
and unobservable. Moreover,

o - —1
G(s)=C(sI—A)'"B+D=C., <s1 — Am) B.,+D

23.1.2 Minimal and balanced realizations

Criteria for the minimality of transfer matrix realizations

Definition 23.1. A state space realization [2 g} of the transfer matrix function G (s)

is said to be a minimal realization of G (s) if the matrix A has the smallest possible
dimension. Sometimes, this minimal dimension of A is called the McMillan degree

of G (s).
Lemma 23.1. (The criterion of minimality of a realization) A state space realization

[2 g} of the transfer matrix function G (s) is minimal if and only if the pair (A, B)

is controllable and the pair (C, A) is observable.

Proof.
1. Necessity. First, show that if [2 g} is minimal then the pair (A, B) is controllable

and the pair (C, A) is observable. On the contrary, supposing that (A, B) is uncontrol-
lable and/or (C, A) is unobservable, by Theorem 23.3 there exists another realization
with a smaller McMillan degree that contradicts the minimality of the considered
realization. This fact proves necessity.
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2. Sufficiency. Let now the pair (A, B) be controllable and the pair (C, A) be observ-
able. Suppose that the given realization is not minimal and there exists another real-

ization {2 g} which is minimal with order n.;, < n. Since by Theorem 23.3

G(s)=C(sI—A)’IB+D=C~'(SI—A>711§+D
forany i =0, 1, ... one has CA’B = C A’ B which implies

oc=oc (23.9)
By the controllability and observability assumptions

rank (O) = rank (O) =n

and, hence, by the Sylvester inequality (2.24) we also have that rank (OC) = n. By
the same reasons,

rank (©) = rank (€ ) = & = rank (€

which contradicts the identity rank(OC) = rank <(~9(~3> resulting from (23.9). Suffi-
ciency is proven. O
A; B;
C; D

controllability C; and observability O; matrices respectively, then there exists the unique
nonsingular coordinate transformation

Corollary 23.2. If [ } (i=1,2) are two minimal realizations with the

1@ = Tx®
(23.10)
T=(0]0,)" 070, or T =0T (CCT)™

such that in the compact forms presentation (23.2) the corresponding matrices are
related as

(A, =TAT', B,=TB, C=CT"| (23.11)

Proof. Tt directly follows from (23.9) and (23.5). O

Balanced realization for a transfer matrix

In spite of the fact that there are infinitely many different state space realizations
for a given transfer matrix, some particular realizations turn out to be very useful for
control engineering practice. First, let us prove the following lemma on the relation of
the structure of a state space realization with the solutions of the corresponding matrix
Riccati equations.
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Lemma 23.2. Let {2 g] be a state space realization of a (not necessarily stable)

transfer matrix G (s). Suppose that there exists symmetric matrices

P = [181 8} and Q = [%l 8] (23.12)

with Py, Q nonsingular, that is, Py > 0 and Q, > 0, such that

AP + PAT + BBT =0
(23.13)

AQ+QAT+CTC=0

(in fact, P and Q are the controllability (9.54) and observability (9.62) grammians,
respectively).

Ay Ap B
1. If the partition of the state space realization, compatible with P, is | Ay; A»n B, |,
Cc, C, D

then {12,“ %} is also the realization of G (s), and, moreover, the pair (A, By) is
1

controllable, Ay, is stable and P, > 0 satisfies the following matrix Lyapunov equation

|AuPi+ PIAT + BiB] =0 (23.14)
Ay Ap By
2. If the partition of the state space realization, compatible with Q, is | Ay An B, |,
¢, C, D
then [12,” l;l] is also the realization of G (s), and, moreover, the pair (Cy, Ay1,) is
1

observable, Ay is stable and Q| > 0 satisfies the following matrix Lyapunov equation

’AlTlQ1+Q1A11+C1TC1=0‘ (23.15)

Proof.
1. Substituting (23.12) into (23.13) implies

Ay P+ PAT, + B,B] PAl, + B,B]

— T T —
0=AP+ PAT + BB _{ An P, + B, BT B,B]

which, since P; is nonsingular, gives B, = 0 and A,; = 0. Hence,
All A12 Bl All A12 Bl

Ay Ap B =] 0 Apn O
¢, G D cC, C, D
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and, by Lemma 2.2, one has
G)=CGI—A)'B+D

(I =A™ = (T —A) " Ap(sT — Azz)_l} {Bl}

=[G c] { 0 (sT — Ay~ 0

-1
= [Cl CZ} {(SI a ft)ll) Bl] =C(sI — A" B,

and, hence, {AC” %] is also a realization. From Lemma 9.1, it follows that the pair
1

(A1, By) is controllable and A, is stable if and only if P; > 0.
2. The second part of the theorem results from duality and can be proven following the
analogous procedure. m

Definition 23.2. A minimal [2 g] state space realization of a transfer matrix G (s) is

said to be balanced, if two grammians P and Q are equal, that is,

(23.16)

Proposition 23.3. (The construction of a balanced realization) Let { } be a min-

C D
imal realization of G(s). Then the following procedure leads to a balanced realization:

1. Using (23.13), compute the controllability P > 0 and the observability grammians
2. gs;zgo.the Cholesky factorization (4.31), find matrix R such that

P=R"R
3. Diagonalize RQRT getting

RORT =UX*UT

4. Let T = RTUX"'? and obtain new P,y and Q,y as

Pou :=TPTT =(TT) ' QT := Qpu = = (23.17)

Proof. The validity of this construction follows from Theorem (7.4)if A = P and B = Q.
Taking into account that for minimal realization A > 0 and B > 0, we get (23.17). O

Corollary 23.3.

Pyt Qpa = £? = diag (07, ..., 0?) (23.18)

n
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where, with the decreasing order number, o1 > ... > o, are called the Hankel singular
values of a time invariant linear system with transfer matrix G (s).

23.1.3 H, norm and its computing

It was mentioned in sections 18.1.8 and 18.1.9 that the Lebesgue space L5** (or
simply IL,) consists of all quadratically integrable complex (m x k) matrices, i.e.,

Ly = {F:C — C™* |

1T o
||F||$L£,,xk = / tr{F (jo) F~ (jow)} dw < 00 (23.19)

(with F~ (jo) = FT (—jw))

IL, space is (see (18.18)) a Hilbert space with the scalar (inner) product defined by

o]

1 .
(X,Y), =3 /tr{X(ja))Y (jo)} do (23.20)

wW=—00

The Hardy space Hj>** (or, simply, H,) is the subspace of ]L';’X" consisting of all
quadratically integrable complex (m x k) matrices with only regular (holomorphic)
(see Definition 17.2) elements on the open half-plane Res > 0. Evidently, H, is also a
Hilbert space with the same scalar product (23.20).

Lemma 23.3.
L, — H, ® H (23.21)
such that if X € H, and Y € H; then

(X, Y),=0 (23.22)

Proof. It is a direct consequence from Lemma 18.1 on the orthogonal complement of a
subset of a Hilbert space. U

The next theorems state the relation between L4 [0, oo) and Hj **.
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Theorem 23.4. If f (1), g (t) € Ly [0, o0) and their Laplace transformation (17.73)
are F (p), G(p) € Hy*, then the following identities hold:

1.
(fs &), == /tr{f(t)gT ()} dt
. (23.23)
=(F,G -—100 F(jo)G (jw)ld
= (F. Gl 1= 5 / {F(jo)G (jo)} do
where
G (jw):=GT (—jw) (23.24)
2.
. 1/2
I fllz, == /tr{f(t)fT (1)} dt
- (23.25)
o 1/2
= |Fllm = ! F(jo)G (jo)}td
= IFlls, = | 5— / tr{F(jo)G (jw)}dw

The identities (23.23) and (23.25) will be referred to as the generalized Parseval’s
identities.

Proof. It is a direct consequence of the Plancherel theorem 17.18 and its Corollary
17.14. O

Remark 23.1. It is obvious from the manipulations above that Ly-norm || f ||, is finite if
and only if the corresponding transfer matrix F (p) is strictly proper, i.e., F (00) = 0.

Sure, || F|l, can be computed, in principle, directly from its definition (23.25). But there
exist two other possibilities to realize this computation.

1. The first computational method
By the residue Theorem 17.5, ||F IIIZHIZ is equal to the sum of the residues of
tr {F (jw) G~ (ja))} atits poles a; (k =1, ..., n) in the left half-plane of the complex
plane C, i.e.,
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17 i
||F||§ﬂzzg / tr{F (jo)G (jo)}dw

(23.26)

=i Zres (tr {FGN}) (ax)
k=1

2. The second computational method
It turns out to be useful in many applications to have an alternative characterization
of |F ||%12 using the advantages of the state space representation.

Theorem 23.5. Let a transfer matrix G (s) have a state space realization {é lg] with
the matrix A stable (Hurwitz). Then ||G|I%IZ can be computed as follows:
IGIlf;, = tr {BTQB} = tr {CPCT} (23.27)

where P is the controllability (9.54) and Q is the observability (9.62) grammians,
respectively, which can be obtained from the following matrix Lyapunov equations

AP + PAT +BBT =0

ATQ+ QA+ CTC =0 (2328)

Proof. Since A is stable it follows that

e [CeMB if >0
g)="L (G)_{ 0 if 1<0

and, by Parseval’s identity (23.25) and the Lyapunov Lemma 9.1, we have

IGIR, = gl = / (g () g7 (1)) dt
~ =0
:/tr{BTeAT’CTCeA’B}dt
=0
=tr{ BT /eAT’CTCeA’dt By =tr{BTPB}
=0

= [ r{Ce”BBTe""'CT } dt

t=0
o0

=tr C /eA’BBTeAT’dt CT 5 =tr{CQCT}

t=0

which proves the theorem. U



724 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1
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Example 23.1. I[fthe state space realization of G (p) is [ 20

] then by (23.28) P = 1/2
and Q = 2. So, by (23.27), |G|§, = 2.

Remark 23.2. To compute the norm |G ||H2§]L2 it is possible to use the following procedure:

1. Separation: represent G (p) as

G(p) =G, (p+G_(p) (23.29)

where G4 (p) € RHL, i.e., it contains only stable elements, and G_ (p) € RHZL.
2. Representation:

IGI3y, = G+, + 1G_1I3, (23.30)

3. Calculation: using state space representations of G4 (s) and G_ (—s) (which corre-
spond to a stable system) calculate ||G+||112412: IG_ (s)||]%12 =|G_ (_s)||]%12 and, finally,
IGlI3y, applying (23.30).

23.1.4 H, optimal control problem and its solution

Consider a linear dynamic system given by

% (1) = Ax (t) + Bii (t), x (0) = x,
(23.31)
A c Rnxn’ B c Rnxr

Problem 23.1. The problem, called LOR (linear quadratic regulation), consists of finding
a feedback control ii (t) = Kx (t) € L} [0, 00) which

1. provides the property x (t) € L} [0, 00);
2. minimizes the quadratic performance index

oo

[ (x®O\ [0 S\ [x®
J () .—/<M)) (ST R> (Lm))dt (23.32)

where it is supposed that

S
(gQT R)zo, Q0=07>0, R=RT>0 (23.33)

Denote

u(t) := R (1) (23.34)
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permits to represent (23.32) as follows

oo

_ [ (x®O\T (0 S\ [x®)  ao
swor=[(G0) (& 7) () an s=sr

t=0

and the factorization

(&9)=(5)cn)

Q=C7C, I=D™D, S=CTD

leads to
T S
G (8 ) )=rersmr
Defining
[2(t) :==Cx (1) + Du (1) | (23.35)

we can reformulate Problem 23.1 as the following L, problem:

Problem 23.2. (LQR-L, optimization)

2 .
||z||L2 —  min

uel}[0,00)
X = Ax + Bu (23.36)
z=Cx+ Du
u=Kx

Under a fixed feedback u = Kx the given linear controlled system can be represented
as an uncontrolled system with a singular input:

X =Axx+ x5 (), x(0)=0
7= Ckx (23.37)
AK:=A+BK, CK=C+DK

The associated transfer matrix G g (s) from the singular input xy6 (t) to the “output” 7 is

G (5) = Cx (Is — Ag) "] (23.38)

with the state space realization Ax 1 .
Cx 0
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Theorem 23.6. (Zhou et al. 1996) If the pair (A, B) is controllable and (C, A) is
detectable, then the solution of the LOR problem is given by

|K=K*":=—(BTX +D70)] (23.39)

and the corresponding optimal performance index J (u (-)) (23.32) is

J () =llzll}, = Gk~ (s) xollfy, = xJ Xxo (23.40)

where X is the stabilizing solution of the following matrix Riccati equation

(A—BDTC)X+ X (A—BDTO)T
(23.41)
—~XBBTX + (DTC)T(DTC) =0

(In fact, X is the observability grammian of (Ck+, Ag~) satisfying the matrix Lyapunov
equation

AV X + XAg: — CF.Cgr =0 (23.42)
coinciding with (23.41)).

Proof. First, notice that under the conditions of this theorem and by Theorem 10.7 the
Riccati equation (23.41) has the unique stabilizing nonnegative definite solution X. If
K = K* is fixed, then the relation (23.40) results from the Plancherel theorem 17.18 and
the formula (23.27) if B = I. To prove the inequality |G (s) x0||ﬁ2 > |Gk (s) )coll]i2
for any stabilizing feedback u = K x, let us consider in (23.36)

u()=Kx(@)+v ()
which gives

X =Agx+ Bv, x(0)=x
Z ZCK*_X-l— DU

or, equivalently,

X=Agx +xy6(@)+ Bv, x(0)=0
ZZCK*X‘FDU

Applying the Laplace transformation to this relation, in the frequency domain we have
Z(s)=Cg+ (Is — Ag-) "' [xo+ BV (s)] + DV (s)
(23.43)
=Gk x+UG)V(s)

where

V(s):=L{v}, U():=[Gg:(s)B+ D] eRH,
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(since Ak~ is a stable matrix). Using (23.42) it is not difficult to check that
U (s)U(s)=1, U (5)Gg~ (s) € RHL

Indeed, the space realizations of U (s) and U~ (s) are

Ag- B - —AL. —CL.
U(s>=>{cm D], U (s)=>[ Ak G,
So,
—AL. —CL.Cx. —CLD
U U (s) = 0 Ags B
BT DTCK* I

Define the matrix

o

which is nonsingular for any X > 0. Then, the application of this similarity state trans-
formation (which does not change U (s)) to the state vector leads to the following state
space realization:

—ALl, —ClL.Cx« —CL.D —AL. 0 0
0 Ags B = | 0 Ax B
BT DTCyg- I BT 0 I

which gives U™ (s) U (s) = I. Also

AL 0 —X .
U ()G (5) = | 0 Ag I =T>{ I‘;‘TK* OX}
BTO0 0

which is equivalent to U (s) Gk~ (s) € RH;. Taking these properties into account and
in view of (23.43) we obtain

Z(s) =Gy () X0+ U () V ()
and
1Z I, = 1Gx- () %+ U () V (®IZ,
= G- ) xoll7, + U () V($)IF, +2(Gg- (5) X0, U (5) V (),
= G- () %oll}, + U () V (9)IF, +2(U* (5) G+ () X0, V (),

= IGk+ () Xollf, + 1U () V ($)II, = G+ () xoll3,
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where the equality is attained when U (s) V (s) = 0 for any V (s) which is possible if and
only if U (s) = 0. By the stability of G- (s) we get that |G- (s) x0||]2Lz =[Gk (5) x0||§ﬁz.
Theorem is proven. ]

23.2 H,-optimization

23.2.1 L, Hy, norms

As it has already been mentioned in section 18.1,

1. the Lebesgue space L"** is the space of all complex matrices bounded (almost
everywhere) on the imaginary axis elements, i.e.,

]LngXk = {F - C — (mek |
[ Fllppx == esssup o (F (iw)) < oo} (23.44)

w€e(—00,00)

where

& (F (iw)) == A2 {F (iw) F* (iw))

max (23.45)
= A2 LF* (iw) F (iw)}

max

is the largest singular value of the matrix F (iw). The space L"** with the norm
| Fllpzx (23.44) is a Banach space;

2. the rational subspace of L"**, denoted by ]RL';’OX", consists of all proper and (with real
coefficients) rational transfer matrices, defined on C, with no poles on the imaginary
axis;

3. the Hardy spaces H"** and RH?OX" are closed subspaces of the corresponding Lebesgue
spaces L% and RIL”** containing complex matrices with only regular (holomorphic)
(see Definition 17.2) elements on the open half-plane Res > 0. The H”** norm is
defined as

H2*k .= {F : C - C™* |

| Fllgut := esssup o (F (iw)) < 00 (23.46)
we(—00,00)

4. the rational subspace of H"**, denoted by R]H[&Xk, consists of all proper and rational
stable transfer matrices with real coefficients.

An engineering interpretation of the Ho, norm || ||y« (23.46) of a scalar transfer function

is the distance in the complex plane C from the origin to the farthest point on the Nyquist

plot (x := ReF (iw), y := ImF (iw)) of F, and it also appears as the peak value in the

Bode magnitude plot of |F(iw|.
Example 23.2. For

1—3s
F(§)=——-——
(I+s)(1+2s)
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(in fact, F (s) € RH, C RH,,) we have

F (iw) = ReF (iw) + ilmF (iw)

ReF (i) = 1+ 3w?
YT 0?) (1+ 40?)
) —20 (2 — ?)
ImF (iw) =

(1 +w2) (l +4w2)

\/(1 +302)" +40? (2 - ?)’
(1+@?) (1+40?)

|F (iw)| =

729

The Nyquist plot is given in Fig. 23.1, and the Bode magnitude plot is depicted in

Fig. 23.2.
Example 23.3. For

s—1

Fo=0

€ RH,,

it follows that

io—1—iw—1
io+1—iw+1

F(iw) F (iw) =

|Fllg, = esssup o (F (iw)) =1

w€e(—00,00)

>.03 04 05 06 07 08 09 1.
O.O%Otz\%mmmmvm%w

1 =62 (F (iw))

T

Fig. 23.1. The Nyquist plot of F (iw).
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|F (i )|

IFlly, = 1,22

[0)

P T H R TR T T |
5 L I LA L IS FL I LI S
00 02 04 06 08 10 12 14 16 18 20

Fig. 23.2. The Bode magnitude plot |F (iw)|.
Example 23.4. For
F(s)—L 5 78 eRH
T s+1\0 1 *©

we have

) . o .
Fio)F (o) = 1 (160 iw) ( i;)w (1)>

1 20 —iw
- 14+ w? lw 1

and
52 (F oy = LH2 VI 12407 + 14+ ot
o lw)) = =
2[1+ o?] 1 + w?
So,

IFl3, = esssup&® (F (iw))

we(—00,00)

\/1/4 ‘—1/2
1+ max /At / =2

we(—00,00) 1+ w?

The following inequality turns out to be important in the considerations below.
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Lemma 23.4. [on a relation between 1, and L., norms] For any g(s) € ]L’; and any
G (s) € Lnxk

1G (5) gLy < NG (g 18 ()l (23.47)

Proof. By the definition (23.19) it follows that

1

1G ) g9y = 5

[¢ (w)G (iv)G (iw) g(iv)] dw

g
—3

w=—00

A

(g (o) (G (i) G (i) g(iw)] dw

IA
|

tr{G (iw)G (iw)}g (iw) gliw)dw

IA

/ {esssuptlr{G~ (i) G (io)}| g (iw) gliw)dw

w€e(—00,00)

A

/ IG ()l g (iw)g(iw)dw

which proves the lemma. (]

23.2.2 Laurent, Toeplitz and Hankel operators

Main definitions
Definition 23.3. For G € L"** we may define the Laurent (or, multiplication) operator

Ag:LE— Ly (23.48)
acting as
AGF:=GFely if Fel}

Lemma 23.5. Ag is a linear bounded operator, that is,

[AGF Ly < I1G lyg [1F I (23.49)
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Proof. Directly, by the definition (23.19) and in view of (18.32), characterizing the
operator norm, it follows that

IAGFlly = / IAGE (o)l do
[ IAGF (ol
- / IF Gl 1o U g,
J IF Goll,

o0 A F .
< /nFuwm(wmw”GV@M)w
WwE(—00,00) ”F (]60)”2

w=—00

1AGF Gl [\
= <€SS sup ———— 2 IF (jo)ll, do = |G |l m 1 F Iy
we(—00,00) ”F (]0))“2 K -
which completes the proof. ]

By the orthogonal decomposition of the Hilbert space L% (see (18.23)) it follows that

L = (HY)" @ HE (23.50)

where (IHI’;)L is the orthogonal completion in 1% of HE, that is, (HX)" is given by

(]I-]Ié)L :={F:C~ — C* F is holomorphic (see Definition 17.2)

. 23.51
and (FIpe = sup [ IF @+ o)l do) (2351)
;<

Ww=—00

In view of the decomposition (23.50) the Laurent operator A (23.48) can be represented
in the “block form”

Al Ag}

Ag = 23.52
- M A 2332

where its “projections” A’é (i, j=1,2) act as

Ag : (H ) (Hy)"
A]Z . (H )J-
A2l . (Hk) Hm

AZ L HE > 1y

(23.53)

so that

(HE”)L> — {AE A};Z] ((HS)L>
( H AG A\ H,
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Definition 23.4.
(a) The Hankel operator T'; associated with G € L"** is defined by

g := A2 : (HE)™ — HY (23.54)
that is,
ToF =T (AGF (—5)) € H? for F (s) € HX (23.55)

where I1 is the orthogonal projection operator from L) onto HL'.
(b) The Toeplitz operator T associated with G € L’O”OX" is defined by

06 =AY HE > 1Y (23.56)
that is,
] OGF =1 (AGF (5)) € HY for F (s) € HE (23.57)

1
Example 23.5. (See Curtain & Zwart (1995)) Consider G(s) = Tra with Re a > 0.
s+a
Any F € H, can be represented as

F(s)=F(@)+(—a)X(s) forany secCt:={seC|Res > 0}
where X (s) € Hy. So, we have
I[GF =TI (AGgF (—s)) =11 (lF (—s))
s+a

F (a)
s+a

=1 (1 [F (@) + (—s —a)X(—s>]> =
s+a

Properties of Hankel operator T'
Proposition 23.4. The Hankel operator T' (23.54) associated with G € L"** has the
following properties:

1.

1761 < Gl (23.58)

2. l:fGl, G, € ]ngoxk then

’ FG1+(;2 = FG] + ng ‘ (2359)
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Proof.
1. By (23.55) and (23.49) it follows that

IT6Fllgy = ITT (A F (=) llmy
< IAGF (=9)lzy < G et I1F s
which implies

ITG F llg
ITgll = sup ———

< |G lpmx
Fek ||F||]L§ *

2. The property (23.59) easily follows from the fact that the Laurent (multiplication)
operator A (23.48) satisfies a similar relation, namely,

Agi46, = Ag, + A

Proposition is proven. O

Remark 23.3. If G (s) € RL"** then G (s) can be decomposed into a “strictly causal
part” G.(s) € RH;””‘ and an “anticausal part” G ;. (s), where G, () € (RH';”){
such that for all s € C

(G (5) = G (9) + Gune (5) + G (0| (23.60)

Hence, one can check that if F € (Hg)l then

TGF =T (AGF (=5)) = TL([G, (5) + Gunic (5) + G (00)] F (—5))
=T1(G. (5) F (=5) + T ([Gunie (5) + G (00)] F (=5)) = I (G, (5) F (—5))

or, shortly,

[GF = (G, (s) F (—s)) = FG(_F‘ (23.61)

that is, the Hankel operator T; associated with G (s) € RL"** depends only on the
strictly causal part G.(s) of G (s).

Remark 23.4. Particularly, if G (s) is antistable, i.e., G (s) € RH’O"OX]‘, then G.(s) =0
and

(23.62)
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Hankel operator in the time domain
Here we will introduce the time domain Hankel operator which has a natural relation
with the corresponding Hankel operator ' (23.54) defined in the frequency domain.

Definition 23.5. Let g (1) € L7* [0, 00). Then the time domain Hankel operator Iy, is
defined by

[, : L5[0,00) — L5 [0, 00)

R (23.63)
(Teu) 1) == [ gt+Du(r)dr, t=0
=0
Proposition 23.5. [. Fort >0
(Ceu) (1) = / g(iu(r—1)dr
o (23.64)
0
= / gt —1u(r)dr
where
g(v) if t=0
g(r) = {
0 i <0
{ 0 if t=0
u(r)=
u(—t) if t<0
2.
Irell = [ig@nas (2369)
=0
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Proof.
1. Indeed,
(Fgu)(t)z/g(t—l—r)u(r)d‘l:=/g(s)u(s—t)ds
=0 s=t
=/g(s)ft(t—s)ds=/g(s)ﬁ(t—s)ds
s=t s=0
=/§(s)ﬁ(t—s)ds= / gu—s)ds
s=0 §=—00
0o 0
=T / gt —vi(r)dt = / gt —1)i(r)de

2. Define the operator f‘g : LA[0, 00) — L% (—00, 00) by the relation

(f“gu) (1) == / G(s)ii (t — ) ds
Then
~ 2 v - 2
Pl o= / H(rgu) ol ar
=/ /g(s)ﬁ(t—s)ds dts/ /ng(s)nna(s—r)nds di
t=— =0 t=—00 s=0

lg &) |lg ()| i s =l || (s' = t)|| ds ds dt

L ~—3

= [ [l | [ vae—oili -0 dsas

s=05'=0 1=—00
(o Cle )
2 2 2
= / / g 1] (57) | et igg0, 00y s s = NG NTpetig, o0y 17510,y
§=05'=0

The result (23.65) follows then from the inequalities

) - 2
/H(Fg“) (I)H dr < / H(Fg”> (t)H dt < ”g”iq'kam) ”””ié{o,oo)
t=0 t=—00
The proposition is proven. ]

The relation (23.64) permits to interpret the Hankel operator Iy, associated with the
transition function g, as the map from the past inputs u () |,.o to the further output
y (1) ly=o, that is, (y () ly=0) = Ty (u (t) ;<o) (see Fig. 23.3).
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u(t) )

\j

Fig. 23.3. Time domain interpreation of the Hankel operator.

Lemma 23.6. The frequency domain Hankel operator T (23.54) is the Laplace-
transformed version of the time domain operator I'y (23.63) where g (t) is the inverse
(bilateral) Laplace transformation of G (s), that is, if U (s) = L {u} (s) then

L{T,u} =TcU (23.66)

and

ITe|| = T (23.67)

Proof. From (23.64) by the property (17.95) we have

(Teu) (1) = / it —r1)dr = / gt —s)i(s)ds
and, hence,
L{Tu}="L /g(r)ﬁ(t—r)dr

= L{g} L{u} =TT (AgU (—s5)) =T'gU

The equality (23.67) is true because of the isomorphism property between L, and L,
spaces (see the Plancherel theorem 17.18). O
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The norm of Hankel operator T acting from (RH’;)l onto RHY

Suppose that G (s) € RH&X" has a minimal state space realization {2 g} with A

stable. Then, according to (9.54), (9.62) and Lemma 9.1, the controllability G, and
observability G, grammians are given by

G. ::/eA’BBTeAT’dr, G, ::/eAT’CTCeA’dt (23.68)
=0

=0 7=l

and satisfy the matrix Lyapunov equations

AG.+G.AT = —BBT, ATG,+G,A=—CTC (23.69)

Let us define also the controllability V. and the observability W, operators which are
defined, respectively, as

W, : LS (—00,0] - C"

0 (23.70)
W (1) = / e " Bu (v)dt

T=—00

and

¥, : C" — LY [0, 00)
(23.71)
W, xg := Cet'xy, t>0

Lemma 23.7. For any G (s) € RHZ’OX" with a minimal state space realization [é Ig]

we have
r,=v,¥, (23.72)

and for any 7 € C"

YUz =G.z
(23.73)
Wi,z =G,z
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Proof. This fact can be easily checked directly using the representation of I', in the form
(23.64). Indeed, assuming that x (—oo) = 0 and in view of (23.64), we get

0
(W, W) (1) = Ce™ / ¢ Bu (v)dt

0 i 0
= / Ce*" DBy (t)dt = / gt —r)a(r)dr = (Teu) (1)

The relation (23.73) results from the definitions (23.68), (23.70) and (23.71) which
completes the proof. (|

Theorem 23.7. (on the norm of the Hankel operator) For any G (s) € RH"* with a
A B
c o0
1. the operators I';T'y, TG and the matrix G.G, have the same positive eigenvalues;

2.

minimal state space realization

[Te|| = ITG Il = vV Amax (G.Go) (23.74)

Proof.

I(a) If o is an eigenvalue of I’y corresponding to an eigenvector (function) 0 # u €
L% (—00, 0], then by definition

TiTou = WIWIW, W = o’u

and in view of (23.73), after the pre-multiplication of the last identity by W, and defining
z .= W.u, it follows that

W IiTu = VW WW,z = GGz =0V =07z

So, o2 is an eigenvalue of G.G,. Since both matrices G, and G, are strictly positive it
follows that o2 > 0.

1(b) To show that the operator I'},I' has the same eigenvalues let us rewrite equations
(23.69) in the following form

—(sI —A)G,+ G.(s] + AT) = —BBT
(23.75)
(sI+ATYG, — G, (s] —A) = —CTC

Pre- and post-multiplying the first equation in (23.75) by C (sI — A) " and (sI + AT) ' v,
respectively, where
1

vi=—— G, (23.76)
\Y A’l"l"lél)( (GL’GO)
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and w is an eigenvector corresponding to A (G.G,), namely,

G.Gow = Apax (G.G,) w
we get

—CG.sI+ATY v+ C I —A) "G

(23.77)
=—C(sI—A)""BBT(sI+A7T) v

Notice that

—CG.(sI+AT) 'v=—-CG. (s — (—A)T)v e (RH’;)L

C(sI — A" G.veRHY

Define two vector functions

f(s) ;== C (s — A)~'w € RHY
(23.78)
g(s) == —BT (sI + A7) v e (RHE)"

which will be referred to as the Schmidt pair of vectors corresponding to the transfer

matrix G (s) € RHZOX" with a minimal state space realization {é g} . Then

ch =V Amax (GLGO)w

and

C I~ A) " Gov = Vs (G.G)C (ST — A) ™' w = /A (GG )(s)
Notice that the right-hand side in (23.77) is

—C(sI—A)"BBT(sI + AT)'v=C(sI — A" Bg(s) = G (s)g(s)
which implies

—CGe (1 + AT 0+ V(GG f(5) = G (5) G(s)

Projecting this equality to RH’' and in view of (23.54) we get

|V (GG)H(5) = G (5) 9(5) = T'6g(s)| (23.79)
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Analogously, pre- and post-multiplying the second equation in (23.75) by wT (sI + AT)™
and (sI — A)~' B, respectively, we get

wTG, (s —A)'B—wT (s[ +AT)"' G,B
=—wT(sI+AT)'CTC(sI —A) "B =fT(=s5)G (5) =f (5)G (s5)
Since by definition G,w = /Ama (G.G,)v the last equality becomes as follows
Vs (GG )GT(—=5) —wT (5] +AT) ' G,B =1 (5)G (5)
Projecting this identity to RH' we obtain
Vamax (GG )T (=5) = /Amax (G.G)g (5)
=M (f ()G () =f (9T

Taking the conjugation operation from both sides of this equality we have

Tef(s) = Vi (G.GLIQ(5) | (23.80)

The relations (23.79) and (23.80) lead to the following identity

FZFGg(S) =V )\max (GcGa)sz(s) = )Lmax (GLG()) g(s) (2381)

This means that g(s) is the eigenvector of I';I'g corresponding to the eigenvalue
rmax (G.G,). Evidently, the other eigenvectors are

1
\% )"max (GC G())

9i(s) == —BT(sI + A7) v, v = Gow;

GCGOU)[Z)\,[U),‘ (l=1,,l’l)
such that A;, = Anax (G.G,) for an index iy. This shows that

Amax (FZFG> = Amax (GLGU)

and, hence,
U T TgU
ITiTo) = sup 00 = hn (TET6) = homas (G.Go) (23.82)
Ue(REE)" vy
2. (23.74) follows from (23.82) and the relation (23.67). Theorem is proven. O

Corollary 23.4. For any s € C

f(9)f(s) =g (9)g(s) (23.83)
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Proof. Tt results directly from (23.79) and (23.80) since

~ 1 -
f () = mf (s) (I'gg(s))
1 - -
= m (f (S)FG) g(s) =g (s)g(s)
Corollary is proven. ]

Example 23.6. For

1_
G(s):ﬁ:GAs)%—G(oo)

2
G (s) = T+ G (00) = —1
in view of the relation (23.61) ' = I'g, it follows that the minimal state space realization
of G, (s) is {_21 (1)} So
A=-1, B=1 and C=2
and, hence, by (23.69)

B 1 c?
GC: = -, G(): :2
21A] 2 21A|

Using (23.74) we get

ITell = |Te. | = V/G.G, = 1

23.2.3 Nehari problem in RL"**

Nehari problem formulation

The Nehari problem deals with the approximation of a transfer matrix G(s) € ]R]L’;Xk
by an anticausal transfer matrix X € (RIHI;"OX")l where the approximation is done
with respect to Lo, norm. It is naturally formulated in frequency domain terms in the
following way:
Given a matrix-valued function G(s) € RIL';’OX" , find the L., distance of G from the
set of unstable matrix valued functions X (s) € (RHZ’OX" )l and define one of X, (s) €
(]R]HI’;’OX")L where this minimal distance is achieved, that is, for the given G(s) € RL"**
calculate

Yo = dlist (G, (RH’:OX")L) = inf [IG(s) — X () llpue (23.84)

X(s)e (REH) "
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and find any X, (s) € (RHZ’?"){ referred to as an optimal element, such that

1G(s) = Xo () llLms = Vop (23.85)

mxk

Even this problem is formulated in Banach space RIL_*", it admits a precise and elegant
solution in terms of the Hankel operator I'; of the matrix-valued function G(s).

Theorem 23.8. (Nehari 1957) Let G(s) € RL™*. Then

Vopr = inf  [IG(s) = X ()l =
X(s)e(RHZ*)

(23.86)
inf  [[Ge(s) = X ()l = IT6ll = ||T,

X(s)e(RHZF)

where G, € R]HIZ”]‘ is the causal part G(s). If there exists an optimal element X, (s) €
(R]I-]I;’;Xk)L such that (23.85) holds, then it should satisfy the identity

[G(5) — Xo ()] g(s) =T, 9(5) | (23.87)

where J(s) is defined by (23.78) for a minimal state-space realization of G.(s).

Proof. By (23.58), (23.59), (23.61) and (23.62) for any X (s) € (]R]HI’:OX]‘)L it follows that

IG(s) = X ()l = ITg—xll = IT¢ = Txll = ITg Il = ||Tq,

which states the inequality

Yopr = inf |G (s) = X ($)[lpme = IT6ll (23.88)
X(s)e (RHZ)

Suppose that there exists X, (s) € (R]I—]I’;’OX")l such that

2 U T U

= sup L
Ue(RE)" vuu

1G(5) = Xo ()1t = ITG1I* = [T,

(23.89)
(23381) QN (S)FEF;L, ¢, 9(s)

= Amax (szrcﬂ) gN (s)g(S)

Denote

h(s) :=[G(s) — Xo ()] 9(s)
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and consider

2 2
171 (5) = Ta.9()||p = 12 () 1IEy + ||Fccg<s2>||L,z,, (23.90)
—2(h (s), FG(g(s)>wL,2”
Using the presentation

h(s) = 1A (s) + TT*A (s)
Th(s) € RHY, TI“%(s) € (RHY)"

and remembering that
gs) € (RHY),  Xo(s) € (RHM)Y, X, (s)g(s) € (RH)"

we derive

(h():T6,9(5))

Mh (s) + T (5). T, 9(s))

[T (5), T6,9(5)) = (MG () = Xo ()] 9(s), T6,9(5)),
M[G(s) = Xo ()] 9(): T6.9(5))p = (MG©)Y(5). T6,9(5))
[69(). T6,96)),, = [T6.96)|[7,

o o~~~

So, (23.90) becomes
7 (5) = T, 90 1 = I8 )12y = [Te.96) |5,
which, by (23.47) and (23.89), implies
|7 (s) — chg(s)||§g, = lh )iy — ||Fccg<s>||§,2,, < 1G(5) = Xo ()1}
— P92y < IT6I” = ||T6. 9|7
= M (GeGo) = Anax (GcG,) = 0

This means that if (23.89) holds then obligatory (23.87) holds too. Theorem is proven. [J

Corollary 23.5. In a multidimensional case (when k-+m > 2) the Nehari problem (23.84)
has infinitely many solutions, and at least one of them, referred to as the central optimal
element, is given by

Xo (5) = G(s) — Vimm (GG 9 ) (23.91)
g 5)06)
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Proof. The direct substitution of (23.91) into (23.87) and (23.86) shows that X, (s) given
by (23.91) is a solution of the Nehari problem. Indeed,

o
[G(5) — Xo (9] 9(s) = Vi (GG~ ) o)
g (s)g(s)

=« )\-max (GcGo)f(S) = FGCQ(S)
and, by (23.79) and (23.80),

2

f(s)g (s)

G — X zmxk = Amax (GG, ~
G (s) 0 ()l ( ) g (s)g(s)

k
LI

f(s)g () g&f () )
g (5)9(s) g (5)9(s)

= Amax (G:G,) €S5S SUP Amax <

we(—00,00)

f(s)f (s) >
= )\max GcGa )"max T~
( )wees(fosol.]o% (9 (s)g(s)

Amax (G.G,) ess sup

w€e(—00,00)

( f(s)f(s)

T <~ :)\'max GCG() = |Te. :
gmw) (6:Go) = IFe|

which proves the desired result. (]

Corollary 23.6. The transfer matrix [G(s) — X (s)] with X, (s) given by (23.91) is an
all-pass transfer matrix, that is,

r ([G(s) ~ Xo )] [G(s) — Xo (s)]) = const (23.92)

Proof. Indeed, by (23.91), we have

r ([G() = Xo )] [G(5) = Xo ()]

g)f (s) f(s)g ()
g (5)g(s) g (s)g(s)

= )"max (Gan) tr ( ) = )"max (GCG())
U

Corollary 23.7. (Adamjan et al. 1971) In the scalar case (m =k = 1) the Nehari
problem (23.84) has the unique solution given by

Xo (s) = G(s) — v/ Amax (GcGo)@ (2393)

g(s)
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Proof. This fact follows directly from (23.87) since it is the unique central element.
Indeed,

[G(s) — Xo (9] 9(s) =T'6,9(5) = V/ Amax (GG o)f(s)

and in the scalar case

G(s) — Xo (s)9(s) = o 9) _ N7 (GcGo)f(—s)
g(s) a(s)

Example 23.7. Let

(1457 G +s)
(14+10s) (s — 1) (s = 95)

G(s) =

It can be represented as

G(s) = G.(5) + Guue(s) + G(00)

G.(s) = —2 4 =0.70749
1+ 10s
b
Gune(s) = — T b 096257, ¢=12193
s—1D (-5
G(o0) = 0.1

The minimal state-space realization of G.(s) is
A B| _ |-0.1 0.1
CO| | a 0

which gives

G. =005 Gy=>5d>
IT6.|| = VG.Go = 0.5a = 0.35375

w=1, v=10a, f(s)=

s+0.1
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and, finally,

f
XO (S‘) = G(S) - )\max (GCGo)g((i))
b+cs 0.45374s% — 1.5031s + 3.2313
— 0.45374 + =
(s—1)(s—5) s—1 (-5

Remark 23.5. The problem dealing with the approximation of a transfer matrix G(s) €
RL;"OX]‘ by a causal transfer matrix X (s) € RHZ’OX]‘, where the approximation is done

with respect to L., norm, is equivalent to the Nehari problem (23.84) where the given
transfer matrix G(s) € RIL':OX]‘ is changed to

G(s) = G(—s) e RL™* (23.94)

Indeed, changing variable s to (—s) it follows that

dist (G, RH.*) := « )i%%mxk 1G(s) — X ()|t
s)eRHY,
= inf IG(=s) — X (=)l

X(—s)e(RHLF) "
(23.95)
= inf ||G(s) - X (s)||ka

X(—s):=X (s) e (REL*) "

= dist (G, (RHZ*)")

23.2.4 Model-matching (MMP) problem

A controlled system is said to be robust if it possesses a guaranteeing working quality
in spite of the presence of some uncertain factors (usually related to environment pertur-
bations) which may affect it during a normal regime. Formally, the problem of synthesis
of robust controlled systems belongs to the class of the, so-called, min—max optimization
problems where max is taken over the set of uncertainties or disturbances and min is
taken over the set of admissible controllers. In this subsection we will consider one of the
most important min—max control problems and show its close relationship to the Nehari
problem discussed above.
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MMP problem formulation
Consider a multi-connected linear system which block scheme is presented in Fig. 23.4.
Suppose that all blocks in Fig. 23.4 are stable, that is,

T, e RH”M, T, e RH™*, T3 e RH™, Qe RH7<**
ki =k, m2=kq’ mq=k3, msz =m,
Problem 23.3. (MMP) The model-matching problem (MMP) consists of finding a stable

block with the transfer matrix Q (s) which for the worst external perturbation & of a
bounded energy, i.e.,

Eell: / IE @*dt < C < 00 (23.96)

t=0

would provide the “best approximation” of the given plant with the transfer matrix T, (s)
by the model with the transfer function T (s) Q (s) T5(s), namely, the MMP problem is

J(Q):= sup / le 1)|*dt —  inf

QeRH N

t
geL): / g ®I*dr < C (23.97)
t=0

eM):=y@) =y

where
y (1) == LT (s) E(s)}

JO) =LH{[LE Q) T ()] E@)}

Stable plant

Fig. 23.4. The block scheme for the MMP problem.
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are the inverse Laplace transformations (17.79) of the corresponding vector function
defined on C and

E(s) =L{E 0}

is the Laplace transformation (17.74) of & (t).

One can see that it is a min—-max optimization problem.

The equivalent MMP problem formulation in the frequency domain
Lemma 23.8. (on the equivalency) The MMP problem (23.97) in the time domain is
equivalent to the following MMP problem in the frequency domain:

J(Q=CITi(5) = T2(5) Q () Ty ()} s
(23.98)
— inf
QeRH N
Proof. By Parseval’s identity (17.107) it follows that
v
J(Q)= sup o IE (o) do
Eipe J IE(w)Pdo<C  p=—o0
- 2
= sup JElZy = sup [[Ti(s) = Ta(s) Q) Ts ()] E (9)|| s
NI, <C toEIER, sC :
2 2

C T () = T2 () Q () Ty 9)I2m

where E (iw) := L{e (¢)} is the Laplace transformation (17.74) of ¢ (¢). But by (23.47)

I[Ti () = T2(9) Q () T3 ()] E ()|
< 2 P e 2 (23.99)

= ITi () = T2 () @ () T5 ()Ml ggmons 1E ()
and the equality is attained. Indeed, if

wy :=argmax esssup o (T (iw) — T, (iw) O (iw) T3 (iw))
w€e(—00,00)

is finite, then the equality in (23.99) is attained when

E(iw) 8 (iw) =218 (0 — wo) I,
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If |wg| = o0, then esssup o (1) (iw) — T, (iw) QO (iw) T5 (iw)) can be approximated

. . @€(=00,00) .
with any desired accuracy since the functional

[T1 () = Ta(s) Q () T3 (s)]

is bounded everywhere in the right semi-plane of C. In view of this,
- 2
sp [T () = T() Q) T3 D] E )| 1
=8I, <C
Ly

= esssup 0 (T) (iw) — T, (iw) Q (iw) T (iw)) sup |E (s)||]2L;,

w&(—00,00) g E)%, <C
L,!

CIITi (5) = T5.(5) @ (5) Ty ()11 oy

which completes the proof.

Inner—outer factorization
Definition 23.6. A transfer (m x k) matrix N (s) is called
1. inner if for all s € C

N (s) € RH"*

i.e., N (s) is stable, and

N ()N () =NT (=) N (s) = Lk

2. co-inner if for all s € C

N (s) € RH*

i.e., N (s) is stable, and

NESN () =NENT(=5) = Lixn

(23.100)

O

(23.101)

(23.102)

(23.103)

(23.104)

Remark 23.6. Observe that for N (s) to be inner it must be “tall”, i.e., the number of
rows should be more or equal to the number of columns. Sure that by duality, for N (s)
to be co-inner (or, equivalently, for NT (—s) to be inner) the number of columns should

be more or equal to the number of rows.

Example 23.8. In the scalar case (m = k = 1) the following functions are inners:

a—s 1 —as + bs?

a+s’  1+as—+bs?

(a is any real number)
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Proposition 23.6. If N (s) is inner and F (s) € L} then

INFlis = I1F I (23.105)

that is, the multiplication of any vector F (s) € L% by an inner N does not change the
L norm of F. Analogously, if N (s) is co-inner and F (s) € L% then

HFN

u= 1 F 1l (23.106)

Proof. Indeed,

17 o
||NF||E§ = o / tr{N(Ja))F(Ja))F (Jo)N (Ja))}da)
[
ZE / tr{N (Jo)N (jo) F (jo) F (Ja))}dw
= / {F (jo) F (jo)}do = || F|}
For the co-inner case the proof is similar. (I

The next lemma presents the state-space characterization of inner transfer functions.

Lemma 23.9. (Zhou et al. 1996) Suppose that a transfer matrix N (s) € IR]HIZOX/‘ has a

and X = X7 > 0 satisfies the matrix Lyapunov equation

tate- realizati A B
Siate-space realization C D

[ATX +XTA+CTC=0] (23.107)

Then the following properties hold:
(a) the relation

[DTC+BTX =0| (23.108)
implies
(N ()N (s) = DTD] (23.109)

(b) if the pair (A, B) is controllable and (23.109) holds then (23.108) holds too.
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Proof. Notice that the state-space realization of N (s) N (s) is
A 0 B
—CT7C —AT —-C'D (23.110)
DTC BT D7D

Define the matrix

I 0
S
which is nonsingular for any X > 0. Notice that
4 _ |10
= [ X I

Then, the application of this similarity state transformation (which does not change
the corresponding transfer matrix) to the state vector leads to the following state-space
realization and corresponds to the multiplication of (23.110) by T and post-multiplication
by T yields that N (s) N (s) also has the state-space realization

A 0 B
—(ATX+XTA+CTC) —AT —(XBT +CTD)
BTX 4+ DTC BT DTD
A0 B
= 0—AT —(XBT +CTD)
BTX + DTC BT D™D

A0\ B
=[BTX+DTC BT] K”‘o-m)] (—(XBT~|—CTD)>

(sI —A)™! 0 )

[BTX +DTC BT]( 0 (sI+AT)"

B
X + D7D
—(XBT+CTD)
Then (a) and (b) follow easily. O

One can see that adding the simple condition DT D = [ provides that N (s) N (s) = I.
The next corollary of the theorem above evidently states the more exact result.

A B L
Cc D which is minimal
and stable (A is Hurwitz). Let G, be the corresponding observability grammian. Then
N (s) is an inner if and only if

Corollary 23.8. Suppose N (s) has a state-space realization [
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BTG, +DTC =0

DTD=1 (23.111)

Definition 23.7. We say that for G (s) € ]LH;"OX]‘ there exist
(a) a right co-prime factorization (RCF) if

G =NEM ' ()] (23.112)

where N (s) € RH.*? is an inner and M (s) € RH’;:” (i.e., M (s) is stable);
(b) a left co-prime factorization (LCF) if

’G (s)=M"(s)N (s)‘ (23.113)

where N (s) € RH{’.OX]‘ is a co-inner and M (s) € RHEZX™ (i.e., M (s) is stable)

Remark 23.7. It is not difficult to show (see Zhou et al. (1996)) that

(a) two matrices N (s) and M (s) in (23.112) are right-co-prime over RH, if they have
the same number of columns and there exist matrices X and Y (of the corresponding
size) in RH, such that

(X Y] [%] =XM+YN=1 (23.114)

(b) two matrices M (s) and N (s) in (23.113) are left-co-prime over RH if they have
the same number of rows and there exist matrices X and Y (of the corresponding
size) in RH,, such that

[MN] {ﬂ =MX+NY =1 (23.115)

The relations (23.114) and (23.115) are often called the Bezout identities.
The next theorems show when such factorizations exist.

Theorem 23.9. (Zhou et al. 1996) Suppose G (s) € LH”* and m > k. Then there
exists an RCF G (s) = N (s) M~! (s) such that N (s) is an inner if and only if

(G (i) G (iw) = GT (~iw) G (iw) > 0 (23.116)
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for all ® € [—o0, 0] (including at +o00). Furthermore, if G (s) € RH™* and its
state-space realization [ é g } has the stabilizable pair (A, B) such that the transfer

matrix G (iw) = C (iw — A)™' B + D has the full column rank for all ® € [—00, 0],

M(S)) e RHkxp+m><p is

then a particular state-space realization of the desired RCF < N (s)

A+ BF BR?
F R (23.117)
C+DF DR

where
R=D"D >0
(23.118)
F=—-R Y (BTX 4+ DTC)
and X > 0 is a solution of the following Riccati equation
(A—BR'DTC)X+ X (A—BR'DTC)T
(23.119)
— XBR'BTX—-CT(I-DR'DT)C=0

Proof. (a) Necessity. Suppose G = NM~' with N an inner and M (s) € RH"*”. Then

G (iw)G (iw)= (M~! (ia)))N N ()N (o) M~ (iw)
= (M (iw)) M7 (iw) >0
for any w € [—o00, o0] since M (s) € RH’;:”, that is, M (s) is “stable”.
(b) Sufficiency. First notice that if G = NM~" is an RCF, then G = (NZ) (M Z)™" is

also RCF for any nonsingular matrix Z € R”*?, Suppose now that N has its state-space
realization as

A+ BF BZ
C+ DF DZ

For N to be an inner, as it follows from Corollary 23.8, we should have
(DZ)"DZ =1

Select F in such a manner that the following matrix identities have been fulfilled:
(BZ)TX+(DZ)T(C+DF)=0

(23.120)
(A+BF)"X+X(A+BF)+ (C+ DF)"(C+ DF) =0
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Take Z = R~/ where R := DTD > 0 by the assumption of the theorem. Then the first
equation in (23.120) becomes

(BR™'?)T X + (DR™'?)T(C + DF)
=R '?BTX +R'?’DT(C+DF)=0
which implies
R'V*DTDF = —R'"*(BTX 4+ D7C)

1/2

Then, pre-multiplication of the last equation by R™'/* gives

F=—R Y (BTX+DTC)
Substituting this F into the second equation in (23.120) gives exactly (23.119). The
existence of a nonnegative solution X > 0 for (23.119) guarantees the fulfilling of

(23.116).! O

Remark 23.8. Notice that if G (s) = N (s) M~' (s) € RH"*, then M~' (s) € RHZ*
and M~ (s) is called an outer, so

(G (5) = Ginn (5) Gous (5) | (23.121)

where

(G () =N (5). Gou (5) = M~ ()

The factorization (23.121) is referred to as an inner—outer factorization. In an anal-
ogous way the co-outer can be introduced such that the following co-inner—co-outer
Jactorization takes place:

G () = M () N (5) = Gour (5) Ginn (5)
(23.122)
Gim (8) = N (5),  Gou (5) = M~ (5)

Remark 23.9. The analogue result is valid for LCF (23.113), namely, supposing G (s) €
]]_:HZ'OX" and m < k, one concludes t~hat there exists an RC~F G (s) = M~ (s) N (s) where
N (s) € RH;}Xk is a co-inner and M (s) € RHZ*" (i.e., M (s) is stable) if and only if

]G (iw) G (iw) =G (io) GT (—iw) > 0 (23.123)

for all w € [—o0, 0] (including at £00).

! For details see Theorem 13.19 in Zhou et al. (1996).



756 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

Lemma 23.10. For any F (s) € LH’;’OX]‘ and any inner N (s) € RHZ*" (or any co-inner
N (s) € RHX?)

| Fllpmxe = IN (8) Fllyme = HFN (s)H (23.124)

k
L

that is, the pre-multiplication by an inner or the post-multiplication by a co-inner pre-
serves the L, norm of any transfer matrix.

Proof. Tt follows directly from the definition (23.44) since

INF|lpmx := esssup o (N (iw) F (iw))

w€e(—00,00)

= esssup M2 {F (io) N (io) N (iw) F (iw) }

max
we(—00,00)

= esssup M2 {F (i) F(iow)} = || Fllp
)

max
w€e(—00,00

and

HFJ\?H = esssup & (F (iw)]\?(iw))

k
L&* we(—00,00)

= esssup A2 {F(iw)z\?(iw) N (iw) F~ (iw)}

max
w€e(—00,00)

= esssup M2 {F (io) F (io)} = || Fllpx
)

max
w€(—00,00
O

Now we are ready to give the solution to the MMP problem (23.98) showing its
equivalence to the Nehari problem (23.95).

Theorem 23.10. The MMP problem (23.98) is equivalent to the Nehari problem
(23.95) with

X (s) = M5y (s) Q (s) My (s) € RHZ2"!
(23.125)

G(s) =N, (5)Ti (s) N, (s)
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and one of its solutions is

X () = My (s) [N, (=) T (=) Ny (=)

oo™ (=) (23.126)
—S —S ~
_\/)\'max GCG() =, -, < M
( )g (=5)9(=s) : )

where f(s) and g (s) is the Schmidt pair (23.78) for N, (s) Ty (s) N5 (s) and G, G, its
grammians (23.68).

Proof. Using RCF and LCF for T (s) = N, (s) My (s) and for T; (s) = M5 " (s) N3 (s),
respectively, and applying the property (23.124), we get

J(Q)=CIITi(5) = T>(5) Q) T5 ()2

=C Hn (5) — Na (s) M3 (5) Q () M3 (s) N (”H;H

my xk|
00

=c|v; O ne R © M e e o

P2%XP|
00

which is exactly (23.95) with (23.125). The solution (23.126) results from (23.126). O

23.2.5 Some control problems converted to MMP

H,—control robust with respect to external perturbations—Problem formulation
Problem 23.4. For the linear system given in the frequency domain by Fig. 23.5

w4 z
G(s)
L y
K(s)

Fig. 23.5. The block scheme of a linear system with an external input perturbation and an internal feedback.
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G ) e {G () G (S)}

Guy () Guy(s)
Z(s)\ _ W (s)
(Y(s)) =G (s) (U(s)) (23.127)

Us):=LA{u}, Y():=LA{y}
Z(s):=L1{z}, W(s):=L{w}

(z (t) € R" is associated with the part of coordinates forming a cost function, u (t) € R”
is the controlled input, y (t) € R? is the system output which may be used for feedback
designing and w (t) € R? is an external perturbation) design a feedback (dynamic)
controller with a transfer matrix K (s) given by

Us)=K ) [Y (5) + W ()] \ (23.128)

such that
1. K (s) is proper and stable, i.e.,

K (s) € RH” (23.129)

2. it minimizes the following min—max criterion

J(K)— min
(K) o (23.130)
J(K)y= sup | Zlle

WeLs:|WIIF, <cw
“2

where supremum is taken over all external perturbations of a bounded energy.
Here the large symbols are the Laplace transformation of the small ones.

Notice that

Z($)=Gu: () W(s)+ Gu: (5) U (5)
=Gu: ()W () + Gz (5) K (5) Y (s)

and

Y (s)= Gwy () W(s)+ Guy ) U (s)
=Guy )W)+ Guy (5) K ()Y (5)
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which leads to the following relations
Y ()= 1[I — Guy () K ()] Gy () W (5)
Z) = (Guy )+ Gy O K 6) [ = Gy ) K 9)]” Gy () W (5)

U(s) =K ) [I = Guy () K ()] Guy (5) W (s5)

Remark 23.10. [. The cost functional J (K) (23.130) exists (finite) if and only if the

closed-loop system is stable, that is, when Z (s) € ]L;H and Y (s) € Ly if W (s) € L.

2. By Lemma 23.4 it is possible if and only if the transfer functions from W (s) to Z (s)
and Y (s) are stable, namely when

Guy () + Gy (9) K () [I = Guy () K (9)] ' Gy () € R

pxn

[I = Guy (s) K ()] Gy (s) € RHL,

Parametrization of all stabilizing stationary feedbacks

Problem 23.5. Characterize the set of all stabilizing feedbacks K (s) which provides the
stability for K (s) itself as well as for [I — G,y (s) K (s)]71 supposing that the transfer
matrices

Gy (5) and G, (s)

are stable, that is, we will try to find

K (s) € RH "

such that
[I =Gy (s) K ()] € RHZ*P (23.131)
providing

Gy (s) €e RHEX?, G,y (s) € RHY

oo

Proposition 23.7. K (s) stabilizes G (s) if and only if it stabilizes G,y (s).

Proof. 1t follows directly from (23.131). O



760 Advanced Mathematical Tools for Automatic Control Engineers: Volume 1

Theorem 23.11. (Youla parametrization, 1961) The set of all (proper real rational)
transfer matrices K (s) stabilizing G, (s) is parametrized by the formula

K ) =[Y () = M6 QOIX($) = N©) Q)]
) o ) (23.132)
= X0 - 00N ] [F©) - 0@ (5]

where the matrix Q(s) € RH,, (provided that two inverted matrices exist) and all other
matrices are also from RH,, and define the, so-called, double-co-prime factorization of
G,y (5), namely,

Gy (5) = N()M~'(s) = M~ (s)N (s)

~ ~ 23.1
X —To][Me Y©] _, (23.133)
—N(s) M(s) | | N(Gs) X(s)
Proof. 1t can be found in Francis (1987) as well as in Zhou et al. (1996). ]
Corollary 23.9. If K (s) is as in (23.132), then
=G KGO =M (X© -0 N )
(23.134)

KOU =Gy @OK®I =N© (X0 -2 N ©)

Proof. Substituting G, (s) = N(s)M~'(s) = M~'(s)N(s) and using the second identity
in (23.133) imply the desired relations (23.134). |

The solution of H, — linear robust control problem
Theorem 23.12. The problem 23.4 is equivalent to the model matching problem (23.98)
with

Ti(s) = Guy(s) + Gy (SN ()X (5)G oy (5)

T5(s) = Guy(s)N(s) (23.135)

T3(s) = N(5)G oy (5)

Proof. The cost functional (23.130) can be represented as

J(K)y:=  sup |Zlgpw = sup ITWGew

WELL:IWIIZy <c WeL:IW Iy <cu
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where (omitting the argument)

T =Gy +GuK[I —GuK] ' Gy

which in view of (23.134) becomes

T=Guy+GyN (X = ON) Gy,

- [G,ﬂy + Guny(Gwy] —[G,N]Q [N’ G"U}

which completes the proof.
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O

Robust filtering problem: consider a linear system which block scheme is given at

Fig. 23.6.

Problem 23.6. Find a filter F (s) € RH." if it exists which minimizes

w:f|w|?

J(F) = sup

15[0.00) =

2
L5[0,00)

Hx—)?

2
<c ”w”Lé[OA,oo)

(23.136)

Here w(t) € L%[0,00) is an external noise, x (t) € L4[0,00) is a state vector,
y (1) € LY [0, 00) is an output of the system and X (t) € L} [0, 00) is a state estimate.
For physical reasons it is supposed that all transfer matrices are stable, that is,

G (s) € RH "

o0 !

F(s) e RH'*", H(s) € RH"

— G(9) H(s)

<

€E=X—

F(s)

Fig. 23.6. Filtering problem illustration.

x>
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As before, in view of (17.107) and (23.100), we have

HX(s) X

2
L

J(F) sup

2
W:uwuiégc ||W||L§

sup  |1X (5) = F (9) Y9)IIF,

Wi W2, <c
IWIy <

sup  [|[G ()= F () H®IW ®)];,

Wi W2, <c
L

G (s) = F (s) H ()l fgpe

Using the left-co-prime factorization (23.113)

H (s) = M~'(s)N(s)

and applying the property (23.106), we derive
. T
IR =c|6©-Fom'oro|

—c G(s)—F(s)M’l(s)N(s)} ol

k
RHKX"

2

=c||G (s) N~(s) — F (s) M~ (s)

k
RHYX"

which leads to the following result.

: Volume 1

(23.137)

Theorem 23.13. The robust filtering problem (23.6) is equivalent to the model matching

problem (23.98) with

Ti(s) = G (s) N~ (s)
To(s) =1, Q(s) = F(s)

Ts(s) = M~'(s)

Proof. Tt results from (23.137).

(23.138)
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Adjoint equations, 673
Algebras, 294

sigma, 295
Algebraic complement, 11
Algebraic Riccati-Lurie’s matrix inequality,

195

All stabilizing feedbacks, 759
All-pass transfer matrix, 745
Almost everywhere concept, 311
Analytical center of the LMI, 210
Arc, 401

length, 402

simple (Jordan), 401
Arrow-Hurwicz—Uzawa method, 639
Axioms

field, 232

Barrier function, 210
Bellman’s principle of optimality, 688
Bezout identities, 753
Block-matrix
inversion, 31
Boundary of a set, 259
Bounded LS problem, 223
Bounded real condition, 199
Brachistochrone, 658

Canonical observability form, 706
Cauchy (fundamental) sequence, 263
Cauchy criterion, 264

for a series, 368
Cauchy formula, 410
Cauchy integral theorem, 87
Cauchy’s inequalities, 415
Cauchy’s integral formula, 410
Cauchy’s integral law, 406
Cauchy’s problem, 501
Cauchy’s residue theorem, 409
Cauchy—Adhamar formula, 421
Cauchy—Riemann conditions, 398
Cayley transformation, 52
Central optimal element, 744
Cesaro summability, 378

Chain rule, 317
Characteristic equation, 44
Characteristic polynomial, 44, 139
Cholesky factorization, 73
Circuit, 402
Cline’s formulas, 109
Co-inner, 750
Cofactor
complementary, 13
Cofactor of a matrix, 11
Commutation, 22
Companion matrix, 150
Complement of A relative to B, 253
Complementary slackness conditions, 677
Complete differential, 321
Completion, 457
Complex exponent, 248
Complex number, 239
Complex sines and cosines, 249
Condition
Euler-Lagrange, 657
Legandre, 657
maximality, 674, 677
nontriviality, 674
strong Legendre, 657
strong Legendre vector, 663
transversality, 674
Conditions
complementary slackness, 674
Euler-Poisson, 664
Weierstrass—Erdmann, 667
Congruent matrices, 70
Conjugate, 241
Conjugated symmetric, 186
Continuous dependence of the solutions of
ODE, 516
Contour
reducible, 406
Contraction, 273
Contraction principle, 273
Control
admissible, 669
feasible, 669
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Controllability, 165
Controllability grammian, 196
Controllable mode, 174
Convergence, 261
Convex body, 682
Convex hull, 130
Convex optimization problem, 191
Coordinate transformation, 352
Coordinate transformation in an integral, 352
Cost fucntional

in the Bolza form, 668

in the Lagrange form, 668

in the Mayer form, 668
Cramer’s rule, 18
Criterion

2k, 370

circle, 594

Kronecker—Capelli, 17
Criterion of polynomial robust stability, 160
Curve

piecewise smooth, 402

rectifiable, 401
Cutting plane, 207

D’ Alembert—Euler conditions, 398
Damping factor, 211
Danes’ theorem, 216
Darboux sums, 277
Decomposition

Kalman, 714

Kalman canonical, 716

polar, 63

singular-value, 66, 68
Def complete space, 455
Defect, 42
Deffeomorphism, 352
Delta-function, 42, 312
Derivative, 284, 315

directional, 320

Fréchet, 488

Gateaux, 490

mixed partial, 320

partial, 319

right, 512
Detectability, 173
Determinant, 4

homogeneous, 6

Vandermonde, 12

Wronsky, 473
Diagonal

main, 4

secondary, 4
Dichotomy, 576

Index

Differential inclusion, 541
Disjoint sets, 253
Dissipation, 197
Distance function, 256, 299
Divergence, 332
Domain

simply-connected, 406

Dynamic Programming Method, 687

Eigenvalue, 44
Eigenvalue problem, 204
Eigenvector, 44
Eigenvectors
generalized, 54, 176

Elementary transformations, 32

Ellipsoid, 207

Ellipsoid algorithm, 207
Elliptic cylinder, 109
Equation

Hamilton—Jacobi—Bellman, 688

matrix Riccati, 704
Riccati, 598
Equivalent control, 552

Equivalent control method, 552

Euclidean k-space, 239
Euclidean, 89
Euler’s formula, 247
Expansion
Fourier, 460
Legendre, 111

Factorization
co-inner-co-outer, 755
double-co-prime, 760
inner-outer, 755
left co-prime, 753
polar, 63
right co-prime, 753

Farka$’ lemma, 222

Feasible LMI, 193

Field, 232
ordered, 233

Finsler lemma, 216

First integral of ODE, 521

Fixed point, 491

Formula
Binet—Cauchy, 14
Cauchy, 518
Green, 524
Newton—Leibniz, 339
Schur’s, 30

Frequency inequality, 591



Frequency theorem, 595
Function, 251
absolutely continuous, 533
analytic, 400
characteristic, 307
concave, 359, 606
continuous, 267, 542
convex, 359, 605
delta, 312
entire, 415
equicontinuous, 271
Hahn, 579
holomorphic, 400
integrable in the Lebesgue
sense, 309
Legendre, 111
Lipschitz continuous, 267
Lyapunov, 566
measurable, 304
meromorphic, 409
negative-definite, 563
of bounded variation, 290
piecewise continuous, 540
positive-definite, 562
quasi-convex, 621
regular, 400
semi-continuous, 542
simple, 307
spectral, 442
strictly convex, 605
strongly convex, 606
Functional
linear, 463
Lyapunov—Krasovski, 202
separable, 688
Functionals, 463
Functions of a matrix, 79
Fundamental theorem of algebra, 432

Gamma-entropy, 201
Gauss’s method, 16
Gauss’s method of determinant evaluation, 9
Gauss’s rule, 16
Godograph, 156
Gradient, 320, 332
Gradient method, 617, 619
Gram—Schmidt orthogonalization, 60
Grammian
controllability, 165, 719, 723
observability, 170, 719, 723
Greatest-integer function, 287
Greville’s formula, 106
Group property, 517

Index

H-inf norm, 201

H2 norm, 196

H2 optimal control, 724
Holder’s condition, 433
Hamilton—Jacoby—Bellman (HJB), 693
Hamiltonian, 523, 674, 677
Hamiltonian form, 677
Hamiltonian matrix, 175
Hankel singular values, 721
Hermitian form, 115
Homeomorphism, 273
Horizon, 668

Identity
Cauchy, 15
Image, 42, 165
Imaginary unit, 241
Inequality
Frobenius’s, 37
Popov’s, 591
Inertia of a square matrix, 70
Infeasible LMI, 193
Infimum, 232
essential, 311
Infinite products, 379
Inner, 750
Inner (scalar) product, 239
Inner—outer factorization, 755
Instability, 564, 570
Integer numbers, 233
Integral
contour, 403
Duhammel, 440
Lebesgue, 308
Lebesgue—Stieltjes, 308
Integral inequality
first Chebyshev, 356
second Chebyshev, 356
Cauchy-Bounyakovski—Schwartz, 358
generalized Chebyshev, 355
Holder, 356
Jensen, 359
Kulbac, 364
Lyapunov, 363
Markov, 355
Minkowski, 366
Integral transformations, 433
kernel, 433
Integrand, 278
Integrator, 278
Interior point method, 191, 210
Interior point of a set, 257
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Internal points of a set, 259
Intersection of the sets, 253
Interval, 297

Invariant embedding, 688, 691
Inverse image of the function, 251
Isolated point, 257

Isometry, 273

Jordan
block, 62
chain, 56
form, 62
normal canonical representation, 62

Kantorovich’s matrix inequality, 226
Kernel, 42, 98, 171

Kharitonov’s theorem, 160
Kronecker product, 26

Kronecker sum,

Lagrange principle, 631
Laplace image, 434
Least square problem, 107
Lemma

Abel-Dini, 385

Bihari, 507

Du Bois—Reymond, 647

Fatou’s, 346

Gronwall, 510

Jordan, 418

KKM, 494

Kronecker, 384

Lagrange, 650

Mertens, 376

on a finite increment, 324

on quadratic functionals, 651

Schwartz, 416

Sperner, 493

Teoplitz, 382

Yakubovich—-Klaman, 595
Liénard—Chipart criterion, 153
Limit point of a set, 257
Linear conbination, 41
Linear manifold, 97
Linear matrix inequalities, 191
Linear partial DE

method of characteristics, 529
Linear recurrent inequalities, 388
Linear stationary system, 196
Linear system

MIMO, 713

SISO, 713
Linear transformation, 42

Index

Linearly dependent, 42
Linearly independent, 42
Liouville’s theorem, 415
Lipschitz condition, 324
LMI, 191
Low-pass filter, 555
Lower limit, 265
LQ problem, 697
Lyapunov equation
algebraic, 584
differential, 584
Lyapunov inequality, 195
Lyapunov order number, 524
Lyapunov stability, 566

Manifold, 541
Mapping, 251
Matrices
equivalent, 36
Matrix
adjoint, 21
block-diagonal, 30
companion, 10
controllability, 165
diagonal, 4, 182
difference, 20
fundamental, 517
Hautus, 165, 170
Hermitian, 21
Householder, 51
idempotent, 77
inverse, 21
Jacobi, 489
low triangular, 5
multiplication by scalar, 20
Newton’s bynom, 22
Nonnegative definite, 117
nonsingular, 21
normal, 21, 67
observability, 170
orthogonal, 21
partitioning, 29
Positive definite, 118
power, 22
product, 19
real normal, 21
rectangular, 3
simple, 36
singular, 21
skew-hermitian, 21
Square root, 118
Stable matrix, 139



sum, 19

symmetric, 21

transpose, 6

transposed, 20

unitary, 21

upper triangular, 6
Matrix Abel identities, 214
Matrix exponent, 81

Frobenius (Euclidian), 91

Holder, 91

induced matrix norm, 93

maximal singular-value, 92

spectral norm, 93

Trace, 91

Weighted Chebyshev, 91, 93
Matrix norm constraint, 194
Matrix or submultiplicative norm, 91
Matrix Riccati equation, 175, 188
Maximum modulus principle, 415
Maximum principle, 670
Maximum-minimum problem, 129
McMillan degree, 717
Mean-value theorem, 318, 322
Measure, 304

atomic, 312

countably additive, 303

Lebesque, 303

outer, 298

zero, 303
Method

Arrow—Hurwicz—Uzawa, 639

Galerkin, 485
Metric, 256

Chebyshev’s, 256

discrete, 256

Euclidian, 256

module, 256

Prokhorov’s, 257

weighted, 256
Metric space, 256

complete, 264
Mikhailov’s criterion, 156
Minimal ellipsoid, 206
Minimum

global, 611, 628

local, 611, 628
Minimum modulus principle, 416
Minimum point

locally unique, 613

nonsingular, 613
Minimum volume ellipsoid, 208
Minor

complementary, 13

Index
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leading principle, 13

of some order, 13

principle, 13
Minor of a matrix, 10
Mixed subgradient, 682
Mode, 174
Model-matching (MMP) problem, 747
Moivre-Laplace formula, 246
Monic polynomial, 139
Monotonic sequence, 265
Moore—Penrose pseudoinverse, 102
Multiplicity

algebraic, 54

geometric, 54

Necessary conditions of a matrix stability, 144
Nehari problem, 742
Nehari theorem, 743
Neighborhood of a point, 257
Newton’s method

modified, 617, 620
Nonexspansivity, 199
Nonlinear trace norm constraint, 194
Nonlinear weighted norm constraint, 194
Nonstrict LMI, 191
Norm, 88

Chebyshev, 89

Holder, 89

Modul-sum, 89

weighted, 89

S-norm, 92
Norm equivalency, 89
Normal equations, 99
Normed linear space, 89
Compatible, 93
Null space, 42, 98, 171
Null space of an operator, 471
Number of inversions, 3

Observability, 170
Observable mode, 174
ODE, 501, 695
adjoint, 523, 676
Carathéodory’s type, 531
Jacobi, 657
Jacobi vector form, 663
singular perturbed, 534
variable structure, 533
with jumping parameters, 534
ODE solution
in Filippov’s sense, 541
maximal, 511
minimal, 511
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One-to-one mapping, 251
Open cover of a set, 260
Operator, 462
adjoint (dual), 477
coercive, 483
compact, 464, 469
continuously invertible, 472
differential, 463, 465
Hankel, 733
Hankel in the time domain, 735
Hermitian, 181
integral, 463, 465
invertible, 463
isomorphic, 471
Laplace, 333
Laurent, 731
linear continuous, 464
monotone, 482
monotone strictly, 483
monotone strongly, 483
nonnegative, 483
orthogonal projection, 480
positive, 483
self-adjoint (or Hermitian), 478
semi-continuous, 464
shift, 463
strongly continuous, 466
Toeplitz, 733
uniformly continuous, 466
weighting, 465
Operator nabla, 332
Optimal control, 670
Optimal control problem
in the Bolz form, 669
with a fixed terminal term,
670
Optimal pair, 670
Optimal state trajectory, 670
Optimality
sufficient conditions, 694
Order, 231
Order of a zero, 423
Ordered set, 231
Orlando’s formula, 146
Orthogonal complement, 460
Orthogonal completion, 42
Orthogonality, 42
Orthonormality, 42
Outer, 755

Pair
controllable, 165
detectable, 173

Index

observable, 170
stabilizable, 170, 188
uncontrollable, 165
undetectable, 173
unobservable, 170
unstabilizable, 170

Parametric optimization, 681

Parseval’s identities
generalized, 722

Parseval’s identity, 423, 445

Passivity, 197

Permutation, 3

Pole, 409

Polyak—Tsypkin geometric criterion, 162

Polytope, 709
Popov’s line, 594
Popov-Belevitch—Hautus test, 174
Positive definiteness

strictly, 124

Principal value of the complex logarithm, 248

Principle of “zero-excluding”, 160
Principle of argument, 429
Principle of argument variation, 154
Problem

LQR, 724
Programming

dynamic, 671
Projection

orthogonal, 459
Projection to the manifold, 97
Projector, 77

complementary, 77
Pseudo-ellipsoid, 109
Pseudoinverse, 102

Quadratic form, 115
Quadratic stability degree, 205

Range, 42, 98
Range of function, 251
Rank, 17, 36
Ratio of two quadratic forms, 132
Rational numbers, 233
Rayleigh quotient, 129
Reaching phase, 539
Real-positiveness, 197
Realization
balanced, 720
minimal, 717
Refinement, 278
Residue, 410
Resolvent, 86



Resolving Lourie’s equations, 596
Riccati differential equation, 699
Riccati matrix ODE, 525
Riemann integral, 277
Riemann-Stieltjes integral, 278
Riemann-Stieltjes sum, 278
Robust filtering problem, 761
Robust stability, 159
Rotor, 332
Rouché theorem, 431
Routh—Hurwitz criterion, 151
Row-echelon form, 16
Rule

Sylvester’s, 38

S-procedure, 195, 218
Saddle-point property, 634
Sarrius’s rule, 5
Scalar product, 41
Schmidt pair, 740
Schur’s complement, 120
Sensitivity matrix, 681
Sequence, 252
monotonically nondecreasing, 265
monotonically nonincreasing, 265
Series
alternating, 371
Fourier, 429
geometric, 372
Laurent, 425
nth partial sum, 368
sum, 368
Taylor, 420
telescopic, 369
Series convergence
Abel’s test, 375
Dirichlet’s test, 375
integral test, 373
Set
Borel, 303
bounded, 257
bounded above, 231
closed, 257
closure, 258
compact, 260
complement, 257
connected, 257
dense, 257
diameter, 263
elementary, 297
finitely p-measurable, 300
low bound, 231
u-measurable, 300

Index

open, 257

relative compact, 469

separable, 625

strictly separable, 625
Set function

additive, 295

countably additive, 295

regular, 298
Shifting vector, 696, 699
Signature of a Hermitian matrix, 71
Simplex

Sperner, 493

Simultaneous reduction of more than two

quadratic forms, 128

Simultaneous transformation of pair of

quadratic forms, 125
Singular points, 409
Singular value, 67
Singularity

essential, 409
removable, 409
Slater’s condition, 631, 634
Sliding mode control, 554
Sliding mode equation, 552
Sliding motion, 545
Space
Banach, 455
bounded complex numbers, 452
continuous functions, 452

continuously differentiable functions, 452

dense, 451

dual, 475

frequency domain, 454

Hardy, 454

Hilbert, 457

homeomorphic, 273

Lebesgue, 453

measurable, 304

reflexive, 476

separable, 451

Sobolev, 453

summable complex sequences, 452
Span, 41
Spectral radius, 45, 92
Spectral theorem, 61
Spectrum, 45

of a unitary matrix, 51
Square root of a matrix, 84
Stability

absolute in the class, 588

asymptotic global, 576

asymptotically local, 564
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asymptotically uniformly local, 564 Laplace, 14
BIBO, 585 Lebesgue’s dominated convergence, 347
exponential, 569, 582, 584 Lebesgue’s monotone convergence, 342
exponential local, 564 Leray—Schauder, 498
Lyapunov (local), 563 Liuvoville, 517
uniformly local, 563 on n-intervals, 710
Stabilizability, 170 on separation, 624
Stationary property, 131 Peano, 506
Stationary time-delay system, 202 Picard-Lindelof, 504
Steepest descent problem, 225 Plancherel, 445
Stieltjes integral, 278 Rademacher, 607
Stodola’s rule, 144 Riesz, 479
Subadditivity, 298 Rolle’s, 318
Subgradient, 626 Schauder, 496
Subsequence, 262 Tonelli-Hobson, 351
Subspace Wintner, 515
A-invariant, 176 Tolerance level optimization, 204
Support function, 111 Topological mapping, 273
Supremum, 232 Topological properties, 274
essential, 311 Total variation, 291
Sylvester criterion, 124 Trace, 38
Symbol Transfer function, 196
Kronecker, 42 Transformation
Symmetric difference, 299 both-side Laplace, 448
System Fourier, 442
hybrid, 203 Gladishev’s, 637
robust, 747 Hankel (Fourier-Bessel), 449
Systems Laplace, 434, 435
stationary, 678 Melline, 448

two-dimensional Fourier, 447
Taylor’s formula, 318, 323 Transversality condition, 677
Terminal set, 668, 691 Transversality conditions, 666
Theorem Triangle inequality, 88
first Lyapunov, 573

first mean-value, 337
second Lyapunov, 568
second mean-value, 337
Antosevitch, 579
Ascoli-Arzela, 271
Bonnet’s, 338

Brouwer, 495
Cayley—Hamilton, 53
Chetaev, 580

Uncontrollable mode, 174
Uniform continuity, 269
Union of the sets, 253
Unitary equivalentness, 69
Unobservable mode, 174
Upper function, 349
Upper limit, 265

Value function, 692

Fermat, 611 Variation
fixed point, 273 needle-shape
Fubini’s, 348 spike, 671

Hahn-Banach, 467
Halanay, 580
implicit function, 327
inverse function, 325
Karush-John, 631
Krasovskii, 577
Kuhn-Tucker, 634

Variation principle, 491
Variation principle, 653
Verification rule, 694

Viscosity solutions, 688

Weierstrass theorem, 265, 268, 612

Winding number, 412
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